
Goethe-Universität Frankfurt
Fachbereich Physik

Lehrende: Prof. Dr. Roser Valent́ı, Raum 01.130
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Aufgabe 1 (Intra-atomic exchange and the Hund’s rule coupling) (10=5+5 Punkte)

Consider the general two-particle operator of the the Coulomb interaction

H = V =
1

2

∑
i 6=j

Vc(~ri, ~rj),(1)

where the indices i, j label the interacting electrons.

i) For the case of three interacting t2g orbitals, due to symmetry there are only three independent
Coulomb integrals for appropriatly chosen real wave functions of the t2g orbitals

U = 〈mm|Vc|mm〉 =

∫
d3rd3r′ φm(~r)φm(~r′)Vc(~r,

~r′)φm(~r′)φm(~r),(2)

U ′ = 〈mm′|Vc|mm′〉 =

∫
d3rd3r′ φm(~r)φm′(

~r′)Vc(~r,
~r′)φm′(

~r′)φm(~r),(3)

J = 〈mm′|Vc|m′m〉 =

∫
d3rd3r′ φm(~r)φm′(

~r′)Vc(~r,
~r′)φm(~r′)φm′(~r)(4)

Rewrite the Coulomb interaction in terms of second quantization with creation/annihilation op-
erators d†mσ, dmσ for the t2g orbitals m and identify the terms of the Kanamori Hamiltonian

HK = U
∑
m

nm↑nm↓ + U ′
∑
m 6=m′

nm↑nm′↓ + (U ′ − J)
∑

m<m′,σ

nmσnm′σ

− J
∑
m6=m′

d†m↑dm↓d
†
m′↓dm′↑ + J

∑
m6=m′

d†m↑d
†
m↓dm′↓dm′↑.(5)

What is the physical interpretation of each term?

ii) Using the definition of the total charge, spin and orbital isospin generators

N =
∑
mσ

nmσ(6)

~S =
1

2

∑
m

∑
σσ′

d†mσ~τσσ′dmσ′(7)

Lm = i
∑
m′m′′

∑
σ

εmm′m′′d
†
m′σdm′′σ,(8)

where ~τ are the Pauli matrices, one can show that the Kanamori Hamiltonian HK can be written
as

HK =
1

4
(3U ′ − U)N(N − 1) + (U ′ − U)~S2 +

1

2
(U ′ − U + J)~L2

+

(
7

4
U − 7

4
U ′ − J

)
N + (U ′ − U + 2J)

∑
m 6=m′

d†m↑d
†
m↓dm′↓dm′↑.(9)



(You can get 5 bonus points for the derivation of Eq. (9))

Show that the requirement of Eq. (9) to be spin-rotationally invariant leads to U ′ = U − 2J .
One possibility is to consider the state of two electrons in the Eigenstates of σx, i.e. |σ+

x σ
−
x 〉 =

c†
σ+
x
c†
σ−x
|0〉 = 1

2

(
c†↑ + c†↓

)(
c†↑ − c

†
↓

)
|0〉 and show that it is not an eigenstate of the last term in Eq.

(9).

Show that in this case the Kanamori Hamiltonian reduces to

HK = (U − 3J)
N(N − 1)

2
− 2J ~S2 − J

2
~L2 +

5

2
JN.(10)

Check if this Hamiltonian obeys the Hund’s rules of maximal S, then maximal L.


