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Abstract

We study the two lowest energy levels of a static quark-antiquark pair in SU(2) Yang-Mills theory
on a lattice with periodic boundary conditions, where one spatial direction is shortened. Due to the
periodicity the gluonic flux tube between the static charges can connect the pair either directly or by
wrapping around the shortened direction. This gives two string states, which are degenerate when the
pair is separated by half the shortened extent, as both paths then have the same length. The shortened
direction acts like an inverse temperature, so that reducing its extent drives this direction from the
confined into the deconfined phase. We generate gauge configurations with Monte Carlo simulations at
the inverse gauge coupling § = 2.40, corresponding to a lattice spacing a =~ 0.10 fm, with an extent of
24a in the other directions and shortened extents of 8a, 6a and 4a. On these we compute correlation
matrices from the direct and the wrapped Wilson line and solve a generalized eigenvalue problem. We
find that the mixing of both states is controlled by the Z; center symmetry, whose breaking signals
deconfinement. In the confined phase the off-diagonal elements of the correlation matrix vanish and
the two lowest levels cross sharply, while in the deconfined phase the states mix and form an avoided
level crossing with a splitting of about aAFE = 0.45. We locate the critical extent between 4a and 6a,
i.e. between about 0.4 fm and 0.6 fm.

Zusammenfassung

Wir untersuchen die beiden niedrigsten Energieniveaus eines statischen Quark-Antiquark-Paares in
der SU(2)-Yang-Mills-Theorie auf einem Gitter mit periodischen Randbedingungen, auf dem eine
rdumliche Richtung verkiirzt ist. Aufgrund der Periodizitdt kann der gluonische Flussschlauch zwischen
den statischen Ladungen das Paar entweder direkt oder um die verkiirzte Richtung herumlaufend
verbinden. Dies ergibt zwei Stringzustiande, die entartet sind, wenn das Paar um die halbe verkiirzte
Ausdehnung getrennt ist, da beide Wege dann die gleiche Liange haben. Die verkiirzte Richtung wie
eine inverse Temperatur wirkt, daher fithrt eine Verringerung ihrer Ausdehnung diese Richtung von
der Confinement- in die Deconfinement-Phase. Wir erzeugen Eichfeldkonfigurationen mit Monte-Carlo-
Simulationen bei der inversen Eichkopplung § = 2,40, entsprechend einem Gitterabstand a = 0,10 fm,
mit einer Ausdehnung von 24a in den anderen Richtungen und verkiirzten Ausdehnungen von 8a,
6a und 4a. Auf diesen berechnen wir Korrelationsmatrizen aus der direkten und der umlaufenden
Wilson-Linie und l6sen ein verallgemeinertes Eigenwertproblem. Wir finden, dass die Mischung beider
Zusténde durch die Zs-Zentrumssymmetrie bestimmt wird, deren Brechung Deconfinement anzeigt.
In der Confinement-Phase verschwinden die Nebendiagonalelemente der Korrelationsmatrix und die
beiden niedrigsten Niveaus kreuzen sich scharf, wihrend in der Deconfinement-Phase die Zusténde
mischen und eine vermiedene Niveaukreuzung mit einer Aufspaltung von etwa aAFE = 0,45 bilden. Wir
bestimmen die kritische Ausdehnung zwischen 4a und 6a, also zwischen etwa 0,4 fm und 0,6 fm.
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Chapter 1

Introduction

Confinement is a fundamental property of quantum chromodynamics. It is the reason why colored
charges are never observed in isolation, but always confined within color-neutral hadrons. We can study
this property through the static quark-antiquark potential V' (r), the ground state energy of the gluon
field in the presence of an infinitely heavy QQ pair at a fixed separation r. As V() is an intrinsically

non-perturbative quantity, it is computed numerically on the lattice using Monte Carlo methods [1, 2].

Lattice computations are performed in a finite volume, in most cases with periodic boundary conditions
in all space-time directions. Typically, the volume is chosen large compared to all physical scales of
the problem, and the remaining volume dependence is treated as a systematic error. In this thesis we
instead ask what happens to the low-lying energy levels when we shorten one spatial direction until

this condition is violated.

In a periodic lattice, the flux tube of the gluon field can connect the QQ pair either directly with
path length r or by wrapping around the shortened direction of extent [ with path length [ —r. So
instead of a single string state, we get two competing low-lying states, which are degenerate at r = %
Whether and how these two states mix is the central question of this thesis. The answer depends on
the center symmetry of the gauge group, which distinguishes the confined from the deconfined phase,
as the shortened direction acts like an inverse temperature. We study this in SU(2) lattice Yang-Mills

theory in 3+1 dimensions, using a variational basis built from the direct and the wrapped Wilson lines.

In chapter 2 we start with the theoretical framework, from Wilson and Polyakov loops over the center
symmetry to the spectrum we expect in both phases. In chapter 3 we explain the lattice setup and the
analysis methods, which we use to obtain the results presented in chapter 4. Finally, in chapter 5 we

compare our results with the expected spectrum, draw conclusions and give an outlook for future work.



Chapter 2

Theoretical Framework

The following sections give a brief overview of the conventions used throughout, the concepts to calculate
the energy eigenvalues E, of the QQ pair and the spectrum we can expect. For a comprehensive

introduction to lattice quantum chromodynamics we refer to [2].

2.1. Conventions and Notation

We consider a four-dimensional FEuclidean space-time lattice with lattice spacing a and periodic
boundary conditions in all directions. The numbers of lattice points in the spatial and temporal
directions are denoted by ns,, ns,, ns, and N, such that the lattice has the spatial extents I, = ng,a,
ly = ng,a, [, = ns,a and the temporal extent Nia. As we later shorten the extent [,, we denote it by
[ = 1.. Gauge fields are represented by link variables U, (x), which are in our case elements of the
SU(2) gauge group associated with the links connecting neighboring lattice sites. The temperature T'
of the system is related to the temporal extent of the lattice by T = N%a The dynamics of the gauge
field is described by the Wilson gauge action:

1 2N¢ 4
SlU|=p (1—RetrUp) with f=—"=— (2.1.1)

; 2 % %
where the sum runs over all plaquettes Up, the smallest closed loops of four links on the lattice, N¢
is the number of colors and gg is the bare gauge coupling. The inverse coupling § sets the strength
of the gluon interaction. All traces of Wilson and Polyakov loops are normalized by NLC = %, which
we suppress in the notation, so that they equal 1 for trivial links, while the trace in the action is not

normalized.

