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(and beyond?)
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Introduction

RTA: Pros RTA: Cons
> Easy to implement » Requires equilibrium ¥
» Easy to compute » Requires transport coeffs.:
» Versatile [, A, ...

» Accurate close to eq. » Smears over collision details

(and beyond?) » Derived for flows close to eq.

> .. > ...
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Boltzmann equation



Mesoscale approach
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Rarefied flows: Knudsen number (Kn)

Euler Burnett
Egns. : Equation

A G G G—

Continuum Slip Flow Transition Flow Free-molecule
Flow Flow

» Kn = A\/r, (A = mean free path; r, = characteristic channel length).
» Hydordynamic regime (NSF): Kn — 0.

» Ballistic regime (Vlasov): Kn — cc.



Boltzmann Equation

[+: Part. w. p after a collision. [_: Part. w. p before a collision.

» The Boltzmann eq. governs the evol. of the PDF f = f(x, p, t):!

df 1
E:(?tf—|—;p~Vf—|—F'fo:J[f], J[f]:r+—r_. (1)

» The collision op. J[f] accounts for changes to f due to collisions.
» For ideal gases:

J[f] = /d3p* d*p' &*p, *(p+p. —p —p.)S(E+ E. — E' — E])

x W(p, p|p', p)(f . = Ff). (2)

1C. Cercignani, The Boltzmann equation and its applications (Springer, New York,
1988).




Thermodynamic equilibrium

» The H theorem ensures that the state of maximum entropy is
described by the thermodynamic equilibrium distribution.

» For non-relativistic ideal gases, this is the Maxwell-Boltzmann
distribution:

n
fe(x, p, t) = (onmKaT)? exp [—
B

(p— mU)2] | 3)

meBT

» Other simple equilibrium distributions can be derived in a similar
manner:

» Non-relativistic Fermi-Dirac and Bose-Einstein distributions
(Uehling-Uhlenbeck collision term);

» Maxwell-Jittner distribution for relativistic ideal gases;

» Relativistic Fermi-Dirac and Bose-Einstein distributions.

» The main features of J[f] can be captured using simple RTAs:

Non-relativistic, BGK:! Relativistic, Anderson-Witting:?
1 p-u
JBak|f] T[f freo]. A—wl|f] o [ ]

1p. L. Bhatnagar, E. P. Gross, M. Krook, Phys. Rev. 94, 511-525 (1954).
2J. L. Anderson, H. R. Witting, Physica 74 (1974) 466—488; 489—495.



Moments of f

» The macroscopic properties of the fluid can be written in terms of
moments of order N of f:

N =0: number density: n= /d3p f, (4a)
1
N =1: velocity: u— — / d’p f p, (4b)
p
N =2: temperature T = 2 d*pf > & (4c)
=/ m .
peratt 3n Prom’
: : _ 3 &aép
viscous tensor: 0,53 = [ d’p - f— Pdag, (4d)
2
N =3 : heat flux: q= /d3pf 3 £, (4e)
2m m

where & = p — mu is the peculiar velocity and P = nKgT is the
ideal gas pressure.



Macroscopic equations: Navier-Stokes limit

» The collision operator J[f]| admits the collision invariants
b€ {1,p, p?/2m}, ie.

[ o1 =0, (5)
» This allows the evolution equations of n, u and T to be derived:
Continuity: g_: (V- u) =0, (6)
Cauchy eq.: 'O%L:“i = nF; — V;P —Vjoy,
Energy eq.: nDEt (2K3T> +V-q+PV-u+o0o;Viu =0,

where D/Dt = 0; + u - V is the material derivative.
» At small 7, the Navier-Stokes-Fourier (NSF) regime is recovered
through the Chapman-Enskog (CE) expansion:

2

gjj >~ —1 <8ju,- -+ ain — 3

0V - u) , g~ —kO; T, (7)

where n = 7P and k = %TKBP are the coefficients of shear

viscosity and heat conductivity.
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Quadrature-based FDLB



FDLB in a nutshell

Ingredients:

1.

5.

Discretisation of the momentum space (Gauss quadratures);

. Polynomial representation of f©¥ in the collision term;

. Replacement of V,f using a “suitable” expression;

Numerical method for time evolution and spatial advection;

Boundary conditions.

Scope:

» Only macroscopic moments are important;

» Exact recovery of the conservation egs;

» Achieve accurate results using minimal quadrature orders.



