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Motivation and goal
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Hydrodynamics: Conservation equations

∂µT
µν = 0 , ∂µN

µ = 0 (1)

I Hydrodynamics: based on (4 + 1 = 5) conservation equations
Ideal case: Sufficient (if equation of state is supplied)
→ Variables: ε, n, uµ

Dissipative case: Underdetermined
→ Variables: ε, n, uµ, Π, nµ, πµν

I Fundamental question of dissipative hydrodynamics: How to obtain
information about the dissipative components of Nµ and Tµν?

Decomposition of conserved currents (Landau frame)

Nµ = nuµ + nµ (2)
Tµν = εuµuν − (P + Π)∆µν + πµν (3)

Projectors: ∆µν := gµν − uµuν , ∆µν
αβ

:= (∆µ
α∆ν

β + ∆µ
β

∆ν
α)/2−∆µν∆αβ/3
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First- and second-order hydrodynamics
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I First-order hydro: Relate dissipative quantities to fluid-dynamical gradients

Π = −ζθ , nµ = κIµ , πµν = 2ησµν (4)

I (In Eckart or Landau frame): Acausal!
I Second-order hydro: Treat dissipative quantitites as dynamical, provide

relaxation equations

Relaxation equations

τΠΠ̇ + Π = −ζθ + h.o.t. (5a)
τnṅ
〈µ〉 + nµ = κIµ + h.o.t. (5b)

τππ̇
〈µν〉 + πµν = 2ησµν + h.o.t. (5c)

I Needs input from microscopic theory
I This talk: Take kinetic theory as the foundation

θ := ∂µuµ, σµν := ∇〈µuν〉, ∇µ := ∆µν∂ν , Iµ := ∇µ(µ/T ), A〈µBν〉 := ∆µν
αβ
AαBβ
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Kinetic Theory: Basics
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I Describe system in (x, k)-phase space through one-particle distribution
function f(x, k)

I Connection to hydrodynamics through conserved currents

Conserved quantities

Nµ =
∫

dKkµf(x, k) , Tµν =
∫

dKkµkνf(x, k) (6)

I Dynamics of f(x, k) determine evolution of hydrodynamic quantities
Governed by Boltzmann equation kµ∂µf(x, k) = C[f ]

I Separate into equilibrium part f0(x, k) and deviation δf(x, k)
f0(x, k) determined by C[f0] = 0

I Binary elastic collisions: f0(x, k) =
[
e−α0(x)+β0(x)uµ(x)kµ + a

]−1

a ∈ {−1, 0, 1} determined by statistics of particles
α0, β0, uµ: Lagrange multipliers

dK := d3k/[(2π)3k0], Ek := uµkµ
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Moment expansion
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I Question: Which parts of δf(x, k) in momentum space are important for
hydrodynamics?

I Expand in terms of complete and orthogonal basis of irreducible tensors
1, k〈µ〉, k〈µkν〉, · · ·

Equivalent to spherical harmonics (angular part) and a radial part

Expansion of δf

δf(x, k) = f0f̃0

∞∑
`=0

N∑̀
n=0
H(`)

knk
〈µ1 · · · kµ`〉ρn,µ1···µ`(x) (7)

I Irreducible moments ρµ1···µ`
n carry all information

Irreducible moments

ρµ1···µ`
r (x) :=

∫
dKErkk〈µ1 · · · kµ`〉δf(x, k) (8)

f̃0 := 1− af0
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Equations of motion
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Boltzmann equation

uµ∂µδf = E−1
k C − uµ∂µf0 − E−1

k kµ∇µ(f0 + δf) (9)

I Boltzmann equation determines evolution of all moments
Infinite set of ordinary differential equations
Coupled (linearly) through generalized collision term A(`)

rn

Moment equations

(` = 0) ρ̇r +
∑N0
n=0,6=1,2A

(0)
rn ρn =α(0)

r θ + h.o.t. (10a)

(` = 1) ρ̇〈µ〉r +
∑N1
n=0,6=1A

(1)
rn ρ

µ
n =α(1)

r Iµ + h.o.t. (10b)

(` = 2) ρ̇〈µν〉r +
∑N2
n=0A

(2)
rn ρ

µν
n =2α(2)

r σµν + h.o.t. (10c)

(` > 2) ρ̇〈µ1···µ`〉
r +

∑N`
n=0A

(`)
rnρ

µ1···µ`
n =h.o.t. (10d)

I How to close this system?