2.2. Wilson Loops and the Static Potential

Wilson loops are gauge-invariant observables. They consist of two Wilson lines S(m,n,n;), S(m,n,0)

and two temporal transporters T'(n,n;), T'(m,n;), which form a closed loop L in space-time. On the



lattice, the Wilson loop W is defined as the trace of the path-ordered product of link variables along
this closed loop L:

W [U] = tr [S(m,n,nt)TT(n,nt)sT(m,n,O)T(m,nt)] :tr{ I U.(k) (2.2.1)
(kpe L
ne—1
with  S(m,n,n:) = H Uj(k,ng) and T(n,n) = HUo(n,t) (2.2.2)
(k,5)€ Cm,n t=0

In our case only planar Wilson loops are relevant, where the two spatial points m and n lie on a
common coordinate axis and are connected by a straight path C,, ,, and the loop has the temporal

extent t = nsa. For further details see section 3.3 of [2].

Figure 2.2.1: Planar Wilson loop in the z-t plane. The time direction is periodic, the loop lies on the
front side of the lattice.

For a physical interpretation of the Wilson loop we use the spectral decomposition of a correlator on a
lattice with infinite temporal extent:
lim _(O1(t) O}(0)) = 3_(0O1|k)(k|OLj0) e~ F+* (2:23)
NtA)OO k
Using (2.2.3) and temporal gauge fixing, where T'(n,n;) = T'(m,n;) = 1, we get for the expectation
value of the Wilson loop:

(Wr)y = (Wg) = <tr {S(m,n,nt)ST(m,n,O)D

temp

= 3 (015 (m. m)ap k) (k]S (12, 7)) 5 (2.2.4)
k

e e—V('r)t (1 +O(€—AEt))

The states |k) with nonvanishing overlap with ST(m,n)\0> describe a static QQ pair at spatial
separation r = a|lm — mn|. The corresponding lowest energy Fy = V(r) is the energy of the gluon field
in the presence of this static QQ pair, the static potential. Higher states contain gluonic excitations,
whose contributions are exponentially suppressed by the energy difference AE = E; — Ejy to the first

excited state.



The static potential V() can be parametrized by the Cornell potential [3]:
Vir)=A— O‘TC +or (2.2.5)

where A is a constant for the normalization of the energy, the second term is a Coulomb-like term with
the coefficient a¢, which dominates at small separations, and the third term rises linearly with the
string tension ¢. This linearly rising term is the signature of confinement. It is physically interpreted
as the self-interaction of the gluon field squeezing the field lines into a narrow flux tube between the
static charges, whose energy grows with its length. Separating the QQ pair would therefore require an
infinite amount of energy, so that the static charges remain confined. In pure SU(2) gauge theory there
are no dynamical quarks, so the flux tube cannot break by creating a light quark-antiquark pair and

the potential keeps rising linearly.

2.3. Polyakov Loops and Center Symmetry

If we enlarge the temporal extent of a Wilson loop to the whole lattice n; — Ny, the temporal

transporters close around the periodic time direction. A single such closed temporal line is the Polyakov

loop
Ne—1
P(n) =tr[T(n, N)] = tr [ H Uo(n,t)] (2.3.1)
t=0

which describes a single static quark propagating once around the periodic time direction. The
correlator of two Polyakov loops with opposite orientation is related to the free energy Foo (r) of a

static QQ pair at separation 7 [4]:
F~(r)
(P(n)P!(m)) = e~ =7 (23.2)

For low temperatures, i.e. Ny — oo, the free energy reduces to the static potential and the correlator

V(r)
decays as e” T = e~ V() Nia Jike the Wilson loop eV () with t = Na.

=<

Figure 2.3.1: Two Polyakov loops P(n) and PT(m) separated by r. Due to the periodic boundary
conditions in time direction, each loop closes around the back of the lattice.



For large distances r the correlator factorizes into the product of two single Polyakov loops:

Jim_(P(n)Pi(m) = (P()) (Pl (m)) = (P) with P=-—L——5Pln)  (233)

Using that for large separations the free energy of the pair is the sum of two isolated static quarks

Foo(r — 00) = 2Fg, we get
[(P)=e"T (2.3.4)

So we may interpret the expectation value of the Polyakov loop as a measure for the probability
of finding a single static quark in the system. If the free energy Fg is infinite, we can never find a
single static quark and (P) vanishes. This is exactly what we expect in the confined phase, while a
non-vanishing (P) signals the deconfined phase. Which phase is realized depends on the temperature

and the two phases are separated by the critical temperature 7., which we discuss in section 2.3.2.

2.3.1. Center Transformations

Confinement is also related to a global symmetry of the Yang-Mills action, the center symmetry Zy of
the gauge group. For SU(2) the center group is Zy = {1, —1}, the set of elements that commute with
all elements of the gauge group. A center transformation multiplies all temporal links on a fixed time

slice tg by a center element z € Zs:
Uo(n,ty) — zUp(n,ty) forall n (2.3.5)

The action is built from closed loops, which cross every time slice as often forward as backward. Since
z commutes with all group elements, the factors z and z' cancel with z 2! = 1 and the action stays

invariant. For the plaquette in the j-0 plane at t¢ this reads:
tr [Uj (’I’L, tQ)Uo(’I’L + 7, t())U]]-L (TI,, to + 1)Ug (’I’I,, to)]

— tr [Uj(n,to) 2 Uo(n + , 1) UJ (n, to + 1)U (n, o) =] (2.3.6)

=tr [Uj (TL, to)Uo(’n + 7, to)U}L (’I’I,, to + 1)Ug (n, to)]

2.3.2. The Polyakov Loop as an Order Parameter

Unlike the Wilson loop, the Polyakov loop is not invariant under center transformations. It winds once

around the temporal direction and therefore crosses the time slice #y exactly once:
P(n) — z P(n) (2.3.7)
If the center symmetry is unbroken, every configuration contributes with the same Boltzmann weight

as its center-transformed configuration and the expectation value of the Polyakov loop vanishes:

1

(P) = %<P+ 2Py==(1-1)(P)=0 for z=-1 (2.3.8)

