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Exercise Sheet 6

(1) Particle-Number distribution in the grand-canonical ensemble

The grand-canonical distribution of a many-body system is defined by the statistical operator

R:%exp(—/jH—aN), Z(B,a)=Trexp(—SH— (1)

For an ideal gas of fermions or bosons one obtains in the limit of a non-degenerate gas, i.e., where the average
occupation number for the single-particle states is small compared to 1, one obtains the Maxwell"=Boltzmann
approximation for the phase-space distribution function,

f(p)=exp(—a)exp(—SE,), E,=+/m?+p2=+/m?+p2. 2

The corresponding phase-space distribution for the particles is then

dN - gV .
d3)_c,d3; - (27_[:)3.}[(117)’ (3)

where g is the degeneracy factor for the particles under consideration due to spin, isospin etc. In this approx-
imation the partition sum (or rather its logarithm!) is given by

g V 3 -
InZ = d . 4
nZ=00p L{} p/(p) (4)
(a) Show with help of (1) that
(Ny=—d,InZ=InZ. 5)
Solution: . .
(N)=Tr(NR)= > Tr[Nexp(—SH— uN)] = —EaaZ =—Jd,InZ. 6)
According to (4) with (2) for the phase-space distribution function, we get
_ 38V 32
InZ = 2np exp(—a) J;R} d’pexp(—SE,). 7)

From this (5) follows immediately by @

(b) According to (1) the probability that the gas contains exactly N particles, is given by

P(N)=Tr[RS(N—N)] = % f do Tr{R exp[id(N — N)]}. @®)
Show that X
P(N) = s d¢Z (B,a —id)exp(—ipN). 9)

Solution: With (1) we find

TH{R expli(N — X)) = %ﬂm Tr{exp[—BH —(a—ig)]} = %ﬂv)zw, 2—i). (10



(c) Evaluate the integral to prove that the number distribution is given by the Poisson distribution,

P(R)= “]Q!N exp(—(N)). (1)
Solution: Now with (7) we get
InZ(6,a —ig) = In Z(5,a)exp(ich) 2 (N) exp(igh) (12
and thus .
2(8,a—ip) = expl (N) explieh)] = g D0 explike) (13)
Plugging this into (9), using
ngb expli(k —N)p] =28, (14)
indeed leads to (TT).
(d) Evaluate its generating function,
g(x)= i NP, (15)
N=0
Solution:
= (x (N N
g(x)=exp(—(N)) > T = exp(— (N))exp(x (N)) = exp[(N) (x— 1)} (16)
=

(e) Determine (N) and <N 2) using
g()=(N), g"(1)=(N(N—-1)) :(N2>—(N). (17)
Solution: Obviously with (14) we get

g'(x)= (N)exp[{N) (x—1)], g"(x)=(N)?exp[(N) (x—1)]

(18)
Se(=(N), g"(1)= (N} = (N*)— (N).
From this we get
(N)= (N + (N} AN? = (N — (N)?) = (N?) — (N2 = {N), (1)
1.e., for the Poisson distribution
AN _ 1 (20)
Ny JINY
L.e., for (N) > 1 the fluctutions of N become negligible, and (N 2> ~ (N)2.
(f) Why are the equations (17) valid?
Solution: From one has for an arbitrary pobability distribution P(N)
g(x)= Z NxN=1p(N Z N—1)x"2p(), Q1)

N=0

and setting x = 1 gives indeed (17).



(g) What is the k™ derivative, g(*)(1), for a generating function of an arbitrary distribution function?

Solution: As in the previous item, with (17) we get

i V (N—Fk+1)x N—kp(ﬁ):i(NN!k)’xﬁ—kp(N). 22)
N=0 N=o \*' — &/

Setting x = 1 finally gives

g<’e>(1)=< N > (23)

(2) Rate equation for grand-canonical ((N,) > 1) and “ultra-canonical” treatment ((N,) < 1)

In the lecture we have derived the master equation for the generating function g(7,x) in the general case,
where the time evolution for a single event is described with the exact number of ss pairs,

97g=é(l—x)(xang%’xg—fg), (24)

where € = G (N,) (Np) /L, with <N n B) the grand-canonical expectation values for the Numbers of the “light
particles” in the reaction A 4+ B «— s+s5, underlying the Boltzmann collision term.

The master equation for the approximation, where also the strange particles are treated in the grand-canonical
approximation, which is valid in the limit (N) = (N) > 1, i.e., when <N 2> ~ (N)?,

ar ggc = éﬁ(l - x)(ax ggc - \/?ggc)' (25)

(a) Use (24) and (25) to derive the rate equations for the time evolution of the average number (N) (1) of
ss by makmg use of d.g(7,1) = N(7) in the exact case

d L )
and in the case where the strange particles are treated by the grand-canonical approximation in the

« »
single event”,

2 N = LV (N, @)
Note that 1) is a closed differential equation for (N),, while is not closed, because on the right-
hand side one has <N 2>. One can use (24) to prove that one obtains an “infinite tower” of equations for
all moments <N k >, k € N, whose solution would be equivalent to solve itself.

Solution: Taking the derivative of (24) with respect to x and setting x = 1 gives

d L
4 =08l =~ [xdg g —eg]
o —é [(N?)— (N) + (N)— €] (28)
L
= (V)=
and in the same way, starting from

d

7= N =——f< Yge = VE) ==y ((N) . — Vo). 29)



(b)

©

(d)

Solve and show that for 7 — oo one finds for the equilibrium value (N) ., = v/¢. What is the
“relaxation time”, i.e., the typical time scale at which <Ngc> () approaches (N),_ ..
Solution: Writing N = (N)),, for convenience, separation of variables for (29) gives
N
1 —N,
dN’ :ln<‘/; O>:yT (30)
Y e N

Solving for N gives the solution
N = (N)y. = Nyexp(—y 1)+ v/e[1—exp(—y7)] (31)

The equilibrium number is (N),. ., = v/¢, and the relaxation-time scale is 7o, = 1/y = %ﬁ

Now consider the case that (N,) = (N;) < 1. To that end assume that xd? g < J, g, i.., one can simply
omit this term on the right-hand side of (24).

Solution: Then from (24) we get
L
é)ﬂrguc: V(l_xxaxguc_éguc)‘ (32)

How does the rate equation for the corresponding expectation value (N) look like now? What is the
equilibrium value, (N),, and the relaxation time in that case? Is the result consistent with the assump-
tion made to derive the approximate rate equation?

Solution: Then as above, taking the derivative of (32) wrt. x and then setting x = 1 leads to

d L

E<N>uc:_V(<N>uc_6)' (33)

In exactly the same way as the drivation of (31) we find, setting y,. =L/V

<N>uc = <N0>uc eXp(_}/ucT) + 6[1 - eXp(_}/ucT)]' (34)

Both the equilibrium number (N),, .,
the expectation when using the grand-canonical result /¢ and V /(y/€L) (for e K 1).

= ¢ and the relaxation time 7, . = V//L are much smaller than

The assumption is justified at least in the equilibrium limit. Since then from (32) we get

ar guc,eq =0= gtllc,eq<x) = eguc,eq‘ (35)

With the “initial condition” g,.(1) = 1 the unique solution of (35) is

guc,eq = exp[f(x - 1)]’ (36)

which, according to (16) is the generating function for a Poisson distribution with average value, €. If

e>1

N
~ €
P(N) :P(O)ﬁ’ (37)

Le., in the defining equation of g, ., the terms of of order x* for k > 2 are largely suppressed compared
to the terms up to linear order.



