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1. About stability




What is stability?

= We expect any oscillating
system to fall back into
equilibrium after a perturbation

= A single perturbation can not make
a guantity of the system tend to infinity




Is relativistic hydrodynamics stable?

The equations of ideal hydrodynamics are
stable

But: including dissipative parts you find
iInconsistencies (Hiscock, Lindblom)



2. The equations of a relativistic
hydrodynamic system




Governing equations

Energy and momentum conservation
T,UV —_
9,T" =0
Number current conservation

0, N“=0



‘ Ideal and dissipative parts

T = a’u’ -PA" + 7™ +q‘u’ +q'u”

— Ideal part
— dissipative part




The dissipative equations

In first order theory:
y T = ZUP”””ﬁaauﬁ
| 1 ,
(unstable?) Q" = —KTN |:?avT + Uu} (Eckart frame)
mT 1 ,
vH = N {—OVT + uv} (Landau frame)
c+P T

In second order theory:
B ; _ ap
r, P, +m" =2nP" 0 uj

1 :
r,NYq, +g° = —KTAX" {? a0, T+ uv} (Eckart frame)

, mT 11 .
r, Ny, +vH = S N {? a0,T+ UV} (Landau frame)



Rest frame configurations

Landau frame

u” = eigenvector of TH¥

Eckart frame

ut || N#
— V'u:O
= N* = nu”
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Sets of equations that are analysed

Landau frame:

0 T =0 Jawi — P + ]

d,N* :aﬂ[nu” +v“]

+
V — vap
" =2nP*a U,
LIV T

E+P T
or +
T,TP”“”ﬂz‘Taﬁ + 7 = 2/7P"‘“"'Baauﬁ
KT
E+P

pH =

r, NV, +vF =

A“”HOVT +U,

(first order)

(second order)

|

Eckart frame:
a,T" :aﬂ[eu”u“ -PAY + " + g’ +q”u”]
DNN” :aﬂ[nu”]

+
T = 20PH) u,

(first order)

q” =—-KTA" [%mT + uv}

or -+ (second order)
T,,P”""ﬂﬁaﬂ + 77" = 2/7P’"“’"ﬂ0auﬂ

r,Nq, +q" = —-KTA" [%GVT + uv}
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3. How to analyse the stability
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Perturbating the equations

Take any quantity of the system and add a perturbation
around the hydrostatic equilibrium:

Q:QO +&2 N et —1kX
€ = g + Oe - eI

P — lDU 4 6P - Eiwt_ikxﬁ

N wt—ikx
n=mng+on-e- ,

ut = u.ﬁ + outt - t‘*iwt_lm,
THY ?TSW {4 ok . Eﬁzwt—zka::_.
q,u _ qg i 5@‘” ) E;z.wf—?kmﬂ

v = v + ot gHit e,
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Dertving the perturbated equations

Example: ii?,JTfJ“ _ % eulu? — PAMY + 7] = ()
_ 0 00 0 a0
= 8tT L a;r.T
5

= a{euouo — PA™ 4 71'00} + %{Eu‘ruo —~ PN ﬂ'mo}

(‘_) ) : ke N ] ] - A .7
= a{(EO + Je - ezwt—zk:ﬂ) . (?£8)2 _ (PO L 4P - ezwt—@km‘)(l _ (_11.8}2} i 5700 . eiwt—zkm}
+ g{(fﬂ 4 de - Etwt—zkm)oum ) E{zwt—tkr 4 (PO + 3P E’th_lkx)()um ) eiwt—tkm + aﬂ_ﬂ:{] ) Eatvut—ak'm}
iAo )
— E[ée . ezwt—zk.ﬂt‘] i é[(
— e - eiwt—ikm o 'ljylf.(fg i Po)(gux _ eiwt—ik‘xﬂ

€0 + PU)(S’U.Q: ) EJz'wt—ik;c]

& (0 = woe — ’ik(fi{} - Po)ﬁum
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‘ Formatting the linearized equations

AlLX =0
Example:
( w —ik‘(ED + P[]) \
—tkc?  iw(eg + Py) —ik
—ik2n 1
iw(EU + PD) —1k
A= —1kmn 1
iw(e.:. + P[]) —1k
—tkn 1
zk%n 1

\

X=(o0e, 0u®, o™ ou¥, 0n™Y, ou”, 0n™®, on¥Y, §WyZ)T
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‘ Getting the dispersion relation
a(K)

Calculate the determinant of A and set it equal to O:

W —ik(ﬁg —{—PU)
—ikc®  iw(eg +Py) —ik
—ik3n 1

. . 2
Det A = Det -Detlw(EDJFPD) ‘ﬂ .]:»et{1 1}_0

—ikn 1
l

W —’.:':JL{-(E[] + P[])
Det | —ikc?  iw(eg +Py) —ik| =0
_ —ikzn 1]
_jw(Eo + Po) —ik B Ly
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4. Results




First order Landau frame with N# =0
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First order L.andau Frame:

(o]
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First oder Eckart frame:

R o

Additional solution: & (k) =0
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Second order Landau frame with N#
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Second order L.andau frame (1):
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Second order Landau frame (2):
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Second order Eckart frame:
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5. Conclusions

First oder: instabilites occur in a general rest frame
configuration (W. Hiscock, L. Lindblom).

But: If you choose a distinguished rest frame
configuration you possibly find stable equations.

Still: Causality issues appear. And: Away from the
rest frame the first order equations generate
iInstabilities (W. Hiscock, L. Lindblom).

Second order: No instabilities found; stability iIs
Independent from frame configurations (even away
from the rest frame — Shi Pu, T. Koide, D. Rischke).
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