O |



A non-vanishing (P) therefore signals the spontaneous breaking of the center symmetry.! Together

with the free energy of a single static quark we get:

confinement <= (P)=0 <= Fp infinite <= unbroken Zy <= T <T. (2.3.9)

deconfinement <= (P)#0 <= Fg finite <= broken Z; <= T >1T. (2.3.10)

To see why the broken phase is realized at high temperatures, we integrate out the spatial links in a
strong coupling expansion. To leading order this gives an effective three-dimensional theory of the

Polyakov loops [5, 6, 7]:

I ()
Li(B)

Seft = —A\ Z P(z) P(y) with Xocu(B), w(B) = <1 (2.3.11)
(z.y)

Like the Ising model, it is invariant under P — —P. For small couplings A the Polyakov loops are
disordered and (P) = 0, while above a critical coupling A. they align and (P) # 0. Since u < 1,
the coupling grows when N; decreases, i.e. when the temperature 1" = N%a increases. So the center
symmetry is broken above the critical temperature T, defined by A(T.) = A.. Svetitsky and Yaffe [8]
conjectured that the transition lies in the universality class of a three-dimensional spin model with the
center symmetry of the gauge group. For SU(2) with Z5 this is the Ising model, so that the transition

is of second order.

2.4. The Static QQ Pair in a Periodic Volume

From (2.2.4) we know that the potential V(r) of a static QQ pair at a fixed separation r can be
calculated from the expectation value of a Wilson loop. On a lattice with periodic boundary conditions
the two static charges can be connected in two ways, either directly with path length r or by wrapping
around the lattice with path length [ — r, where [ is the extent in the direction of the separation.

Therefore we have to modify our Wilson loops and include the wrapped Wilson line.

direct wrapped
/
_ 7\
1
Q Ul Yo,
Y‘I
IJI
11
\‘\
I
n
\‘\
\
Q Wy Q

Figure 2.4.1: Physical picture of the static QQ pair in a periodic volume. The quark and antiquark
can be connected by a flux tube either directly or by wrapping around the periodic spatial direction.

!Strictly, a spontaneous symmetry breaking only occurs in infinite volume, so that on a finite lattice (|P|) is the
appropriate order parameter. This more detailed treatment is left for future work (see chapter 5).
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2.4.1. Direct and Wrapped Wilson Lines

The Wilson loop (2.2.1) contains the two Wilson lines S(m, n, n¢) and S(m, n,0), which connect the two
static charges at the times ¢t and 0. As we have two possible ways to connect the charges, we consider
two different Wilson lines. We denote by O1(t) = S(m,n,ni)divect and O1(0) = S(m,n,0)girect
the direct Wilson lines with path length r = a|m — n|, and by O(t) = S(m,n,n¢)wrapped and
02(0) = S(m, n,0)ywrapped the wrapped Wilson lines with path length [ — r. Here m — n points along
a lattice axis and [ denotes the extent of the lattice in that direction, which is the shortened extent
for separations along z. Together with the temporal transporters they form a variational basis, from

which we construct the correlation matrix Cj;(t).

2.4.2. Correlation Matrix

Since O and Oy share the endpoints m and m, the same temporal transporters close all four

combinations of Wilson lines into loops:

Ciy(t) = (i [0:(1) T () O1(0) Tom, )]

- (<tr 01(8) T (n,n,) O] (0) T(m,my) | ) (0 |O1() T (m2, 1)

T OL(0) T(m, i) ) (2.4.1)
— \(tr [0t T (r, ) O1(0) T(m,my) [ ) (b |Oa(8) T (m,m0) O )

1) T
5(0) T(m,ny)) )

where the product of link variables is understood as path ordered along the closed loop and the trace
runs over color indices. The diagonal elements C11(t) and Caa(t) are the direct and the wrapped Wilson
loop, while the off-diagonal elements C12(t) and C9;(t) are the cross-correlations between the direct
and the wrapped Wilson line. The correlation matrix satisfies Cj;(t) = C7;(t) and since all traces of

SU(2) matrices are real, Cy;(t) is a real symmetric matrix.

Qi
O &

Figure 2.4.2: Visual representation of the correlation matrix with direct (O;) and wrapped (O2) Wilson
lines in a volume that is periodic in the spatial direction x. The diagonal elements are the direct and
the wrapped Wilson loop, the off-diagonal elements are one-sided wrapped Wilson loops describing
transition amplitudes.

The correlation matrix can also be used to extract the energy spectrum of the system by a spectral

decomposition of its elements. We work in temporal gauge, so that the temporal transporters become

7



trivial, T(n,ny) = T(m,n;) = 1, and the Euclidean time evolution is generated by the Hamiltonian H

of the transfer matrix 7 = e~

Oi(t) = "t O; 11t (2.4.2)

For a lattice with infinite temporal extent the expectation value becomes a vacuum expectation value

and we insert a complete set of energy eigenstates |n) between the operators:

A

i Ciy(t),,, = (O(t) @}(0)>Q = (9 ]ef“ O;e 1O ’ Q)

N¢—o00
n)(n |O]| Q) e (o)t (2.4.3)

=S (a0 n) (n |0 a)etn = S (0

n=0 n=

= Z cz(") c;f(") e bnt
n=0

Here |n) are the energy eigenstates of the gluon field in the presence of the static QQ pair, |Q) is the

vacuum and F, are the corresponding energies, where we set Eq = 0, as only energy differences are

relevant.
cgn) = <Q ‘(’A)l n> and c;(n) = <n ‘@H Q> (2.4.4)
are the overlaps of the trial states (’A);r |2) with the energy eigenstates. Only for the diagonal elements
2
does this reduce to a modulus squared Cj;(t) = Y72 cl(-n)’ e~ Fnt whereas for i # j the two overlaps

belong to different operators and Cj;(t) does not have to be positive.

