Inverse Reynolds-Dominance approach

to transient fluid dynamics

David Wagner!, Andrea Palermo!?, Victor E. Ambrus’?

nstitut fiir Theoretische Physik, Goethe Universitat Frankfurt am Main, Germany
2Dipartimento di Fisica e Astronomia, Universita di Firenze and INFN Sezione di Firenze, Italy
3Department of Physics, West University of Timisoara, Romania

arXiv:2203.12608

C
\
X3

I~
GOETHE @
UNIVERSITAT CRC-TR2n

Strong-interaction matter
FRANKFURT AM MAIN under extreme conditions

DFG e

Transport Meeting, 0229 June 2022



https://arxiv.org/abs/2203.12608

Outline CRC.-Tm

@ Goal: Dissipative Hydrodynamics
© Tool: Kinetic theory

© Closing the system
@ The DNMR approach
@ The IReD approach
@ DNMR=IReD?
@ Test case: Ultrarelativistic hard spheres

@ Conclusion

D. Wagner, A. Palermo, V.E.Ambrus IReD approach to transient fluid dynamics TRN-2022/02.V1.2022 1/21



Motivation and goal CR:T%

Hydrodynamics: Conservation equations

9,T" =0, 0,N*=0 (1)

» Hydrodynamics: based on (4 4+ 1 = 5) conservation equations
m ldeal case: Sufficient (if equation of state is supplied)
— Variables: ¢, n, u*
m Dissipative case: Underdetermined
— Variables: ¢, n, u*, II, n*, 7"

» Fundamental question of dissipative hydrodynamics: How to obtain
information about the dissipative components of N* and TH¥7

Decomposition of conserved currents (Landau frame)

N¥ = nu* 4+ n# (2)
T = eutu” — (P + II)A*Y + 7k (3)

Projectors: AMY := ghV —utu”, APT = (AQAY + AVAY)/2 — AFYA,g3/3
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First- and second-order hydrodynamics CR:T%

» First-order hydro: Relate dissipative quantities to fluid-dynamical gradients
II=-¢0, nt=rIt, x' =2not" (4)

» (In Eckart or Landau frame): Acausal!

» Second-order hydro: Treat dissipative quantitites as dynamical, provide
relaxation equations

Relaxation equations

mll+II = —(f6+hot. (5a)
it 4+ nt = gI* 4+ hot. (5b)
TRt ) 4 = 9pat 4+ ho.t. (5C)J

» Needs input from microscopic theory
» This talk: Take kinetic theory as the foundation

0 := OHuy, ot = ViHyY) VH = AWV, IH .= VH(u/T), AAWBY) = AMY A>BP
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Kinetic Theory: Basics CR:T%

» Describe system in (z, k)-phase space through one-particle distribution
function f(x, k)

» Connection to hydrodynamics through conserved currents

Conserved quantities

N# = / AKK  f(z, k), T = / AK KPR f (2, k) (6)

» Dynamics of f(x, k) determine evolution of hydrodynamic quantities
m Governed by Boltzmann equation k"0, f(x, k) = C|f]

» Separate into equilibrium part fo(x, k) and deviation 0 f(x, k)
m fo(z, k) determined by C[fo] =0

> Binary elastic collisions: fy(z, k) = [e 0@ Fhol@)u(@hke 4 ]
m a€{—1,0,1} determined by statistics of particles
m «p, Bo, u*: Lagrange multipliers

1

dK := d3k/[(27)3K"], By := utk,
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Moment expansion CRC.-Tm

» Question: Which parts of d f(x, k) in momentum space are important for
hydrodynamics?

» Expand in terms of complete and orthogonal basis of irreducible tensors
1, k) plegyd,

m Equivalent to spherical harmonics (angular part) and a radial part

Expansion of 0 f

OONg

fOfOZZ ,H(E)k ’ 'ku£>pn,ul'°'ue (ZE) (7)

£=0n=0

y

» |rreducible moments p/*""#¢ carry all information

Irreducible moments

pHL R (1) = /dKEi’;k(Ml kMO8 (2, k) (8)

fo:=1-afo
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Equations of motion cR:Tﬁ

Boltzmann equation

u0,6f = E . 'C — u*d, fo — B k"N . (fo + 6f) (9)

» Boltzmann equation determines evolution of all moments

m Infinite set of ordinary differential equations
m Coupled (linearly) through generalized collision term AL

