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Aufgabe 1 (Integer Quantum Hall Effect) (5=341+1 Punkte)

Consider an electron confined to the z-y-plane in a constant magnetic field along the z-axis. We solved
this problem already by decoupling of the underlying differential equation. Now, we will use creation
and annihilation operators to be able to evaluate the matrix elements of the current operator and
calculate the conductivity.

a) Rewrite the Hamiltonian of the system H , the momentum operators p,, p, and position operators

2,9 in terms of @y, dy, where 4, = 5 (a, — idy),a = J5(as + idy),a; = J5(AE +ik),a, =
%(53} +igr), B = /5" and make use of the symmetric gauge A = —irx B.

b) Calculate the matrix elements of the current operators jmjy in the eigenbasis of the Hamiltonian.

¢) Use the Kubo formula

Z <07 O|jy|nl7 nr><nl7 nr‘jzw? 0> - <O7 O‘jzmlv nT><nl7 1’L7~|5y|0, 0>

Opy = th
Y (Eir — Eo,0)?

{ni,nr}#{0,0}

to calculate the in-plane coductivity.

Aufgabe 2 (3-Site Heisenberg Chain) (5 Punkte)

a) Determine the energy spectrum for a spin—% Heisenberg chain of three sites subject to the Hamil-
tonian

(1) Hehain — J(§1 . §2 + §2 . §3),

with coupling constant J. (Hint: Rewrite the Hamiltonian in a proper way using the total-spin
operator Siaz =Y. S;)

b) Discuss which are the ground and which are the excited states and their degeneracy in the ferro-
magnetic J < 0 and antiferromagnetic J > 0 case.

¢) Write down explicitly the ferromagnetic ground state with total z-component of the spin §f23 =

> gf = % and the antiferromagnetic ground state with §f23 = %



Hint: You may use the Clebsch-Gordan coefficients:

(2) ‘Ja7‘]b7JCaMC> = Z C(Ja7jb7JcaMaaMbyMc)‘Ja7Ma> & |Jb7Mb>a
M, M,

with constants C(Jg, Jp, Joy Mo, My, M.), where J; and M; are the spin quantum numbers defined
by the relations

(3) T2\ Ji, Myy = Ji(J; + 1)| i, M;)
(4) JE iy Mi)y = M;|J;, M),

In this particular case you have to consider the relations

1 3 3 1
(5) |Ja - ]-7Jb - §7Jc - gaMc — §> - |Ja»Ma — 1> & |JbaMb - §>7
1 1 1 1
|Ja_1an_§7JC:§7Mc: > \/>Ja7M _1>®|Jb7Mb 2>

(6) \[IJa,M =0) @ [y, My = >