2.4.3. Confinement Constraints on the Off-Diagonal Elements

As shown in (2.3.7), the Polyakov loop transforms under center transformations, because it crosses
every time slice exactly once. As the Wilson action treats all four directions equally, we can interchange
the roles of the temporal and the shortened spatial direction. Interpreting the shortened direction
as a Euclidean time direction, our lattice describes a system at the temperature T' = %, while the
actual temperature N%a remains small. In the following 7" denotes this temperature of the shortened
direction. Shortening [ therefore acts like raising the temperature, and we expect deconfinement along
the shortened direction for [ < T% The center transformation now multiplies all links pointing in the
shortened direction on one slice by z € Zs. The off-diagonal elements of the correlation matrix wind
once around the shortened direction, as the path of Oy (’); has the length r + (I — r) = I. So they cross

every such slice exactly once and transform as
Cij(t) — ZC@'(i) for ¢ 7&] (2.4.5)

while the diagonal elements stay invariant. Analogous to the Polyakov loop, the off-diagonal elements

vanish if the center symmetry is unbroken:

(Cii(t)) = 2 (Ci(t) + 2C5(t)) = = (1 = 1) (Cy5(t)) =0 for i#j, z2=—1 (2.4.6)

1
2



Linking this to (2.3.9) and (2.3.10), the off-diagonal elements vanish in the confined phase and are

non-zero in the deconfined phase:

confinement <= unbroken Zy <= (Cj(t))=0 for i#j <= T<T, (2.4.7)

deconfinement <= broken Zy <= (Cj;i(t)) #0 for i#j <= T >T, (2.4.8)

For ¢t = 0 the off-diagonal elements reduce to the Polyakov loop around the shortened direction, so

that they directly measure the order parameter of the center symmetry.

2.5. Expected Spectrum

Ent and therefore contains the

According to (2.4.3) the correlation matrix is a sum of exponentials e~
energy levels E, of the static QQ pair. In the following we discuss which levels we expect in the

confined and in the deconfined phase.

2.5.1. Sharp Level Crossing in Confinement

Let us first consider the easier case of confinement. As the off-diagonal elements vanish, the correlation
matrix Cj;(t) is diagonal and its two diagonal elements can be treated independently. The reason for
this is that the direct and the wrapped Wilson line behave differently under center transformations,
as only the product Oy (’); winds around the shortened direction. As long as the center symmetry is
unbroken, the time evolution can therefore not turn a direct into a wrapped state and the two states do

not mix. The energy levels are simply the energies of the direct V() and the wrapped string V(I — 7).

The ground state is always given by the shorter of the two strings, so the two levels meet at r = %,
where both strings have the same length. As the two states do not mix, nothing prevents the levels
from crossing and we expect a sharp level crossing at r = % The ground state Vp(r) follows the direct

string for r < % and the wrapped string for r > %, the first excited state Vi (r) vice versa.

aV(r)
! Vi(r)

Figure 2.5.1: Sketch of the expected energy spectrum in the confined phase. The energies of the direct

and the wrapped string cross sharply at r = é



2.5.2. Sector Selection and Avoided Level Crossing

In the deconfined phase the off-diagonal elements have a non-vanishing expectation value and the
correlation matrix is no longer diagonal, so that the energies have to be extracted by solving a
generalized eigenvalue problem (see chapter 3). The energy eigenstates |n) are now linear combinations
of the direct and the wrapped state, i.e. the two states mix. According to the non-crossing rule of von
Neumann and Wigner [9], the levels of two states that can mix do not cross, so we expect an avoided
level crossing at r = % This can be described by an effective two-level system of the direct and the

wrapped state with the mixing strength §:

V() § V() +V(I-r) (V(r) =V (I —r))?
H.g = ( 5 V(l_w) = Vou(r) = 5 q:\/ 1 +62 (2.5.1)

Far away from r = % the levels approach the unmixed energies V(r) and V(I — r), while at r = %
they are separated by the level splitting AFE (é) = 24. In the confined phase § = 0 and the sharp
level crossing is recovered. The same mixing of two string-type states with an avoided level crossing
is known from string breaking, where the string state mixes with a state of two static-light mesons
[10, 11]. The sign of the off-diagonal elements depends on which of the two Zs sectors the system
selects, as a center transformation flips the relative sign of O and Os. This corresponds to the change
of basis O3 — —s, which leaves the energies unchanged, so both sectors yield the same spectrum. As
the center transformation along the shortened direction is an exact symmetry, averaging over both
sectors would again give vanishing off-diagonal elements and a sharp level crossing. The avoided level
crossing is therefore a property within one sector, which is selected spontaneously in the deconfined

phase.

aV(r)T

\/ Vi(r)

26

Vo(r)

} —>
! 1"
2

Figure 2.5.2: Sketch of the expected energy spectrum in the deconfined phase. The mixing of the direct

and the wrapped states lifts the degeneracy at r = % and leads to an avoided level crossing. Dashed

lines show the unmixed energies of the sharp level crossing.

2.5.3. Further Excited States at Small Separations

A glueball is a bound state consisting only of gluons, classified by the quantum numbers J¢ of total
angular momentum J, parity P and charge conjugation C. The lightest glueball 0+ [12, 13] carries

the quantum numbers of the vacuum and can therefore be created from it without violating any

10



conservation law. So the wrapped string is only the first excited level as long as V(I —r) — V(r) < mg.
For small separations r and a large extent | the wrapped string energy V(I — r) exceeds the threshold
V(r) + mg. The lowest excited level is then no longer a string state but a two-particle state of the
ground-state QQ pair and a glueball, so we expect Vi(r) — Vo(r) + mg at small separations. In a
volume with a short extent, states of flux loops winding around it can be lighter than the glueball [14].
In addition the direct Wilson line overlaps with an excited flux tube with the same quantum numbers
as the ground state [15]. Since neither O; nor Oy is built to create these states, they have only a small

overlap with our operator basis.

aV(r)
A excited string (no glueball)
......... Vo(T‘) +mg
ma Vi(r)

Vo(r)
f N —>>
0 L P

2

Figure 2.5.3: Sketch of the expected energy spectrum in the confined phase including the glueball
threshold. The direct and the wrapped string cross sharply at r = % Towards small separations and
by periodicity towards r — [, the excited string state (dashed) rises above the two-particle state of the
QQ ground state and a glueball (dotted), so that Vi (r) — Vo(r) + mg.
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Chapter 3
Simulation and Analysis Methods

To test the expected spectrum, we perform Monte Carlo simulations on the lattice and analyze the
generated data. We shorten only the spatial extent [ and keep all other extents large, including the
temporal extent, so that the actual temperature T' = N%a stays far below the critical temperature. As
discussed in section 2.4.3, the shortened direction then acts like a system at the temperature T' = %
With the critical couplings S.(N; = 4) =~ 2.30, S.(Ny = 6) ~ 2.43 and S.(N; = 8) ~ 2.51 [16], at
B = 2.40 the extent | = 4a lies in the deconfined phase, whereas [ = 6a lies just below and [ = 8a
below the critical temperature. The following sections give a brief overview of the methods we used to
generate the gauge fields, solve the generalized eigenvalue problem, perform the statistical analysis and

set the scale of our results.