Matching conditions: ρ1 = ρ2 = ρµ1 = 0
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Truncation and power counting
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I Basic idea: Power-counting scheme to second order in two small quantities:
1. Knudsen number Kn := λmfp/λhydro, and
2. inverse Reynolds numbers Re−1 := δf/f0

I Interested in the evolution of Tµν and Nµ

→ Benchmark: Evolution equations for Π = −(m2/3)ρ0, nµ = ρµ0 , πµν = ρµν0
→ Only interested in moments with ` ≤ 2

I ρ
µ1···µ`>2
r = 0, corrections of order O(Kn2Re−1,Kn3)

Moment equations∑N0
n=0,6=1,2τ

(0)
rn ρ̇n + ρr = −ζrθ + h.o.t. (11a)∑N1

n=0,6=1 τ
(1)
rn ρ̇

〈µ〉
n + ρµr = κrI

µ + h.o.t. (11b)∑N2
n=0 τ

(2)
rn ρ̇

〈µν〉
n + ρµνr = 2ηrσµν + h.o.t. (11c)

I Still coupled system of N0 + 3N1 + 5N2 equations
I How to decouple the remaining equations?

τ (`) := (A(`))−1
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DNMR: Idea
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G. S. Denicol, H. Niemi, E. Molnar, D. H. Rischke, Phys. Rev. D 85, 114047 (2012)

I Idea: Only the slowest microscopic timescales are of macroscopic importance
(Separation of scales)

I Program to follow:
1. Find the eigenmodes X(`)

r of the linearized collision kernel A(`)

2. Retain dynamics only of slowest eigenmodes
3. Express dynamics of hydrodynamic quantities through eigenmodes

I First step: Diagonalize (inverse) collision matrices
τ (`) ≡ (Ω(`))−1diag(τ (`)

1 , τ
(`)
2 , · · · )Ω(`)

I Sort eigenvalues in decreasing order
Lowest-order eigenmodes relax slowest

Relaxation equation of eigenmodes

τ (0)
r Ẋr +Xr = −

∑N0
n=0Ω(0)

rn ζnθ + h.o.t. (12a)
τ (1)
r Ẋ〈µ〉r +Xµ

r =
∑N1
n=0Ω(1)

rn κnI
µ + h.o.t. (12b)

τ (2)
r Ẋ〈µν〉r +Xµν

r = 2
∑N2
n=0Ω(2)

rn ηnσ
µν + h.o.t. (12c)
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DNMR: Separation of timescales
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I Apply the separation of scales idea and retain dynamics of X0, Xµ
0 and Xµν

0
I Crucial step: Higher moments are approximated by their Navier-Stokes

solutions

Xr>2 = −
∑N0
n=0Ω(0)

rn ζnθ , X
µ
r>1 =

∑N1
n=0Ω(1)

rn κnI
µ , Xµν

r>0 = 2
∑N2
n=0Ω(2)

rn ηnσ
µν

I Relate irreducible moments back to dissipative quantities via
ρµ1···µ`
r =

∑N`
n=0 Ω(`)

rnXµ1···µ`
n and apply approximation

DNMR: Asymptotic matching

m2/3ρr = −Ω(0)
r0 Π−

(
ζr − Ω(0)

r0 ζ0

)
θ +O(KnRe−1) (13a)

ρµr = Ω(1)
r0 n

µ +
(
κr − Ω(1)

r0 κ0

)
Iµ +O(KnRe−1) (13b)

ρµνr = Ω(2)
r0 π

µν +
(
ηr − Ω(2)

r0 η0

)
σµν +O(KnRe−1) (13c)

I This closes the system of equations
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DNMR: Obtaining hydrodynamics
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I Use asymptotic matching to express all irreducible moments through
dissipative quantities and fluid-dynamical gradients