Gauss-Hermite quadrature: discretisation

» All macroscopic quantities are obtained as moments of the
distribution function.

» A quadrature method is required to evaluate such integral following
the discretisation of the momentum space.

» A popular choice is the Gauss-Hermite quadrature:

/OO D) = S WPy () (8)
_OO\/%e SX_k:1Wk s\ Xk

where the equality is exact when Q > 2s, x are the roots of Hg(x)
and the gq. weights wj are

2

Q!
Wi = . (9)
H?.?+1(Xk)
» The density is thus computed as:
Qx Qy Qz Qx Qy Qz
W w; Y w
n = /d3p f = y:y:y: f;'jka f;'jk — e—Jﬁz/Q “ f(p)v (10)

i=1 j=1 k=1

where p,, = p./Po.o is defined w.r.t. a reference momentum scale.
2X.W. Shan, X.F. Yuan, H.D. Chen, J. Fluid Mech. 550 (2006) 413—441.




Gauss-

>

v

>

Hermite quadrature:
The MB distribution can be factorised w.r.t. p:

]- o (e 2
exp | — Pe = Mua)"] )
\/27rmKBT 2mK3T

: o e (ea) __
After discretisation, ) — £ = ngy igy ;&7 k-
The collision invariants are preserved as long as:

, 3
S e G = kT

i7j7k i7j7k ’J’
(12)
The functions g, can be expanded w.r.t. the Hermite polynomials:

f = ng.g, g, 8o =

Ba = o —eePa = Po 8ae(Py, )
pO (@87 g 0 — 0
Since (Hy, Hpr) = £164.4/, only £ € {0, 1,2} contribute to Eq. (12).
The collision invariants are preserved when g, is truncated at N,.

N, = 2 for Euler, 3 for isothermal NS, 4 for thermal NS,. ..
N [£/2]

_ wiHe(P)) T 2 Mmu\
Analytic expr.:3 gy = Z Z 2551(0 — 25)) —1 E :

/=0 s=0

3V. E. Ambrus, V. Sofonea, J. Comput. Phys. 316 (2016) 1-29.



HLB models in 2D: momentum sets

/
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Q=5



Quadrature w.r.t. spherical coordinates

» Another convenient factorisation of the momentum space can be
performed w.r.t. (p, 0, p):

00 1 21
/d‘o’pﬁfo dpp2/1d(c059)/O do. (14)

» The ¢ integral can be recovered using the Mysovskikh quadrature:*

Q
2T

/0 ' dip(cos )" (sin )™ ~ Q. Z(cos £7)"(sin o)™, (15)

where ¢; = ¢ + 2mi/Qy, (po is an arbitrary offset angle) and the
equality is achieved when Q, > m and Q, > n.

» The £ = cosf integral can be recovered using the Gauss-Legendre
quadrature:

3 2(1-¢&7)
- (Qe +1)?[Poc+1(§)]P
(16)

1 Qe
/ PO =Y W), wf
j=1

where equality is exact for Q¢ > 2s and when Pq, (§;) = 0.
1. P. Mysovskikh, Soviet Math. Dokl. 36 (1988) 229-322.




Radial quadrature

» The quadrature rules are used to recover moments of f and £
w.r.t. p = psinf(cos i + sin pj) + p cos Ok.

» After the ¢ and £ integration, only even powers of p contribute to
the p integral, such that the Gauss-Laguerre quadrature can be

applied w.rt. x =p° (p = p/po):

QL
o0 _ OOd
[ e PR = [ SRR = Y ki)
0 0 2 k=1

L Xkr(QL+3/2)
Wk = o1 (1/2) >’
QN(QL+1) [LQL+1(X/<)]

(17)

where the equality is exact when Q; > 2s and LSL/z)(xk) = 0.

» The density is obtained as follows:

Q. Qe Qo 27TW€ WL

n=>2 > fw  fu= o flpege).  (18)

k=1 j=1 i=1 o




Construction of
» Starting from the decomposition ¥ = nF(p; T)E(p, u), where

2
e—P /2mKg T mu? Up]

F = E = —
(2rmKg T)3/2’ =P [ 2KeT | KaT

the functions E and F can be expanded as follows:

E = Z <2KBT)j§;,1!<ﬁé;)r, (20)

r=

(19)

while F can be expanded w.r.t. the Laguerre polynomials:

e & omKgT\"
(1—”’—5) LM (x). (21)

7T3/2

» After discretisation, 9 — fI.J(.Zq) = anE,'jk, while E,J and Fy are
obtained by truncating Egs. (20) and (21):

L
Fk (1 B 2mKBT> L(l/z)(X )
Qso\f Ps

I_NQ/2J . J No—2r r
3 G > (Bt 22)
U_ i 2KBT 0 rl KBT .