3.1. Gauge Field Generation and Smearing

Before we can calculate any observables, we have to generate the underlying gauge field configurations
on the lattice. They are generated using the heatbath algorithm of Creutz [1], a Markov chain Monte
Carlo method that samples gauge field configurations according to the Boltzmann weight e=5IVl. The
algorithm updates a single link by drawing it from its conditional distribution given the surrounding
staples, while all other links are held fixed. For SU(2) this can be done exactly, since the sum of the
staples is itself proportional to an SU(2) matrix. Systematically updating all gauge links in that way is
referred to as a sweep through the lattice. After a sufficient number of sweeps the Markov chain has

reached equilibrium, called the thermalized state.

The heatbath algorithm can be started either from a hot start, a completely random gauge field
configuration, or from a cold start, where all gauge links are set to the identity. Whether equilibrium
has been reached is checked by monitoring the average plaquette and the Polyakov loop along the
shortened direction, which we measure as the off-diagonal element Ci2(t = 0) of the correlation matrix.
For | = 6a we performed both a hot and a cold start, which have to fluctuate around the same
values. The thermalization of the three lattice setups can be seen in appendix A. We discard the first

Niperm = 300 sweeps and keep Nypeqs = 111 configurations.

Since each configuration is generated from the previous one, successive configurations are correlated

and the measurements performed on them are not statistically independent. To reduce this autocor-
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relation we perform Ny = 30 sweeps between two measurements, which is large compared to the
autocorrelation time of the plaquette of a few sweeps. Close to the critical temperature, i.e. for [ = 6a,

the Polyakov loop along the shortened direction decorrelates considerably slower.

To reduce the noise in the measurements, we apply smearing to the gauge fields, which smooths out
short-distance fluctuations and enhances the signal of long-distance physics. The temporal links, which
form the propagators of the static quarks, are replaced by HYP2 links with (a1, a9, a3) = (1.0,1.0,0.5)
[17, 18]. This reduces the self-energy of the static quarks and thereby the noise at large ¢, but shifts all
energies F, by the same r-independent constant, which cancels in energy differences and in the fit
parameters o and o. The spatial links are APE smeared [19], where each spatial link is replaced by

itself plus the sum of its four spatial staples:

U (@) = Py U (@) +a Y ()| for k=1,23 (3.1.1)

staples

where all links of one iteration are built from the previous field U™, Since any real linear combination
of SU(2) matrices is again proportional to an SU(2) matrix, the projection Pgy(o) reduces to a

normalization by v/det. Both operators O; and Oy are built from the same smeared links and differ
(n)

only in their geometry. APE smearing modifies only the overlaps ¢;  of the operators with the energy
eigenstates, which improves the signal at small ¢ but must not change the extracted energies F,, within
statistical errors. We use a = 0.5 and igmeqr = D smearing iterations, chosen such that the effective

energy plateaus set in as early as possible.

B Ni, ng, and ns, | ns, ||| Niherm | Nsave | Niotal | Nmeas ||| @ | tsmear
2.40 | 24 8 300 30 3600 | 111 05|95
2.40 | 24 6 300 30 3600 | 111 05|95
240 | 24 4 300 30 3600 | 111 05|95

Table 3.1.1: Parameters of the three lattice setups. All runs use a cold start, for n,, = 6 an additional
hot start was performed. The temporal links are HYP2 smeared in all runs.

3.2. Generalized Eigenvalue Problem

On every configuration we compute the correlation matrix Cj;(t) from section 2.4.2 for all separations
r and times ¢, averaged over all lattice sites. Wilson loops along x and y probe the long directions,
while Wilson loops along z probe the shortened direction. As Cia(t) and Co;(t) agree only up to
statistical fluctuations, we symmetrize the averaged matrix C — %(C + CT). The energy spectrum is

then extracted by solving the generalized eigenvalue problem, short GEVP [20, 21]:
C(t) v, = A\, C(to) vp, (3.2.1)

with the eigenvalues ordered as Ao > A1. We solve the GEVP once at tg = 2a and t = 3a, where the

signal is still precise and C(tg) is well conditioned. The eigenvectors give the linear combinations of
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01 and O with maximal overlap onto the corresponding eigenstate, so that the projected correlators
Cn(t) = vl C(t) v, are dominated by a single state already at small . From these we define the

effective energies

C"(t(_)“)) with ES(t) B, for t— oo (3:2.2)

aE (1) = ln( e

and read off F,, from a constant fit to the plateau region 3a <t < 20a, i.e. a weighted average with
the inverse squared jackknife errors as weights. Examples of these plateaus are shown in appendix
B. Repeating this for every separation r gives the ground state Vp(r) = Ey and the first excited state
Vi(r) = E;. From these we determine the level splitting AE (%) =W (%) - (%) in the shortened
direction. In the long directions the center symmetry is unbroken, so the off-diagonal elements vanish

and the GEVP reduces to two independent effective masses.

3.3. Statistical Analysis

Every numerical analysis is contaminated by uncertainties, which are a combination of systematic
and statistical errors. The statistical errors are due to the stochastic nature of the sampling. They
are not easily obtained by linear error propagation, because the GEVP and the effective energies are
non-linear functions of correlated Monte Carlo averages. We therefore use the jackknife method, in
which N = Njeqs reduced samples are formed by omitting one measurement at a time. Denoting by
é(i) the estimator evaluated on the sample with the i-th measurement removed and by 6 the estimator

on the full sample, the jackknife error is

N
szack = % 2:1 (t%) - 5)2 (3.3.1)

=
where the prefactor (N — 1) compensates the reduced fluctuation of the strongly overlapping samples.
The analysis chain, from the correlation matrix over the solution of the GEVP to the plateau fit, is
carried out separately on every jackknife sample, where the eigenvalues are ordered by magnitude.
Only in this way do the resulting errors propagate consistently through the non-linear steps. We do
not apply binning, as the autocorrelation of the plaquette is small compared to the Ny = 30 sweeps
between two measurements. Close to the critical temperature, i.e. for [ = 6a, the Polyakov loop along
the shortened direction decorrelates considerably slower, so that the errors of the off-diagonal elements

for [ = 6a are likely underestimated.

