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Aufgabe 1 (Integer Quantum Hall Effect) (5=3+1+1 Punkte)

Consider an electron confined to the x-y-plane in a constant magnetic field along the z-axis. We solved
this problem already by decoupling of the underlying differential equation. Now, we will use creation
and annihilation operators to be able to evaluate the matrix elements of the current operator and
calculate the conductivity.

a) Rewrite the Hamiltonian of the system Ĥ, the momentum operators p̂x, p̂y and position operators

x̂, ŷ in terms of âr, âl, where âr = 1√
2
(âx − iây), âl = 1√

2
(âx + iây), âx = 1√

2
(βx̂ + i p̂xβ~ ), ây =

1√
2
(βŷ + i

p̂y
β~ ), β =

√
mω0

2~ and make use of the symmetric gauge ~A = − 1
2 ~̂r × ~B.

b) Calculate the matrix elements of the current operators ĵx, ĵy in the eigenbasis of the Hamiltonian.

c) Use the Kubo formula

σxy = i~
∑

{nl,nr}6={0,0}

〈0, 0|ĵy|nl, nr〉〈nl, nr|ĵx|0, 0〉 − 〈0, 0|ĵx|nl, nr〉〈nl, nr|ĵy|0, 0〉
(El,r − E0,0)2

to calculate the in-plane coductivity.

Aufgabe 2 (3-Site Heisenberg Chain) (5 Punkte)

a) Determine the energy spectrum for a spin- 12 Heisenberg chain of three sites subject to the Hamil-
tonian

Hchain = J(~S1 · ~S2 + ~S2 · ~S3),(1)

with coupling constant J . (Hint: Rewrite the Hamiltonian in a proper way using the total-spin

operator ~S123 =
∑
i
~Si)

b) Discuss which are the ground and which are the excited states and their degeneracy in the ferro-
magnetic J < 0 and antiferromagnetic J > 0 case.

c) Write down explicitly the ferromagnetic ground state with total z-component of the spin ~Sz123 =∑
i
~Szi = 3

2 and the antiferromagnetic ground state with ~Sz123 = 1
2 .



Hint: You may use the Clebsch-Gordan coefficients:

|Ja, Jb, Jc,Mc〉 =
∑

Ma,Mb

C(Ja, Jb, Jc,Ma,Mb,Mc)|Ja,Ma〉 ⊗ |Jb,Mb〉,(2)

with constants C(Ja, Jb, Jc,Ma,Mb,Mc), where Ji and Mi are the spin quantum numbers defined
by the relations

J2
i |Ji,Mi〉 = Ji(Ji + 1)|Ji,Mi〉(3)

Jzi |Ji,Mi〉 = Mi|Ji,Mi〉,(4)

In this particular case you have to consider the relations

|Ja = 1, Jb =
1

2
, Jc =

3

2
,Mc =

3

2
〉 = |Ja,Ma = 1〉 ⊗ |Jb,Mb =

1

2
〉,(5)

|Ja = 1, Jb =
1

2
, Jc =

1

2
,Mc =

1

2
〉 =

√
2

3
|Ja,Ma = 1〉 ⊗ |Jb,Mb = −1

2
〉

−
√

1

3
|Ja,Ma = 0〉 ⊗ |Jb,Mb =

1

2
〉.(6)