Moment equations

(£ =0) pr+ Zn 0,%#1,2 A o =a”0 + h.o.t. (10a)
(0=1) D+ At =oMD" +hot. (10b)
(¢ =2) p',,/’w + ano 7(31),05” =202 " + h.o.t. (10c)
(£>2) pirare SN AL i —h.o.t. (10d)
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Truncation and power counting CR:T%

» Basic idea: Power-counting scheme to second order in two small quantities:

1. Knudsen number Kn := A/ Ahydro, and
2. inverse Reynolds numbers Re™" := §f/ fo

» [nterested in the evolution of T#Y and N#
nv

— Benchmark: Evolution equations for IT = —(m?/3)po, n* = ply, ©* = ph
— Only interested in moments with ¢ < 2

> phtHe=2 — () corrections of order O(Kn?Re ', Kn?)

Moment equations

NO() #£1,27 ( >,0n +p, = —(.0+h.o.t. (1]_3)

qujl() #1 7_7gn),07<1 M) -+ 107“ — IQTIM + h.o.t. (]_]_b)

ZQ@O Tvgn)[)qg hv) ptY = 2n.0"" 4+ h.o.t. (11c)
y

» Still coupled system of Ny + 3N + 5N5 equations

» How to decouple the remaining equations?

70— (AO)-1
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DNMR: Idea cnﬁm

G. S. Denicol, H. Niemi, E. Molnar, D. H. Rischke, Phys. Rev. D 85, 114047 (2012)

» |dea: Only the slowest microscopic timescales are of macroscopic importance
(Separation of scales)

» Program to follow:

1. Find the eigenmodes XY of the linearized collision kernel A®
2. Retain dynamics only of slowest eigenmodes
3. Express dynamics of hydrodynamic quantities through eigenmodes

» First step: Diagonalize (inverse) collision matrices
(@) = () Ldiag(r{”, 7", - )
» Sort eigenvalues in decreasing order

m Lowest-order eigenmodes relax slowest

Relaxation equation of eigenmodes

X, +X, = =3V 00¢.0+ho.t. (12a)

rOxm 4 xr = M oMg 1# 4 hot. (12b)

rAX L xr = 932 0@p oH L hot. (12¢)
y
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DNMR: Separation of timescales CR:T%

> Apply the separation of scales idea and retain dynamics of Xy, X/ and X}”

» Crucial step: Higher moments are approximated by their Navier-Stokes
solutions

Xyoo = —SN0 0060, X, = SN0k, 1, X1, = 25N 0, ot

» Relate irreducible moments back to dissipative quantities via
Hitpe — Zgio Q%%X#l'”“ﬁ and apply approximation

DNMR: Asymptotic matching

m2/3p, = -0 - (gr - Q§%>g0) 0 + O(KnRe ) (13a)
ph = Q%)n“ + (/{r — Q%)/{O> I* + O(KnRe ™) (13b)
v = @y ( —0® ) o + O(KnRe™')  (13¢)

y

» This closes the system of equations
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DNMR: Obtaining hydrodynamics cnﬁm

» Use asymptotic matching to express all irreducible moments through
dissipative quantities and fluid-dynamical gradients

» Discard terms of order O(Kn*Re™") or higher

Hydrodynamic relaxation equations (DNMR)

mll 4+ = —(b8+T+K (14a)
Tl +nf = kont + JH 4+ KH (14b)
T\ Y)Y o — 2noott + JTHY + ICHY (14C)J

> First-order contributions ~ O(Re ") and ~ O(Kn)
> Second-order contributions ~ O(KnRe ') and ~ O(Kn”)

» Contributions of order O(an) result directly from asymptotic matching
m Example: 0p, — 011, 6~
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The issue: Parabolic terms cR:T%

» Consider the second-order terms of tensor-rank two:

JHY = 277r7r§\“w”>>‘—57T7T7T“"9—7'7W7T>‘<“0K>—|—)\7THHJW—7'7mn<“F”>
e VR AT (15)
JCHY = ﬁle“w’/)>\+ﬁ290“”—|—ﬁ30>‘<“0K>—|—774(7§\“w”>>‘—|—ﬁ51<“l’/>
i F W FY) 4 I EY) 4 g VTV g VR EY) (16)

» Second derivatives of fluid-dynamical quantities appear

— Equations become parabolic!
— Theory becomes acausal and thus unstable

» Usual procedure: lgnore terms of order O (I<n”)

— Equations are hyperbolic again

» |s there a way to ensure /C = /O = [T = 0 from the beginning?