Spherical lattice Boltzmann (SLB) models®

SLB(3, 3,5) SLB(5,5,9)
A similar model was developed by Romatschke et al.> for ultrarelativistic
flows.

°P. Romatschke, M. Mendoza, S. Succi, Phys. Rev. C 84 (2011) 034903.
®V. E. Ambrus, V. Sofonea, Phys. Rev. E 86 (2012) 016708.



LB: Conclusions

» The key to the success of LB is the correlation betwen % and the
chosen quadrature.

» Depending on the problem at hand, one may desire various
separation of variables:

» Cartesian (px, py, pz);
> Spherical (p, 0, ©);
> ...
» The scheme is easily extendable to higher orders, as all operations
are analytical.
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Multiphase flows: Van der Waals fluid



Van der Waals equation of state

>

vy

In deriving the ideal gas EQOS, the particles are assumed to be
pointlike and long-range interactions are neglected.
The assumption leading to the ideal EOS are valid for dilute gases.
The van der Waals EOS provides an empirical extension to dense
gases by taking into account two factors:
1. The particles have finite volume, such that the average volume per
particle V = 1/n is decreased by the covolume: V — V — b.
2. The inter-particle attraction forces increase the fluid compressibility
and thus the isotropic pressure is increased: PP+ a/ V2,

The wdV EOS can be written as a cubic eq. for V:

~ KeT =~ ab
o (Kl L5 \vep2 by (23)
P P P
The 3 roots coincide at the critical point:
~ 1 ~ a
o= = ReT.= 22 (24)
3b 27b

Below the CP, the 3 roots are real = phase separation.
Non-dimensionalising the vdW EQOS via P.of = n.Kg T, gives:

3nT 9 ,
_ 2 2
3_n 8" (25)

P Waals —



RTA strategy

» The main difference between the vdW and ideal fuids is that in the
former, spontaneous (spinodal) phase separation can occur.

» The popular BGK model for the collision term corresponds to an
ideal Newtonian fluid.

» A standard (minimal) approach is to introduce the vdW interaction
via an external force:

F = naV(An) — V(PWaals — 'Dideal)p (26)

such that the Cauchy equation becomes:

DU,'
P Dt

where o controls the surface tension.

— naV,-(An) - viPWElalS — vjaﬁa (27)

» The drawback of this approach is that the pressure entering the
energy equation is still that corresponding to the ideal gas:

De
nﬁt + V- q + Pideal(V . Ll) + a,-jV,-uj = O, (28)

where e is the specific energy.



(Minimal) LB implementation

>

The C-E expansion shows that N =4 (Q = 5) is required for
thermal flows.’

For 2D flows, HLB(5) x HLB(5) is sufficient.
The Boltzmann eq. becomes:

1 1 .
Ocfij + —pi- Vi + F- (Vpf)y = —=[f; — ], (29)

where £ = ng, ig, j (expanded up to N, =,= 4).
The force term must be projected w.r.t. the Hermite polynomials.
For a Op, f, we have:

o—P2/2 of e P2

f = N Z g|]:e (py)He(Py) = O on Z glff(py)H“l(pX)'

After discretisation, F/.; = Zile fiHe(P, ;), such that:

QX_]-

1
(Op, f)ij Z’C” fir js Kiiw =—w/ Z EHEH(@)HE(@/)-
(=0
(30)

V. E. Ambrus, V. Sofonea, Phys. Rev. E 86 (2012) 016708.



Finite difference schemes

» Phase-field models are known to be plagued by spurious fluctuations
around the interface regions.

» Since they are numerical in nature, high order schemes can be used
to reduce their amplitude.

» The time stepping is performed using an explicit TVD RK-3
integration due to Shu and Osher.?

» The advection is performed using the fifth-order WENO scheme.”