The systematic errors are due to the finite lattice spacing, the truncation of the operator basis, the
choice of the plateau range in ¢ and the convention entering the scale setting. The plateau range is
the dominant source among them. Starting the plateau fit at ¢ = 4a instead of 3a shifts, for example
Vo(r = 8a) by about 4o, which shows that excited states are not fully suppressed at ¢t = 3a for larger
separations. In the long directions this biases the potential upwards at large r, its slope for r 2 6a
decreases from about 0.084 to 0.078 per lattice spacing when starting the plateau at t = 4a. Both
values lie about 10 to 18 % above the string tension a?c ~ 0.071 [22]. As the weights of the plateau fit

are dominated by the early timeslices and correlations between timeslices are neglected, we do not
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quote a x? for the plateau fits. The upper end t = 20a lies close to N;a = 24a, where contributions
propagating around the periodic time direction appear, but reducing it to ¢ = 15a changes the level

splittings by less than 0.001. For r < 4a, which is all we need for the level splittings at r = &, the

ok
energies change by at most 0.01 and the splittings for [ = 6a and 8a by less than 0.001. In addition,
for r < 2a the HYP smeared temporal links of the two static quarks are built from partly the same
links, which lowers the energies at these separations. This is visible as a violation of the concavity of
the potential [23] between r = a and 3a, which does not depend on the plateau range, and as the small
value aVp(a) ~ 0.059. The finite spatial volume is not treated as a systematic error here, since the

dependence of the static potential on the shortened extent is the subject of this thesis.

3.4. Scale Setting

Pure SU(2) gauge theory contains no experimental input, so there is no intrinsic physical scale. To
express our results in physical units, we use the Sommer parameter ry [24], which is defined implicitly

by the force F(r) = V'/(r) between a static quark-antiquark pair through the dimensionless condition:

T’QF(T)

= 1.65 (3.4.1)

r=rg

Assigning a value to rg is a convention taken over from QCD phenomenology and all results quoted in
physical units are to be understood relative to this choice. Following Philipsen and Wagner [25], who
determined the static potential for SU(2) using ro = 0.46 fm, we use a lattice spacing of a = 0.102 fm
at 8 = 2.40.
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Chapter 4

Numerical Results

In this chapter we present the energy levels V(r) and Vi(r) obtained with the methods of chapter 3
and compare them with the expected spectrum of section 2.5. We first check whether the off-diagonal
elements of the correlation matrix behave as predicted by the center symmetry. Then we discuss the
spectrum along the shortened direction for [ = 8a, 6a and 4a, the level splitting at r = é and finally
the spectrum along a long direction. All energies are given in lattice units. With a = 0.102 fm [25] the

three extents correspond to the temperatures T' = % ~ 242 MeV, 322 MeV and 484 MeV.

4.1. Off-Diagonal Elements and Center Symmetry

According to section 2.4.3, the off-diagonal elements of the correlation matrix vanish in the confined
phase and are non-zero in the deconfined phase. Figure 4.1.1 shows C12(t) at 7 = a on all configurations
together with its mean. For ¢ = 0 it reduces to the Polyakov loop around the shortened direction,
which is independent of r. For | = 4a the off-diagonal element is large C12(0) ~ 0.64, and positive
on all configurations. As it is built from APE smeared links, this value is larger than the unsmeared
Polyakov loop and cannot be compared directly with literature values. So the center symmetry is
broken and the system remains in the positive sector, which is selected by the cold start, during the
whole simulation. For [ = 8a it fluctuates around zero with a mean of about 0.01, as expected in the
confined phase. For [ = 6a both starts show long excursions into the two sectors (see appendix A). The
cold start begins at C12(0) =~ 0.25 and stays around —0.1 for most of the later measurements, while the
hot start remains at positive values up to about 0.25 from configuration 30 to 74. This gives a mean of
—0.03 for the cold start and +0.06 for the hot start. This slow decorrelation reflects that [ = 6a lies
close to the critical temperature. The off-diagonal elements therefore confirm that [ = 4a is deconfined

and [ = 8a confined, while the long excursions for | = 6a show that it lies close to the transition.
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Figure 4.1.1: Off-diagonal element C15(t) at = a along the shortened direction on all 111 configurations
and its mean. For ¢ = 0 it is the Polyakov loop around the shortened direction.

4.2. Energy Spectrum along the Shortened Direction

The following figures show the ground state Vp(r) and the first excited state Vi (r) for 0 < r <. Due
to the periodicity the spectrum is symmetric around r = é At r =0 and r = [ the direct Wilson line
has no spatial extent, so that V5 = 0 holds by construction and does not contain the self-energy of the
static quarks. For comparison we show the unmixed energies V' (r) and V(I — r) as dashed lines, where
V(r) is the ground state measured along the long direction x of the same run. So the figures can be

compared directly with the sketches of section 2.5.

4.2.1. Confined Extent [ = 8a

Figure 4.2.1 shows the sharp level crossing expected in the confined phase. For r < % the ground
state follows the direct string and agrees with the potential of the long directions, e.g. aVp(2a) = 0.134
compared to 0.136. The first excited state follows the wrapped string V(I — r), which lies only slightly
above the data at small . At r = 4a both levels meet with aVp = 0.326(3) and aV; = 0.335(3). As

the eigenvalues are ordered, AE > 0 holds on every jackknife sample, so that statistical fluctuations
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always lead to a small positive splitting for degenerate levels. The remaining splitting ¢ AE = 0.009(4)

is of this size and therefore consistent with a sharp level crossing.