FH :=VHFPy, wt? := (VFuY — VVYut)/2
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IReD: Idea cnﬁm

DW, A. Palermo, V. E. Ambrus, arXiv:2203.12608

» General idea: Relate moments through their Navier-Stokes solutions

IReD: Asymptotic matching
Gr

pr=—CGO+OKnRe™ ') = p, = P + O(KnRe ™) (17)
o =k I + O(KnRe™ ') = pF= :—Tpﬁ + O(KnRe™ ) (18)

P = 2n,. 0" + O(KnRe™') = pH¥ = &pﬁ” + O(KnRe ™)  (19)

n

V.

» Crucial: No terms ~ O(Kn) appear in asymptotic matching (— Re '
dominance)

» Equations of motion can be closed in terms of any set of moments
TR %
pn) pn) n

» Choose n = 0 to obtain closure in terms of hydrodynamic quantities

Also known as "order-of-magnitude approximation” J A Fotakis, E. Molnar, H. Niemi, C. Greiner, D. H. Rischke
arXiv: 2203.11549

D. Wagner, A. Palermo, V.E.Ambrus IReD approach to transient fluid dynamics TRN-2022/02.V1.2022 12 / 21



IReD: Obtaining hydrodynamics CR:T%

» Procedure analogous: use new asymptotic matching conditions to express all
irreducible moments through dissipative quantities and fluid-dynamical
gradients

» Discard terms of order O(Kn*Re™") or higher

Hydrodynamic relaxation equations (IReD)

mll +I1 = —(f+T (20a)
Tt 4t = gen* + JH (20b)
TR ) oY = oot 4 TRV (20c)

» Structure is similar, but transport coefficients different for Ny > 2, N7 > 1,
No >0
» Only terms ~ O(Re™ '), ~ O(Kn), ~ O(KnRe ') appear
— Equations stay hyperbolic, no need to discard terms

» Absence of parabolic terms due to modified asymptotic matching
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A different path to hyperbolicity CR:T%

vy

Basic idea of IReD and DNMR: Relate quantities up to order C’)(KnRe_l)

Observation: Ambiguities in second-order terms since to first order
I~ —(O, n" ~ rol", 7" ~ 2nyct” (21)

Example: 62 € I = —110/¢y € J + O(Kn’Re™ ")
"Trade one power of Kn for one power of Re™ 1"

Alternative way to eliminate the parabolic terms:

1. Start with the DNMR approach
2. Use prescription to absorb coefficients in /C, ", ' into J, J", J""

Allows to relate transport coefficients in the two approaches

Do these procedures give the same equations?
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Equivalence of DNMR and IReD cnﬁm

» Consider the second-order terms of tensor-rank two:

glqMR — )\WHHU’UJV o 57T7T7TMV9 _ 7_7T7r7-‘_>\<MO-K> + 27_7T7_‘_§\Mw1/>>\ + >\7rnn<'u11/>
_Tmnwpw 4+ gmvwnw , (22)
Khvg = TR N o ﬁBUMMO? 4 ﬁ40/<\ﬂw1/>>\ + g I H V)

+igFWEY) 4+ i, I EY) 4 g VTV 4 g VIREY) (23)

» The terms in red can bg related to ~
Fluv) _w/\mww/\ _ Z_flstFv) _ Z_?vay}

» Since ¢{M) = %7%(‘“’> — #w“”ﬁ, 71 leads to a modification of 7:

;IReD _  DNMR | "I (24)

™ ™

» Result: IReD and DNMR equivalent up to (and including) order
O(Kn?,KnRe !, Re™?)
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DNMR <> IReD: A dictionary cnﬁm

» First-order coefficients (;., s, 1, do not change

» Second-order coefficients follow simple rule
» Example: Shear-stress relaxation time
s DNMR: 7, = 372 7202

=0 Or
m |ReD: 7 = 5207'07,7%/770
Replacement rules
(DNMR) Q%  «  ¢./¢ (IReD) (25a)
(DNMR) Q' k,/ko (IReD) (25b)
(DNMR) Q2+  n./ny  (IReD) (25¢)
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Test case: Ultrarelativistic hard spheres

CRC.-T%

» Simple model with constant cross-section: Generalized collision terms can be

calculated analytically

DW, V. E. Ambrus, E. Molnér, in preparation

IReD Relation DNMR
7 = 1.66)\ T = T —|—E T = 2\
T — 1. mfp T — I 277 T — mfp
o =1.697 | Tar =5 4 LTI = 6o
2n
brn = —0.577: /8 b =0 + "—’j Urn = —0.697: /3