» The pressure difference gradient V;( Pwaals — Pideal) is performed
using a 49-point stencil (6th order accurate and 8th order
isotropic).1"

» The gradient of the Laplacian V;(An) is computed using a 49-point
stencil (4th order accurate and 6th order isotropic).!?

8C.-W. Shu, S. Osher, J. Comput. Phys. 77 (1988) 439-471.

°G. S. Jiang, C. W. Shu, J. Comput. Phys. 126 (1996) 202.

105, Leclaire, M. El-Hachem, J. Trepanier, M.Reggio, J. Sci. Comput. 59 (2014)
545-573.

11M. Patra, M. Karttunen, Num. Meth. Diff. Eqs. 22 (2006) 936—953.



Validation 1: shear waves damping

» At t = 0:

n =const,
T =const,

u, =Uy cos kx.

» In the linearised regime
(Uh<1l),nand T
remain const, while

uy(x,t) =U(t) cos kx,
U(t) =e™“,
a =kn/p.
» « is recovered for ideal

fluid, vdW vapour and
vdW liquid.

» Fifth order accuracy is
seen in all cases.

u/ug

Amplitude

& (V=0

N,=20 - m -
N,=30
N,=60
Analytic

01}

0.001 ¢

0.0001

0.01 ¢

L, norm

Exponent 4.90707 —— |
T]app/rlo'1 RS
Exponent 4.92733 ——

0.01

0.1



Validation 2: longitudinal waves

» The implementation has three 3
major drawbacks:

2.5
1. Cv =2KgT (2D fluid); 0
2. Pr=1; =
3. The energy equation is & 15
written w.r.t. Pideal. N

» These affect the sound speed: 05|

Ideal gas —@—
Waals-curr —4&—

5 0 (a) | | | Waals-real —v—
2 8PWaals Pideal a'Dwaals nk“o 0 05 rooo1s 2 2 °
CS — Fluid density (n)
op np 0T m
‘ N,=60,V=0 - & - Analytic iquid) N,=60,V=0 - -G - Analytic
(vdW vapour) N§=20,V=2 Texp(-vyt) ----- (vdW liquid) N§=20,V=2 * exp(—v{1 f) -----
1GQeemne-s A e A= e m e m e e o] L S SRl bkl REELT SEREY SELE (R SR CEEPI SR .
® 10
¢)
® ) P ﬁ ‘ﬁ (ﬁ ﬁ
05 | b ¢ ¢ 0.5
0
d» b
s - s >
=] 0 Ly ) B 3] 0r
® q
® d
() T q D @
0 X
-05 | 0 ® g 051®
®
() d d
® X2 Y \ L ¥
-------- CCEEEEEEEEL ahbbihb bl A I R A N W L PR EEERC EEEE bbbt
-1 B ‘ Il - Il Il Il (b) -1 Il Il Il Il (C)
0 1 2 3 4 5 0 1 2 3 4



Validation 3: Planar interface

» Let us consider the fluid
enclosed between two plates at
T, =0.8.

» Due to the symmetry, only the
right half is considered.

» The system is homogeneous
w.r.t. .

» The interface is initialised at
xo = 0.25 = x,, /2.

» An approximate formula (valid
when T — 1) is:

n(x) =ng + %
X |1+ tanh (x =) :
§
30

“wEea Ty

(2n-n|—ng)/(n|—ng)

&/ &

T,=0.74 -~ = -
g=t, x 0.906319 — —
T,=0.82 -~ o --
£=t,, x 0.935877
T,=0.90 -~ --
. g=t,, x 0.965313
0.18 024 026 028 03 032
X
0.1
(c)
0.08 | l
0.06 | l
0.04 | -
0.02 | l
O | | | \G = 10_4 |
0 0.05 0.1 0.15 0.2 0.25
1-T

w



0.25

Validation 4: Surface tension I | 000400

0.2 j
Specular 0.15 |
041 | ’

0.05 |

0.8)
pW

o
T

-0.05 | ;
LB (5=5x10")

0.1 | % pir = 0.143308 —— |
Pout = 0.129499 ——

0 0.1 0.2 0.3 0.4 0.5

R=(:2+y?)!2

Specular

-0.15

Diffuse (Tw

0.04

0.035

Specular
» Laplace's law: 0031

pv _ pwv  _— VLap 0.025 -
in out — R : .
_ = 002}
» For the planar interface:

0.015 |

dn 2 Y= 0.00486615
_ . i =104 @

Tpl = O dx d . 0.01 4= 0.00340689
X | | | | | | \6=5X1\O-5 \A

0.005

25 3 35 4 45 5 55 6 65 7 75
1/R

o Vpl YLap
5x 10~° | 3.386731 x 10~3 3.40689 x 103

10~4 | 4.883771 x 10~3 4.86615 x 1073




Validation 5: Phase diagram

ng and n; are given through
the Maxwell construction:

1/ng
/ ['DWaals — P\(;Vaals]dv — 07
1/n/

where V =1/n.

