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(1) Scattering kinematics for 2 — 2 scattering
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We consider the scattering process A+ B — C + D as depicted in the above
Feynman diagram, where the incoming particles have four-momenta ?,

and ?, and the outgoing particles , and p, We work in natural units with

% = ¢ = 1. Then the particle momenta are “on shell”, i.e., p2 = Eg — 177]2 =

m; # with the invariant masses, 7;. Also energy- momentum conservation
holds in the scattering process, ptp,=p, 0,

Except the four invariant masses there are three Mandelstam variables,
which characterize the scattering kinematics in a Lorentz-invariant way,

defined by
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(a) Prove that the Mandelstam variables are not independent, but that the equation
5+t+z¢:mf+m§+m32+mf “)
holds.
Solutions: Using the definitions (I3}, the on-shell conditions, and energy-momentum conservation,
we get

stttu=(p +p P+ —p)V+@p —p)
=(mi+my+2p - p )+ (mi+ms—=2p - p )+ (mi+mi=2p -p)
=3mi+my+mi+2p [p,—(p,+p,)] 5)
=3mi+mytmi+mi+2p, [p,—(p, +p))]

2 2 2 2
= mi +m;+ m3+ my.

(b) Now consider the kinematics in the “lab frame’ where particle A is at rest, P, = (ml,O,O,O)T and

(magnitude of the) three-velocity of partlcle B in this lab frame, where particle A is at rest, i.e., v

P,/E,. Show that

particle B moves with a four-momentum b, = (E,,0,0,P,)". The relative velocity is defined as the

rel =

(p, p,P—mim;
Vrel = \/ == = . (6)
2,p,

This terminology originates from the early days of accelerator expriments, where one could only manage fixed-target experi-
ments, i.e., one had a beam of particles of kind B, which were scattered with particles of kind A at rest in some fixed target like some
metal foil, as in Rutherford’s seminal “gold-foil experiment”, where & particles from some radioactive sample have been scattered by

gold atoms within a gold foil.



Further show that one can express the energies in three-momenta of the particles in the incoming and

outgoing channel as
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Solutions: We have

pop. = mlE(lab) :E(lab)E(lab) - (21 .22)2_7%%”25 :Eglab)Zpélab)z

ryr,— 2 1 2
= o2 P 2(lab)2 (2, '22)2 —mim;
Urel = bz PRy
Ey (2,2,

The Mandelstam variable s is
lab lab
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= m? 4 ES2 4 2m ESD) _pOO2 = 02 4 2 4 2m ED)
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and with that
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Similarly we have
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The analogous expressions for # follow by making all labels “3” to labels “4” in the previous two equa-

tions: 5 5
m;+m;—t
w=(p,—p V=mi+mi—2mE® > F ="t (18)
SR R 4 4 2m,
and 5 5
Pilab)z _ E;lab)z _ mf _ [(my +m,) —t][(m—my,) — t]. (19)
4mf

(c) Now consider the “center-momentum system”, where the total three-momentum in the incoming
(and thus also in the outgoing) channel vanishes,

(cm) (cm) (cm)
(em) _ (E (em) — (7z(em) = (em (em) _ [ E em)_ [ E
?, —<;,%cm>>’ P = (B —pem), p! —<;,/3<cm>>’ b, —<_£/<cm>>' (20)

Calculate the Mandelstam variable s and interpret the physical meaning of 4/s. Further show that for
the magnitudes of the three-momentum in the cm frame

plemy _ VIs—0my+my)? s — (my —m, )]
24/s ’
prm_ V=Gt P =y =y -
24/s '
What follows from the physical constraints that P(™ >0 and P"™ > 0.

Solutions: In the CM frame we have

s — (Eicm) +E2(cm))2 — (Egcm) +E‘(¥cm))2 = \/?:Ecm’ (23)

1)

i.e. 4/s is the total collision energy of the two particles in the center-momentum frame.
On the other hand
s=mi+mj5+ Z(El(cm) 4 plem)2
= m? + m3 + 2 E™(fs —E™) 4 plem?2]
= m% — mf + 2Eicm) Vs (24)
5= mg + mf
245

For the center-mass momentum in the incoming channel we get
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For the center-mass momentum in the outgoing channel we only have to make 7, — m5 and m, — m,
in the previous equation, which proves (22).




