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SU(N) Yang-Mills field dynamics

Weakly coupled inspired by Hard Thermal Loops (HTL)

Real-time physical quantities of non-equilibrium processes

Plasma turbulence affects parton transport
(isotropization, jet energy loss, viscosity,..)

Early time dynamics of the quark gluon plasma

Derivation of time scales for the isotropization,
thermalization
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Free streaming background

Anisotropy in momentum space

SU(2) particle content

Fixed transverse size

Extrapolate to αs ∼ 0.3

Match CGC n(τ0) ∝ Q3
sα−1

s



Stages of the Little Big Bang
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z 

t

strong fields

gluons & quarks out of eq.

gluons & quarks in eq.

hadrons

freeze out

[Gelis 2010] Illustration of the stages of a heavy ion collision.
This work focuses on the early phase with strong fields in an
out of equilibrium situation.
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■ T : energy of hard particles

■ gT : thermal masses, Debye screening mass,
Landau damping

■ g2T : magnetic confinement, color relaxation, rate for
small angle scattering

■ g4T : rate for large angle scattering, η−1T 4
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■ T : energy of hard particles

■ gT : thermal masses, Debye screening mass,
Landau damping, plasma instabilities [Mrowczynski 1988,
1993, ..]

■ g2T : magnetic confinement, color relaxation, rate for
small angle scattering

■ g4T : rate for large angle scattering, η−1T 4
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[Strickland 2006]: Illustration of the mechanism of
filamentation instabilities.
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Assuming free streaming, one solves the gauge covariant
Boltzmann-Vlasov equation

v · D∂fa(p, x, t) = gvµF µν
a ∂(p)

ν f0(p, x, t) (1)
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Assuming free streaming, one solves the gauge covariant
Boltzmann-Vlasov equation

v · D∂fa(p, x, t) = gvµF µν
a ∂(p)

ν f0(p, x, t) (1)

coupled to Yang-Mills equation

DµF µν
a = jν

a = g

∫

d3p

(2π)3

pµ

2p0
δfa(p, x, t) (2)
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Assuming free streaming, one solves the gauge covariant
Boltzmann-Vlasov equation

v · D∂fa(p, x, t) = gvµF µν
a ∂(p)

ν f0(p, x, t) (1)

coupled to Yang-Mills equation

DµF µν
a = jν

a = g

∫

d3p

(2π)3

pµ

2p0
δfa(p, x, t) (2)

in the HTL approximation

gAµ ≪ |phard| , (3)
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Assuming free streaming, one solves the gauge covariant
Boltzmann-Vlasov equation

v · D∂fa(p, x, t) = gvµF µν
a ∂(p)

ν f0(p, x, t) (1)

coupled to Yang-Mills equation

DµF µν
a = jν

a = g

∫

d3p

(2π)3

pµ

2p0
δfa(p, x, t) (2)

in the HTL approximation

gAµ ≪ |phard| , (3)

the Romatschke, Strickland background distribution function

f0(p⊥, p̃η) = fCGC

(

[p2 + ξ(τ)(p · n̂)2]/p2
hard(τ)

)0.5
. (4)
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Τ = const
Η = const

z

t
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Τ = const
Η = const

z

t

It is convenient to switch to comoving coordinates

t = τ cosh η , τ =
√

t2 − z2 ,

z = τ sinh η , η = arctanh
z

t
, (5)

with the corresponding metric

ds2 = dτ2 − dx2
⊥ − τ2dη2 . (6)
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Yang-Mills equations

τ−1∂τ Πi = ji − DjF ji − DηF ηi , (7)

τ∂τ Πη = jη − DiF
i
η . (8)

Canonical conjugate field momenta

Πi ≡ τ∂τ Ai, Πη ≡ 1

τ
∂τ Aη . (9)
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Yang-Mills equations

τ−1∂τ Πi = ji − DjF ji − DηF ηi , (7)

τ∂τ Πη = jη − DiF
i
η . (8)

Canonical conjugate field momenta

Πi ≡ τ∂τ Ai, Πη ≡ 1

τ
∂τ Aη . (9)

The expression for the currents is

jα(τ, x⊥, η) = − m2
D

2

∫ 2π

0

dφ

2π

∫ ∞

−∞
dȳ V α W(τ, x⊥, η; φ, ȳ) ,

m2
D = −g2tR

∫ ∞

0

dp p2

(2π)2
f ′

iso(p) . (10)
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The auxiliary fields satisfy

∂τ W(τ, x⊥, η; φ, ȳ) = − 1

cosh ȳ

[

viDiW +
sinh ȳ

τ

(

DηW − ∂ȳW
)

]

+
1

f̄(τ, τiso, ȳ)

[

1

τ
viΠi − τ2sinh ȳ

τ2
iso

Πη

+
tanh ȳ

τ

(

1 − τ2

τ2
iso

)

viFiη

]

,

(11)

by replacing y with ȳ ≡ y − η and

f̄(τ, τiso, ȳ) =

(

1 +
τ2

τ2
iso

sinh2 ȳ

)2

. (12)
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We can translate the continuum equations of motion into
gauge-invariant lattice equations of motion by using standard
plaquette and staple operators

(Fkη)a =
iNc

aη
tr [τaU�,kη] (13)

with the standard plaquette
U�,µν(x) = Uµ(x)Uν(x + µ)U †

µ(x + ν)U †
ν(x).