I Discard terms of order O(Kn2Re−1) or higher

Hydrodynamic relaxation equations (DNMR)

τΠΠ̇ + Π = −ζ0θ + J +K (14a)
τnṅ
〈µ〉 + nµ = κ0n

µ + J µ +Kµ (14b)
τππ̇
〈µν〉 + πµν = 2η0σ

µν + J µν +Kµν (14c)

I First-order contributions ∼ O(Re−1) and ∼ O(Kn)
I Second-order contributions ∼ O(KnRe−1) and ∼ O(Kn2)
I Contributions of order O(Kn2) result directly from asymptotic matching

Example: θρr → θΠ , θ2
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The issue: Parabolic terms
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I Consider the second-order terms of tensor-rank two:

J µν = 2τππ〈µλ ω
ν〉λ−δπππµνθ−τπππλ〈µσν〉λ +λπΠΠσµν−τπnn〈µF ν〉

+`πn∇〈µnν〉+λπnn〈µIν〉 , (15)
Kµν = η̃1ω

λ〈µων〉λ+η̃2θσ
µν+η̃3σ

λ〈µσ
ν〉
λ +η̃4σ

〈µ
λ ω

ν〉λ+η̃5I
〈µIν〉

+η̃6F
〈µF ν〉+η̃7I

〈µF ν〉 + η̃8∇〈µIν〉 + η̃9∇〈µF ν〉 (16)

I Second derivatives of fluid-dynamical quantities appear
→ Equations become parabolic!
→ Theory becomes acausal and thus unstable

I Usual procedure: Ignore terms of order O(Kn2)
→ Equations are hyperbolic again

I Is there a way to ensure K = Kµ = Kµν = 0 from the beginning?

Fµ := ∇µP0, ωµν := (∇µuν −∇νuµ)/2
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IReD: Idea
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DW, A. Palermo, V. E. Ambrus,, arXiv:2203.12608

I General idea: Relate moments through their Navier-Stokes solutions

IReD: Asymptotic matching

ρr = −ζrθ +O(KnRe−1) ⇒ ρr = ζr
ζn
ρn +O(KnRe−1) (17)

ρµr = κrI
µ +O(KnRe−1) ⇒ ρµr = κr

κn
ρµn +O(KnRe−1) (18)

ρµνr = 2ηrσµν +O(KnRe−1) ⇒ ρµνr = ηr
ηn
ρµνn +O(KnRe−1) (19)

I Crucial: No terms ∼ O(Kn) appear in asymptotic matching (→ Re−1

dominance)
I Equations of motion can be closed in terms of any set of moments
ρn, ρ

µ
n, ρ

µν
n

I Choose n = 0 to obtain closure in terms of hydrodynamic quantities

Also known as ”order-of-magnitude approximation” J. A. Fotakis, E. Molnár, H. Niemi, C. Greiner, D. H. Rischke

arXiv: 2203.11549
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IReD: Obtaining hydrodynamics
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I Procedure analogous: use new asymptotic matching conditions to express all
irreducible moments through dissipative quantities and fluid-dynamical
gradients

I Discard terms of order O(Kn2Re−1) or higher

Hydrodynamic relaxation equations (IReD)

τΠΠ̇ + Π = −ζ0θ + J (20a)
τnṅ
〈µ〉 + nµ = κ0n

µ + J µ (20b)
τππ̇
〈µν〉 + πµν = 2η0σ

µν + J µν (20c)

I Structure is similar, but transport coefficients different for N0 > 2, N1 > 1,
N2 > 0

I Only terms ∼ O(Re−1), ∼ O(Kn), ∼ O(KnRe−1) appear
→ Equations stay hyperbolic, no need to discard terms

I Absence of parabolic terms due to modified asymptotic matching
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A different path to hyperbolicity
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I Basic idea of IReD and DNMR: Relate quantities up to order O(KnRe−1)
I Observation: Ambiguities in second-order terms since to first order

Π ' −ζθ , nµ ' κ0I
µ , πµν ' 2η0σ

µν (21)

