. .. . . . Institut fiir Theoretische Physik
Einfiihrung in die Theoretische Goerhe Universiy Franfrt

Kern- und Elementarteilchenphysik 2 SoSe 2026

PD Dr. Hendrik van Hees

Exercise Sheet 12

Non-Abelian gauge theories

In 1954 Yang and Mills [[YM54] generalized the Abelian gauge invariance of QED to non-Abelian gauge symmetries,
in the quoted paper espemally to SU(2) isospin symmetry. Here we consider a general SU(N) group for N Dirac fields
with the same mass, written in a column vector (¢, , ¢ )T. The Lagrangian for the free fields reads

% :J(ié’—m)(,ﬁ. )

(a) Show that the free Lagrangian is invariant under global SU(N )-transformations,
(x)=0g(x), ¢ =40 @

(b) We define the infinitesimal generators of the group as 74, such that the global transformation reads

U(x)=exp(—igT"x)- &)
with real parameters y = (y*). What follows for an infinitesimal transformation from unitarity and unimodu-
larity,

UU =1, detU=1? )

Hint: For the latter constraint, show first, that for an arbitrary infinitesimal matrix & M
det(]l+3[l;[):1+tr]l91. Q)

(c) Now we want to generalize the symmetry to a local gauge invariance, i.e., we make y = y(x) in (3). Then, as in

electrodynamics, we attempt to define a gauge-covariant derivative D, by introducing vector fields A =41 7,
Aj €ER, and defining

D, d(x)=[J,+ 1gA x)] (). (6)
Derive the gauge-transformation rule for A . such that with

¢ (x)= U(x)d(x) ?)

the covariant derivative transforms in the same way,
D), ¢'(x)=U(x)D, ¢(x). ®)
(d) Show that the transformation rule is compatible with A ER.

(e) Calculate the commutator [D H’DV] = igﬁ”v = igF;,T* with F ;’V € R by applying it to an arbitrary field ¢,
which transforms under local gauge transformations as given in

Note: The commutation relations of the generators are defined via the structure constants £4*¢ € R,
[F2,74]=ifre 7. o)
(f) Using the fact that the generators 74 of the Lie algebra su(N) can be chosen such that
w(T4T?) = %8”11, (10)
show that the Lagrangian
& =2 tlF )4 G — ) == FL P+ P —m)y (1)

1s gauge invariant.



(g How about a mass term

A A 1
Ly =M (A AF) = 5/142147/44/‘.> (12)

(h) Why must the coupling g for all fields ¢ the same (universality of the interaction strength in non-Abelian gauge
theories)?

Note: The gauge groups, occuring in the standard model, are

e the Abelian case (QED) with gauge group U(1). Then one has only one generator T =1 (i.e., simply the real
number 1. For any charged fermion (and its antiparticle), described by a Dirac field, with charge number Q the
gauge-invariant matter Lagrangian reads

Logp =B —m)p, D,=3,+iQeA,. (13)

* SU(3)c (QCD) with 7% = Ja /2, where A% are the 8 Gell-Mann matrices acting on color space of the quarks, i.e.,
each quark field has 3 color components ¢ = (¢,, gbg, ¢b)T. There are 6 quarks ¢ = (gbf), fe{u,d,cs, t,b},
with each ¢  being a color triplet, gauge-covariant Lagrangian for the quarks, neglecting weak and electromagnetic
interactions, then reads

£ = (i), (14)
with the gauge-covariant derivative, D, = J, +1ig, 7% Gy, and the mass matrix M= diag(m,, -+, my,).

® SU(2)yis0 X U(Dyhyper (QFD). This gauge group is more special since it’s a chiral gauge group, acting differently
on the left- and righthanded parts of the fermion fields.

For a simplified model with only 1 family the fermion-gauge-field and keeping the neutrino massless we have a

wiso-doublet of left-handed fermions,
Vel uy,
< e > ’ <dL> (1)

eps g, dg- (16)

In the following we express all fermions in terms of Dirac fields, defining a wiso-doublet for both the leptons and

the quarks,
w=@) %:@> (17)

We denote the three SU(2),;,, gauge fields with W € R and the U(1)1,y,.., gauge field with B,, and the SU(2)-

generators as 7% = ¢*/2 (with the Pauli matrices, 6* acting on flavor space).
WISO

and wiso-singlets

Further we denote the hyper-charge diagonal matrices, acting in flavor space, as )ﬁ'u =-1,/2, }A’RZ = diag(0,—1),
}A’L’q =1,/6,and )}R’q = diag(2/3,—1/3). Then the gauge-covariant piece for the fermion fields (including cou-
plings with the gauge fields) reads

L=, +igW TP, +ig BV Py + Ve Po)fy + §o(id +igW TP, +ig BV Py + Ve o P) g (18)

It is also understood that each quark comes in a color triplet.
In QFD the fermions get their mass via couplings to the Higgs field, which is a wiso-doublet & = (®,,®,)" with
hyper-charge matrix ¥y, = 1/2.
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