0.74

0.6 1

0.51
. 0.4 unmixed V(r), V(I )
\% @ ground state Vy(r)

0.34 ¢ first excited state Vi(r)

0.2 1

0.1 1

0.0 t
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v

Figure 4.2.1: Ground state Vj(r) and first excited state Vi(r) along the shortened direction for [ = 8a

(cold start). The dashed lines are the unmixed energies V(r) and V(I — r) of the long direction. The

levels cross sharply at r = %

4.2.2. Near-Critical Extent [ = 6a

For | = 6a the spectrum in figure 4.2.2 still shows a level crossing at r = 3a close to the unmixed
energies, but the splitting depends on the start. At small r the first excited state lies below the wrapped
string of the long direction, e.g. aVi(a) = 0.384(5) for the cold start. This is expected close to the
critical temperature, where the energy of a string winding around the shortened direction decreases.
For the cold start we find aAE = 0.013(6), for the hot start aAE = 0.037(7). As both runs describe
the same physics, the two values should agree, but they differ by about 2.5 standard deviations. This
is consistent with the Monte Carlo histories of section 4.1. The hot start spends a long stretch in one
sector with C12(0) ~ 0.2, where the off-diagonal elements are sizable and the direct and the wrapped
state mix, while the cold start mostly stays at |C12(0)| = 0.1. So the statistical errors for | = 6a are
underestimated, since the Polyakov loop decorrelates only slowly close to the critical temperature
and we do not apply binning. So for [ = 6a we can only conclude that the splitting is small, but not

whether it vanishes.
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Figure 4.2.2: Ground state Vy(r) and first excited state Vi (r) along the shortened direction for I = 6a.
The dashed lines are the unmixed energies V' (r) and V(I — r) of the long direction.

4.2.3. Deconfined Extent [ = 4a

For | = 4a figure 4.2.3 shows a clear avoided level crossing. As discussed in section 2.5, this result is
obtained within one sector, as the system does not tunnel between the sectors during the simulation.
At r = 2a we find aVp = 0.0445(3) and aV; = 0.498(6), i.e. a level splitting of aAE = 0.454(6), which
corresponds to about 830 MeV. In addition the ground state hardly rises with r, aVp(a) = 0.040 and
aVp(2a) = 0.045, compared to 0.059 and 0.136 in the long directions. So along the deconfined direction
no linearly rising flux tube forms and the potential is flattened. In contrast to [ = 8a and | = 6a, both

levels lie far away from the dashed unmixed energies, with V) below and Vi above them. Qualitatively

this is the behaviour of the two-level model of section 2.5 with a mixing strength ad = “%E ~ 0.23.
A quantitative comparison is not possible with the unmixed energies of the long directions, as those

along the deconfined direction differ from them (see chapter 5 for a way to determine them).
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Figure 4.2.3: Ground state V(r) and first excited state Vj(r) along the shortened direction for [ = 4a
(cold start). The dashed lines are the unmixed energies V(r) and V(I — r) of the long direction. The
mixing of the direct and the wrapped state leads to an avoided level crossing at r = é

4.3. The Level Splitting at r =

1

2
Figure 4.3.1 summarizes the level splitting AF (é) for the three extents. For [ = 8a and [ = 6a the
splitting is small aAE < 0.04, while for [ = 4a it jumps to aAE = 0.454(6). This agrees with the
critical couplings of chapter 3, as only [ = 4a lies in the deconfined phase. With three extents we
can only locate the critical extent between 4a and 6a. Using ay/o = 0.2673(15) at § = 2.40 and
% = 0.694(18) [22], we get [, = T% ~ 5.4a. So | = 6a corresponds to T% ~ 0.9 and lies just below the
transition, which agrees with our findings.
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Figure 4.3.1: Level splitting AFE (é) =V (%) -W (%) as a function of the shortened extent [. The
hot start is only available for [ = 6a.
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4.4. The Excited State at Large Extents

Finally we consider the long direction y with the extent 24a, which is equivalent to z, shown in figure
4.4.1 for the | = 6a run. The ground state rises linearly with r up to r = 12a, as expected in the
confined phase. Its slope at large r is slightly too large, as the plateau fit starting at ¢t = 3a does
not fully suppress excited states there (see section 3.3). At r = 12a both levels agree within errors,
aVp = 1.05(3) and aV; = 1.08(3), so also the long direction shows a sharp level crossing, as expected

for the unbroken center symmetry.

For small separations the first excited state has large errors, since the wrapped string V (24a — r) is
large and its correlator decays quickly. At r = 3a we find aVj = 1.95(30). For r < 2a the first excited
state decreases again, which resembles the sketch in figure 2.5.3, but within the large errors this is not
significant. As discussed in section 2.5.3, our operators hardly overlap with glueball states or flux loops
winding around the shortened direction, so the first excited state is still dominated by the wrapped

string and we do not resolve these states.
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Figure 4.4.1: Ground state Vp(r) and first excited state V;(r) along the long direction y with extent
24a (I = 6a, cold start).
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Chapter 5

Conclusion and Outlook

5.1. Conclusion

In this thesis we studied the two lowest energy levels of a static QQ pair in SU(2) lattice Yang-Mills
theory at the inverse gauge coupling 5 = 2.40, with the lattice spacing a, where one spatial extent [ is
shortened to 8a, 6a and 4a. In this periodic lattice the flux tube can connect the pair either directly
or by wrapping around the shortened direction. We built a 2 x 2 correlation matrix from the direct
and the wrapped Wilson line and extracted the ground state V(r) and the first excited state Vi(r) by

solving a generalized eigenvalue problem.

The central question was whether and how the direct and the wrapped state mix. The answer is given
by the center symmetry of the gauge group, whose breaking signals deconfinement. As predicted in
section 2.4.3, the off-diagonal elements of the correlation matrix fluctuate around zero in the confined
phase for | = 8a, while they are large, C12(0) =~ 0.64, in the deconfined phase for | = 4a. Therefore
the two states do not mix for [ = 8a and the levels cross sharply at r = é, with a remaining splitting
aAE = 0.009(4) of the size expected from statistical fluctuations of degenerate levels. For | = 4a the
two states mix and we find a clear avoided level crossing with ¢ AE = 0.454(6), i.e. about 880 MeV.
In addition, the ground state along the deconfined direction hardly rises with the separation r, so no
linearly rising flux tube forms there. For [ = 6a, which according to the literature value I. ~ 5.4a lies
close to the critical temperature, the splitting is small, but the runs from a hot and a cold start of
the heatbath algorithm differ by about 2.5 standard deviations. For purely statistical fluctuations
such a difference occurs only in about 1% of the cases. Both runs spend long stretches in one of the
two sectors, so that we cannot decide whether the splitting vanishes. With our three extents we can
therefore only locate the critical extent between 4a and 6a. Along the long directions we find a sharp
level crossing at r = 12a as well, as expected for the unbroken center symmetry, but we do not resolve

glueball states or flux loops winding around the shortened direction at small separations.

