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Problem 1 (Compressibility of a Fermi Gas) (3 points)

In this exercise, we will review the thermodynamic properties of an ideal Fermi gas of S = % particles
in the limit of zero temperature (T — 0). The compressibility  is defined by the equation:

where the p is the chemical potential and n is the particle density. For the ideal Fermi gas of spinfull
particles, these are:
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Show that the compressibility of an ideal Fermi gas is given by:
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where D(er) is the (non-interacting) density of states at the Fermi energy per spin.

Problem 2 (Compressibility of a Fermi Liquid) (7 points)

In contrast to the ideal Fermi gas a part of the interactions between S = % particles can be taken into
account within the theory of Fermi liquids. There, one replaces the originally interacting particles by
so-called quasi-particles that are non-interaction but have renormalized physical properties, e.g. an
effective mass m* and a density of states D*(E).

Consider a Fermi liquid of S = % particles. In this case, the chemical potential can be considered as
It = €k, the quasiparticle energy at the Fermi wavector. Then:
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and D*(er) is the interacting density of states at the Fermi energy.

a) Using the definition of the compressibility in exercise 14.1, show:
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where x* is the compressibility of the interacting Fermi liquid.

Hint #1: Tt is useful to consider the derivatives in terms of the Fermi wavevector by making the
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substitution: 5. — FF 57— In this case, 522 = d(kr — [k|).

Hint #2: It is useful to perform the k-summation as an integral in spherical coordinates ) 7, —
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b [ K/, because 7 de [ di sin(9) Py(cos ) = 4md .

Using the definition of D*(ep) := ™-2E to show that:
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where k is the compressibility of the Fermi gas obtained from exercise 14.1.