» Properly accounting for C#¥ within IReD gives a 17% difference in 7,
together with substantial differences in e.g. £, /7

» Question: What happens to the separation of scales?
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Interlude: Convergence of the expansion

» All coefficients converge, but at different speeds

11— r(n)/r(c0)|

11 —=n(n)/n(c0)]

1071
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Relaxation times in |IReD CRC-TR2n

» Consider relaxation times of higher-order moments p!_,, p'Z,

4.5

Trir/ )‘mfp

1 10 100 1 10 100
Ny Ny +1

» Rapid convergence of individual relaxation times with truncation order N,

» Higher-order moments relax slower!
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Relaxation times: Separation-ofseales cR:T%

» Compare IReD relaxation times to DNMR ones, which decrease by
construction

» Difference through inclusion of O(I<n”)-terms are substantial

' ' E——— —
41 — IReD
e — DNMR
S
=
- |
N
O L L
10° 10! 102

r

» Different behaviour in the two theories for r — oc:

B DNMR: 7. = Anfp
m IReD: 7. ~ log(r)

— The Separation of Scales paradigm does not hold in IReD anymore!
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Conclusion and Outlook cR:T%

» The IReD approach to relativistic dissipative hydrodynamics relates
irreducible moments (p/") directly to dissipative quantities (7/")

— No terms ~ O(Kn”) appear in equations of motion
— Equations stay hyperbolic, no modifications needed

» Relaxation times behave fundamentally different, separation of scales no
longer valid

v

IReD and DNMR are equivalent to second order

v

However, in the regime where the O(I{n”) contributions are non-negligible,
the IReD approach is mandatory

— Future plan: Compare performance in different setups
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Hard spheres collision matrix CR:T%

»  The collision matrix is linked with the expansion of § fix with respect to a complete basis,

co Ny
dfi = fox E E Ptk "'kw>7'll(f,z,
£=0 n=0

where H{*) is defined such that ph! ¢ = f AKEP KL o R0 § fy

»  The linearized collision integrals are given by

a1

! ! r—1 v v

(€) (€) 1./ / (€) ) 7 4
% (Hknk<’/1 k) +%k’nk<’/1 ok — HpaPy Py — H P vy ---p,/£>) ’

vp) P

P In the case of the UR ideal HS gas, W} ./ ) =s(2m)6M (k+ k' —p — p) ZLY and

— PP 47
16(_B)n92 [ 1 dno (2 43292(_5)71 2
AL S (Ny) — 229 AP = S (Ny),
r=0,n Amfp(n+3)' n ( 1) 2 r=0,n Amfp(n+5)' n ( 2)
A(l) :QQBTL_T(T—FQ)![H(T—FZL) — 7] A(Q) :gzﬁn_r(r—l—él)!(n—l— 1)
r>0,nsr Amfp (1 + 3)!r r>0,nsr Amep(n + 5)!r(r + 1)
X | Onr +6 ° X (9n + 4r) | § 2
nr n0 r + 1 ) n nr r nr r + 9 ’
: (1) _ 2(2) _ l _ N m
while Ar>0,n>r - A'P>O,n>7“ = 0 and S”g )(NE) o Zmezn (n) (m—|—£)(f}n—|—£+1)'
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Entropy analysis cR:Tﬁ

Entropy current

Sk = S(O) + S(l) + 5(2) (26)
S = su', (27)
5(1) = —ant, (28)
5(2) = —%u“(50H2 + 611%Ng + 021 P o) — YoIInH — vy 70, . (29)J

» Idea: Construct entropy current up to second order in dissipative quantities
» Take divergence and assert 9,,S* > 0
» Guaranteed by bringing the divergence into quadratic form,

0,S" ~TI? \ntn, , 77, (30)

— Sufficient condition

» Forces dissipative quantities to obey relaxation equations
m Coefficients are related!

» Which conditions do we get and what happens in DNMR/IReD?
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2nd |qw: Conditions cR:Tﬁ

URHS conditions

» Fulfilled in DNMR and IReD, may be result of URHS

5nn = Tpn , 57r7r — 4'7-7r/3 9 Tnm + T —

Distinguishing conditions

» Fulfilled in IReD in the limit N;, Ny — o0
» Not fulfilled in DNMR

6”_7’ — brn (32)
K 20T

Unknown conditions

» Not fulfilled in either theory, work in progress
Anr Arn

Znm 33
K 20T (33)
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