1

Pb

v

Pl

PO v/_\

0.95

0.9

0.85

0.8

= 075
0.7

0.65

0.6

0.55 f

55-1/320, t=2x10" = -
5s=1/512, 5t=10"
Maxwell ——

0.5




Phase separation between parallel plates'?

125 Busuioc, V. E. Ambrus, T. Biciusc3, V. Sofonea, arXiv: 1702.01690
[physics.flu-dyn].



0.98
0.96
0.94
0.92

0.9
0.88
0.86
0.84
0.82

08

0.98
0.96
0.94
0.92

0.9
0.88
0.86
0.84
0.82

0.8

0.95

0.9

0.85

0.8

0.75

0.7

0.8

-06 -04 -02 O 02 04 06 08 1

0.8

-06 -04 -02 O 02 04 06 08 1

1

0.8

-06 -04 -02 0 02 04 06 08 1

(temperature)



Multiphase flows: Conclusions

» Lattice Boltzmann (LB) simulations provide a convenient tool for
the investigation of interface phenomena and heat transfer in
multiphase systems.

» The single distribution function of order N =4 (Q =5, 25
velocities) is able to tackle multiphase thermal flows.

» To reduce spurious numerical effects, we employed the following
high order schemes:

WENO-5 for advection:

RK-3 for time stepping;

6th order accurate (8th order isotropic) stencil for VIP;

4th order accurate (6th order isotropic) stencil for V(An).

v v vy



Section 5

Multicomponent systems: Cahn Hilliard model



Multicomponent flows: Binary immiscible fluids

» Multicomponent flows contain two (binary) or more (ternary, etc)
different substances which do not interconvert.

» The distinction between the components is made using an order
parameter ¢, e.g. (for binary fluids):

where p(I) and p(® are the local densities of components 1 and 2.

» The bulk phase densities pg)l) and pf) correspond to the case of pure

components, such that:

¢ = 2)

1, component 1, p1) = pgl),p(z) =0,
—1, component 2, pit) =0, p® = pp -

» Immiscible fluids form regions of pure phases separated by internal
interfaces characterised by surface tension.

» The diffusion between these components must be taken into
account.



Landau free energy model

vV v v VY

Assuming that ,0( ) = pg) = pp, the simplest model for

multicomponent systems is the Landau free energy model:

:/V(wb+¢g)dvzfvlcplnp+ (¢* — 17 + 5 (Vo)

where 1), and 1, are responsible for the bulk and interface
properties, respectively.

The parameter A is positive (A < 0 corresponds to miscible fluids).
1p has two minima: ¢ = £1, corresponding to the pure phases.
The fluid evolution must lead to the minimisation of V.

At equilibrium, the chemical potential  reaches a constat value:

5(¢b -+ 77%)
0¢

—Ap(1 — ¢*) — kA¢p = const.



Advection-diffusion model

» The time evolution of ¢ is given by the Cahn-Hilliard equation:
0t + V- (up) =V - (MVp).

» The C-H equation governs the advection of ¢ along u and the
diffusion of ¢ due to inhomogeneities in . (M is the mobility
parameter).

» The fluid itself evolves according to the Navier-Stokes equations:

Otp+ V- (up) =0, p(0:u' + WV u') = —V;(PY + oY),

where o0jj = —n(Vu; + Vu; — 6;;Vuyi) is the viscous stress for a
2D fluid and the non-ideal stress Pj; is:

K
Pj = |Ps = 5(V6) = koAs] 8+ r(Vid)(V;0).
» The bulk pressure is
1 3
Pp = Pi ea Al —= 2 ~ ¢t
b deal T ( 2€Z5 + 4925 )7

where Pijea1 = nKpg T is the ideal gas pressure.
» The surface tension is governed by the x term.



Hybrid LB algorithm

» The system is isothermal (T is fixed when constructing f©9).