I Example: θ2 ∈ K = −Πθ/ζ0 ∈ J +O(Kn2Re−1)
I ”Trade one power of Kn for one power of Re−1”
I Alternative way to eliminate the parabolic terms:

1. Start with the DNMR approach
2. Use prescription to absorb coefficients in K,Kµ,Kµν into J ,J µ,J µν

I Allows to relate transport coefficients in the two approaches
I Do these procedures give the same equations?
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Equivalence of DNMR and IReD
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I Consider the second-order terms of tensor-rank two:

J µνDNMR = λπΠΠσµν − δπππµνθ − τπππλ〈µσν〉λ + 2τππ〈µλ ω
ν〉λ + λπnn

〈µIν〉

−τπnn〈µF ν〉 + `πn∇〈µnν〉 , (22)
KµνDNMR = η̃1ω

λ〈µων〉λ + η̃2θσ
µν + η̃3σ

λ〈µσ
ν〉
λ + η̃4σ

〈µ
λ ω

ν〉λ + η̃5I
〈µIν〉

+η̃6F
〈µF ν〉 + η̃7I

〈µF ν〉 + η̃8∇〈µIν〉 + η̃9∇〈µF ν〉 . (23)

I The terms in red can be related to
σ̇〈µν〉 ∼ −ωλ〈µων〉λ − η̃6

η̃1
F 〈µF ν〉 − η̃9

η̃1
∇〈µF ν〉

I Since σ̇〈µν〉 = 1
2η π̇
〈µν〉 − 1

2η2π
µν η̇, η̃1 leads to a modification of τπ:

τ IReD
π = τDNMR

π + η̃1

2η . (24)

I Result: IReD and DNMR equivalent up to (and including) order
O(Kn2,KnRe−1,Re−2)
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DNMR ↔ IReD: A dictionary
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I First-order coefficients ζr, κr, ηr do not change
I Second-order coefficients follow simple rule
I Example: Shear-stress relaxation time

DNMR: τ̃π =
∑N2

r=0 τ
(2)
0r Ω(2)

r0

IReD: τπ =
∑N2

r=0 τ
(2)
0r ηr/η0

Replacement rules

(DNMR) Ω(0)
r0 ↔ ζr/ζ0 (IReD) (25a)

(DNMR) Ω(1)
r0 ↔ κr/κ0 (IReD) (25b)

(DNMR) Ω(2)
r0 ↔ ηr/η0 (IReD) (25c)
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Test case: Ultrarelativistic hard spheres
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I Simple model with constant cross-section: Generalized collision terms can be
calculated analytically
DW, V. E. Ambrus,, E. Molnár, in preparation

IReD Relation DNMR

τπ = 1.66λmfp τπ = τ̃π + η̃1

2η τ̃π = 2λmfp

τππ = 1.69τπ τππ = τ̃ππ + η̃1 − η̃3

2η τ̃ππ = 1.69τ̃π

`πn = −0.57τπ/β `πn = ˜̀
πn + η̃8

κ
˜̀
πn = −0.69τ̃π/β

I Properly accounting for Kµν within IReD gives a 17% difference in τπ,
together with substantial differences in e.g. `πn/τπ

I Question: What happens to the separation of scales?
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Interlude: Convergence of the expansion
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I All coefficients converge, but at different speeds
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Relaxation times in IReD
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I Consider relaxation times of higher-order moments ρµr>1, ρµνr>0

2

2.5

3

3.5

4

4.5

5

1 10 100

τ n
;r
/λ
m
fp

N1

r = 0
r = 2
r = 8
r = 16
r = 32
r = N1

Log �t

1.5

2
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3
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4

4.5

1 10 100
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;r
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m
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r = 16
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I Rapid convergence of individual relaxation times with truncation order N`
I Higher-order moments relax slower!
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Relaxation times: Separation of scales
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I Compare IReD relaxation times to DNMR ones, which decrease by
construction

I Difference through inclusion of O(Kn2)-terms are substantial

100 101 102
0

2

4

r

τ π
;r

[λ
m

fp
] IReD

DNMR

I Different behaviour in the two theories for r →∞:
DNMR: τπ;r → λmfp
IReD: τπ;r ∼ log(r)
→ The Separation of Scales paradigm does not hold in IReD anymore!
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Conclusion and Outlook
 