Express the covariant derivatives of the field strength tensor

(DηFηj)
a =

iNc

a2
η

tr

[

τaUj(τ, x)
∑

|η|6=j

S†
jη(τ, x)

]

(14)

with the gauge link staple

S†
µν(τ, x) = Uν(τ, x + µ)U †

µ(τ, x + ν)U †
ν(τ, x) . (15)
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The η lattice spacing is determined by

νmin =
2π

Nηaη
≪ 5 . (16)

The infrared cutoff in the transverse direction fullfills

kmin =
2π

N⊥a
≪ 0.2 τ−1

0 . (17)

The time dependent longitudinal UV cutoff

νmax =
π

aητ
≫ 30 (18)

and the constant transverse UV cutoff should be comparable

kmax =
π

a
≫ Qs . (19)



Unstable modes growth rate

Hard Expanding
Loops (HEL)

Assumptions

Stages of the
Little Big Bang

Scales QGP

Weibel
instabilities
Hard (Thermal)
Loops -
Boltzmann -
Vlasov
Bjorken
expansion

Equation of
motions
Lattice
parameters

Unstable modes
growth rate

Physical
Observables

Transport Seminar, 2012 15 / 33

0

π/8

π/4

3π/8

π/2

 0  0.2  0.4  0.6  0.8  1  1.2

θ

kz/mD

(a) Γα/mD

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

0

π/8

π/4

3π/8

π/2

 0  0.2  0.4  0.6  0.8  1  1.2

θ

kz/mD

(b) Γ-/mD

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

General k growth rates for the α and − modes for ξ = 10 with
general k as θ = arctan(k⊥/kη)
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√
ττCGC)
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Nielsen−
Olesen
Instabilities

αδd=ln(  )/ln(  )

αεd=−ln(  )/ln(  )

Occupancy
c=−ln(f)/ln(  )α

c=−1/3

Anisotropy
slo

pe
 1

c=1

Bath Forms

Soft Particle

Plasma Instabilities

Scattering

d=−1/7

d=−1/3

slope −9/23

[Kurkela, Moore 2012]: Thermalization in Weakly Coupled
Nonabelian Plasmas.
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Figure 1: Numerical check
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Figure 3: 50 averaged runs N⊥∗Nη∗Nu∗Nφ = 402∗128∗128∗32:
after onset one sees rapid growth of Bl and EL fields,
followed by non-Abelian interactions kick in.
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Figure 4: Total field energy density for different initial current
fluctuation magnitudes showing similar behavior (apart from
non-Abelian point).
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Figure 5: Initially highly anisotropic, note PL,field(τ = 0.3) < 0,
growing field pressures, PL,field dominates at late times,
τ̃ scaled PL drops ∝ 1/τ̃2 .
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Figure 6: Chromo-Weibel instability restores isotropy on
fm/c scale, at τ̃ ≈ 6.
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Figure 7: Different initial current fluctuation magnitudes ∆
effecting the isotropization time.
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Figure 8: Fourier transform each E and B chromofields and
sum all the components: rapid emergence of an exponen-
tial distribution of longitudinal energy.
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Figure 9: Longitudinal spectra for abelian runs shows ampli-
fication of the initial seeded modes.
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Figure 10: The red-shifting is even more visible in the kz plot.
Nonlinear mode-mode coupling is vital in order to populate
high momentum modes.
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Massless Boltzmann distribution fits the longitudinal spectra:

Efit(kz) = A
(

k2
z + 2|kz|T + 2T 2

)

exp (−|kz|/T ) (20)

Comparison of data and fit function at six different τ̃ .
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Figure 11: First the soft sector cools down. Due to the insta-
bility longitudinal soft fields reheats.
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■ Experimental signatures

■ Larger longitudinal Nη (longitudinal parallellization)

■ Improved IC conditions: k⊥ cutoff

■ Spectral analysis fA(k), fE(k)

■ Probe diagramm with modified f0

■ Incorporate backreaction
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■ We performed the first real-time 3d numerical study
of non-Abelian plasma in a longitudinally expanding
system within hard expanding loops HEL.

■ The momentum space anisotropy can persist for quite
some time.

■ There doesn’t seem to be a “soft scale” saturation of the
instability as was seen in static boxes.

■ The longitudinal spectra seem to be well described by a
Boltzmann distribution indicating rapid longitudinal
thermalization of the gauge fields.

■ We are now studying even larger lattices in order to better
understand the infrared dynamics.



Real-time lattice parameters of the hamiltonian evolution in temporal axial gauge:
longitudinal lattice spacing aη 0.025

transverse lattice spacing a Q−1
s

temporal time step ǫ 10−2τ0

first time step τ0 1/Qs

longitudinal lattice points Nη 128

transverse lattice points N⊥ 40

lattice size in velocity space Nu × Nφ 128 × 32

coupling constant g (3.77)0.5

Assuming for LHC collisions

Qs ∼ 2GeV = (0.1fm)
−1

. (21)

We match to CGC values

n(τ0) = c
NgQ3

s

4π2Ncαs(Qsτ0)
(22)

with the gluon liberation factor c = 2 ln 2. From this one can determine the CGC
Debye mass

m2

D(τCGC) = 1.285/(τ0τCGC). (23)
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