» According to C-E, the isothermal NS egs. can be recovered with
N =3 and Q =4 = HLB(4) x HLB(4).

» The fluid properties are obtained from f:

n 1
pUg = Z pi fij.
Pideal0ag + 0ap iji \&é&j/m

» The evolution eq. for ¢ is solved using FD.



Validation 1: Planar interface

x=5e-4, ['=1.0, 1=2.5¢-3, Q=4

P B i
1 -6
&
()

£=£,.x1.00034
' A=01 o
£=£,x1.00366

A=0.5 o
£=t,,x1.00991
A=25 -
0.1 0.2

N———"
2

|
> =



Validation 2: Laplace pressure test

0.5

0.4
0.3
0.2

20.8

0.1

0
0 01 02 03 04 05

20.4 |
Laplace pressure law:
o
_ 7
Pi_Pout—Ra o0 |
_ /8kA
7= 9
19.6

k=5e-4, ['=1.0, 1=2.5e-3, A=2.5, Q=4

B

% Y = Yo X 0.993924
i
%? P(R) -
P=20.6902 ——
P,=20.5757
0 0.2 0.4 0.6 0.8

1



Validation 3: Spinodal decomposition (¢¢ = 0)
o(t=0,x,y) = o + do(x,y), —0.1 < ¢ < 0.1 randomly distributed.

T——

With hydro:

%

t =40 t = 100 t = 250 t = 3000

Without hydro:
®

t = 15000 t = 168000



Growth exponent

(No hydrodynamics)

Ly(t) ——
~ Exponent 2/3 ——

Ly(t) ——
Exponent 1/3

0.1

0.1 -
10’ 10° 103 10* 10" 102 10° 10* 10° 108
t t

The domain sizes can be characterised by the interface length /.
Ly = LyL, /¢ is an increasing function of time.

Ly ~ t?/3 = inertial regime.

v v v VY

Ly ~ t1/3 = diffusive regime.



Curved surface: torus

» A torus can be parametrised using 6 and :
x = (R + rcos @) cos p, y = (R + rcos@)sin g, z=rsinb,
giving rise to the line element:

ds® = [dx® + dy* + dz°]_ = (R+ rcos)’dy® + r’d6>.

torus

» It is convenient to employ the following vielbein field:

Oy

1
= €y = 1r 89
R+ rcos@’ 0 ’

€

with respect to which p' = e}p?.

» The momentum space is discretised with respect to p? and p?.



Lattice Boltzmann equation on the torus

» f,. obeys the LB equation:

Of N Pk, Of,. N Pk, O[f.(R + rcosf)]
ot  m(R-+rcosf) 0p  mr(R+ rcos@) 00
B sin 0 (ﬁ(‘?(fp@) B pé(?(fp@)
m(R + r cos6) op? op? |,

FQA ( 87’:’\) + FSZ\? (a_fA> — _l[fh‘, o ]C"éeq)]7
ape < 8,090 < T

undergoing advection under the action of inertial and Cahn-Hilliard
forces, as well as relaxation (BGK approximation).

(eq) _ n —52/2mT ! rd 1
> ) = KT € is replaced by a 3'“ tensor Hermite

polynomial expansion:

1
f'l(gleq) = Nwy, chp {1 + P - U+ 5 [(pﬁ, ) U)2 . U2]

1

—I-gpn cu [(ps - u)® — 3u°] } .



Line tension effect: migration of stripes
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Due to -y, stripes migrate towards 6 = 7.



Curvature effect: droplets migration

a .
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Droplets migrate towards lowest curvature (6 = 0).



Separation to droplets
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Multicomponent flows: Conclusions

» Component segregation can be achieved based on free energy
models.

» The implementation of such models on curved surfaces can be
performed using Q@ = 4 (16 velocities).

» In order to reduce spurious effects, high order schemes were
employed (WENO-5, RK-3, fourth order Laplacian, etc).

» This methodology opens the door to various complex fluid flow
applications (liquid crystals, deformable membranes, etc).



Section 6

Rarefied gas flows through micro-channels



Diffuse reflection

» The interaction between incoming
gas molecules and the wall
constituents is in general complex.

» According to the diffuse reflection
concept, the incoming flux is
reemited according a MB distribution.