These results are subject to some limitations. We use a single lattice spacing and 111 configurations
per run without binning, so that the errors for | = 6a are underestimated. The plateau fit starting at
the time separation ¢ = 3a biases the potential upwards at large separations, but the level splittings at

r= % < 4a are stable under a later start. For r < 2a the energies are lowered by the HYP smearing of
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the temporal links. Our operator basis only contains the direct and the wrapped Wilson line, so states

with a small overlap with both, like the QQ pair together with a glueball, are not resolved.

5.2. Outlook

The first step is a more careful treatment of our order parameter, the expectation value (P) of the
Polyakov loop. On a finite lattice (P) strictly vanishes even in the deconfined phase, since configurations
in both sectors contribute with equal weight. In the Monte Carlo history, the Polyakov loop then
resembles a random telegraph signal between +|P| and —|P|, where the time it stays in one sector
grows with the volume and the temperature. Only for infinitely long runs does its average vanish, while
in the infinite volume limit the system remains in one sector. Using (|P|) instead, together with its
susceptibility, would allow us to locate the critical extent more precisely, and in the same way (|C12])
for the off-diagonal elements. In addition the configurations could be separated by the sign of the
Polyakov loop, or the wrapped Wilson line could be multiplied by this sign on every configuration, so
that the level splitting is determined consistently within one sector. This could clarify the difference

between the hot and the cold start for | = 6a.

To resolve the transition itself, more extents between 4a and 6a as well as longer runs with binning are
needed. As the transition is of second order for SU(2), we expect the mixing strength ¢ and thereby
the level splitting to grow continuously from zero above the critical temperature. The mixing can also
be determined for all separations from the eigenvectors of the GEVP. After orthonormalizing the trial
states, they give the mixing angle 0(r) of the direct and the wrapped state, from which the mixing
strength 0(r) = %AE sin 20 and the unmixed energies along the shortened direction follow. This would
allow a quantitative comparison with the two-level model of section 2.5. For SU(3) with the center
symmetry Z3 the transition is of first order, so that the splitting might jump at the critical temperature
instead. Further lattice spacings would allow us to extrapolate the splitting to the continuum and
to give the results in physical units without relying on a single value of a. Finally, a larger operator
basis, e.g. with several smearing levels or glueball operators, and a later start of the plateau fit would

improve the excited state and could resolve the thresholds at small separations.
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Appendix A

Thermalization

To check whether the Markov chain has reached equilibrium, we monitor the average plaquette (Up)
after every sweep. Figure A.0.1 shows its Monte Carlo history for all runs on a logarithmic sweep axis.
The cold starts begin at (Up) ~ 0.72 and the hot start at (Up) ~ 0.40, but both approach the same
value within about 10 and 30 sweeps, respectively. So the Niperm = 300 discarded sweeps are safely
sufficient for the plaquette. After thermalization we find (Up) = 0.6301 for [ = 8a, 0.6300 for both
starts with [ = 6a and 0.6319 for | = 4a, with fluctuations of about 0.0007 between successive sweeps.
The slightly larger value for | = 4a reflects the deconfined shortened direction. As the plaquette is
a local observable, it thermalizes and decorrelates quickly and is therefore not sensitive to the slow

dynamics close to the critical temperature.
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Figure A.0.1: Monte Carlo history of the average plaquette for all runs. The dashed line marks the
Niperm = 300 discarded sweeps.

24



Besides the plaquette we monitor the Polyakov loop along the shortened direction. It is given by
the off-diagonal element C12(t = 0), since for ¢ = 0 the direct and the wrapped Wilson line together
wind exactly once around the shortened direction. Figure A.0.2 shows its Monte Carlo history for
the three extents I. For [ = 4a the Polyakov loop fluctuates around 0.64 and stays positive on all
configurations, so the system remains in one sector of the deconfined phase, as tunnelling between the
sectors is strongly suppressed. For [ = 8a it fluctuates around zero, as expected in the confined phase.
For | = 6a neither run fluctuates around zero on short scales. The cold start begins at about 0.25,
drops within the first 20 measurements and then stays around —0.1 for most of the run. The hot start
first fluctuates around zero, but then remains at positive values up to about 0.25 from configuration 30
to 74, before it returns to negative values. So both runs spend long stretches in one of the two sectors,
with a mean of —0.03 for the cold and 40.06 for the hot start. This slow decorrelation reflects that

[ = 6a lies close to the critical temperature, so that both runs should be interpreted with care.
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Figure A.0.2: Monte Carlo history of the off-diagonal element C15(t) at r = a along the shortened
direction. The curve for ¢t = 0 is the Polyakov loop around the shortened direction, the curves for t = a
and t = 2a follow it closely.
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Appendix B

Effective Energy Plateaus

Figure B.0.1 shows the effective energies E%(t) of the projected correlators at r = é for the deconfined
extent [ = 4a and the confined extent [ = 8a. The shaded region marks the plateau range 3a < t < 20a,
the horizontal lines with bands are the fitted energies with their jackknife errors. For [ = 4a the ground
state forms a clean plateau from ¢t = 3a on over the whole range. The first excited state has a plateau
for 3a <t < 8a, after which its correlator is dominated by noise. Due to the weights of the plateau
fit the result aV; = 0.498(6) is determined by the precise points at small t. For [ = 8a both levels
are almost degenerate and form plateaus from ¢ = 3a on, the points at ¢ 2 15a fluctuate strongly but
contribute little to the fit. At ¢ = 3a the points still lie slightly above the plateau, which reflects the

remaining excited state contamination discussed in section 3.3.

0.8 plateau range 1 T4
071 1 Vo(3) 0.51 i
+ v T
0.6 ¥ 041 % -
205] ==mppgitl T 1 = o TR e U 2 8]
5. i £.0.3 SETEE=ItI o84
504 & t3l+4
S} IS b
0.3 0.2 1
0.2 plateau range
o1 - 0.1{ ¥ W)
.. L. .ol LR !
0.0 0.0
0 3 6 9 12 15 18 21 24 0 3 6 9 12 15 18 21 24
lattice time £ lattice time %
(a) I = 4a, cold start (b) I = 8a, cold start

Figure B.0.1: Effective energies E¢T(t) of the ground state and the first excited state at r = é along
the shortened direction. The shaded region marks the plateau range 3a <t < 20a, the horizontal lines
and bands the fitted energies with their jackknife errors.
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