 

CRC -  TR 

I The IReD approach to relativistic dissipative hydrodynamics relates
irreducible moments (ρµνr ) directly to dissipative quantities (πµν)
→ No terms ∼ O(Kn2) appear in equations of motion
→ Equations stay hyperbolic, no modifications needed

I Relaxation times behave fundamentally different, separation of scales no
longer valid

I IReD and DNMR are equivalent to second order
I However, in the regime where the O(Kn2) contributions are non-negligible,

the IReD approach is mandatory
→ Future plan: Compare performance in different setups
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Hard spheres collision matrix
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I The collision matrix is linked with the expansion of δfk with respect to a complete basis,

δfk = f0k

∞∑
`=0

N∑̀
n=0

ρ
µ1···µ`
n k〈µ1 · · · kµ`〉H

(`)
kn,

where H(`)
kn is defined such that ρµ1···µ`

n ≡
∫
dKEnk k

〈µ1 · · · kµ`〉δfk.
I The linearized collision integrals are given by

A(`)
rn =

1
ν(2`+ 1)

∫
dKdK

′
dPdP

′
Wkk′→pp′f0kf0k′E

r−1
k k

〈ν1 · · · kν`〉

×
(
H(`)

knk〈ν1 · · · kν`〉 +H(`)
k′nk

′
〈ν1 · · · k

′
ν`〉
−H(`)

pnp〈ν1 · · · pν`〉 −H
(`)
p′np

′
〈ν1 · · · p

′
ν`〉

)
,

I In the case of the UR ideal HS gas, Wkk′→pp′ = s(2π)6δ(4)(k + k′ − p− p′)σT ν4π and

A(1)
r=0,n =

16(−β)ng2

λmfp(n+ 3)!

[
S

(1)
n (N1)−

δn0

2

]
, A(2)

r=0,n =
432g2(−β)n

λmfp(n+ 5)!
S

(2)
n (N2),

A(1)
r>0,n≤r =

g2βn−r(r + 2)![n(r + 4)− r]
λmfp(n+ 3)!r

A(2)
r>0,n≤r =

g2βn−r(r + 4)!(n+ 1)
λmfp(n+ 5)!r(r + 1)

×
(
δnr + δn0 −

2
r + 1

)
, × (9n+ nr − 4r)

(
δnr −

2
r + 2

)
,

while A(1)
r>0,n>r = A(2)

r>0,n>r = 0 and S(`)
n (N`) =

∑N`

m=n

(
m
n

)
1

(m+`)(m+`+1) .
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Entropy analysis
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Entropy current

Sµ = Sµ(0) + Sµ(1) + Sµ(2) + · · · , (26)
Sµ(0) = suµ , (27)
Sµ(1) = −αnµ , (28)

Sµ(2) = −1
2u

µ(δ0Π2 + δ1n
αnα + δ2π

αβπαβ)− γ0Πnµ − γ1π
µνnν . (29)

I Idea: Construct entropy current up to second order in dissipative quantities
I Take divergence and assert ∂µSµ ≥ 0
I Guaranteed by bringing the divergence into quadratic form,

∂µS
µ ∼ Π2 , nµnµ , π

µνπµν (30)

→ Sufficient condition
I Forces dissipative quantities to obey relaxation equations

Coefficients are related!
I Which conditions do we get and what happens in DNMR/IReD?
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2nd law: Conditions
 

 

CRC -  TR 

URHS conditions
I Fulfilled in DNMR and IReD, may be result of URHS

δnn = τn , δππ = 4τπ/3 ,
τnπ
`nπ

+ τπn
`πn

= 5
ε+ P

(31)

Distinguishing conditions
I Fulfilled in IReD in the limit N1, N2 →∞
I Not fulfilled in DNMR

`nπ
κ

= − `πn2ηT (32)

Unknown conditions
I Not fulfilled in either theory, work in progress

λnπ
κ

= − λπn2ηT (33)
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