» Since the incoming flux is essentially /
arbitrary, this induces a discontinuity in

/

» The discontinuity is responsible for microfluidics effects such as slip
velocity and temperature jump, which are manifest in the Knudsen
layer.

» The Knudsen layer physics can be recovered by using half-range
Gauss-Hermite quadratures:

2
00 a=x"/2 gy

Q
~ Wh Xk ).
. o Ps(X)—; « Ps(x)

V. E. Ambrus, V. Sofonea, J. Comput. Phys. 316 (2016) 1-29.



Linearised theory: Couette flow

_uW\ -

» In the planar Couette flow,
the walls move with +u,j.

» Acc. to Jiang and Luo,!!

uy(0x) = Z Cn.mX" (xInx)™,

n,m=0

where dx is the distance to

the wall.

» Dueton=0,m=1,
w = Oyu, diverges at

ox =10

N

uy

u/2u,,

1-ui/uy,

125, Jiang, L.-S. Luo, J. Comput. Phys 316 (2016) 416—434.
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Model for Maxwell molecules

» For Maxwell molecules, the viscosity is given by:

T
— Mg — 31
T 1o TO7 ( )

where 1g is the viscosity at T = Ty, while the Prandtl number is

2 5K
Pr:ﬂ:— Cp:—B

K 3’ (32)

2m

» More generally, n = no(T/To)“ can be implemented by fixing 7 to:

140 T\“ !
_ | 33
T T hKa T, (T()) (33)

» |In the BGK model, Pr = 1.
» Pr can be set to 2/3 using the Shakhov model:!®
_ 1-Pr ( £?

= —1)q&.
nK3T2 \5mKgT ) 95
(34)

1
JShakhov = _;[f_f(eq)(]-‘l‘S)]a S

13E. M. Shakhov, Fluid Dyn. 3 (1968) 95-96; 112-115.



Comparison to DSMC (Argon)*®

u, = 0.63 (Ma ~ 1)

1.03
1.02

1.01

0.99

0.98

uy=2.1
11} 1.68 -

108 | 084 —
1,06 | 042

1.04 |

N/ Nayg

1.02

0.98 o2

»reOmD

0.96 =

Very good agreement w.r.t. the DSMC results can be seen.
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04
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1.02
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14

14V. E. Ambrus, V. Sofonea, arXiv: 1702:01335 [physics.flu-dyn].
15H. Struchtrup, M. Torrilhon, Phys. Rev. Lett. 99 (2007) 014502.



Model for real (ab initio) potentialst®

. . "He M- | (Argon, ulw=\/§)
» The ab initio method allows the | Sre0810129 —
i r
interaction potentials to be Sp=0.523874 ——

obtained analytically. ol

» 1 and x can then be computed 15}
directly (w/o exp. input).

» The data for He is tabulated
by Cencek et al.®

» The data for Ar is tabulated 12
by Vogel et al.l’ Sl

» For 300 K < T <600 K, the data 1 | | | |
can be well represented using the 1 t21e re 18 2
Sutherland law:!8 ref

14|

w/ Uref

1.3 |

1/2
(1) 18T o
where the Sutherland constant S is used to fit Eq. (35) to the data:
She ~ 93.04 K, Sar ~ 157.16 K. (36)
» Pris set to 2/3 using the Shakhov model.

16\W. Cencek, M. Przybytek, J. Komasa, J. B. Mehl, B. Jeziorski, and K. Szalewicz,
J. Chem. Phys. 136 (2012) 224303.

17E. Vogel, B. Jager, R. Hellmann, E. Bich, Mol. Phys. 108 (2010) 3335-3352.

18M. N. Macrossan. J. Comput. Phys. 185 (2003) 612—-627.



Comparison to DSMC for ab initio potentials??

Argon, u, = /2 (Ma =~ 2.2)

1.14 ‘ \ Y 09 5 o " (Arg i
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Very good agreement w.r.t. the DSMC results can be seen.?°

20V, E. Ambrus, V. Sofonea, arXiv: 1702.01335 [physics.flu-dyn].
2LF. Sharipov, J. L. Strapasson, Phys. Fluids 25 (2013) 027101.




Ab initio over a large temperature range
1000 .

3He
4He

100 |
» The Sutherland model works

for small temperature ranges. @
o

> The data tabulated by %
Cencek et al. covers
1K< T<10*K. iy
» In order to cover this
whole temperature range 01 0 100 1000 10000
within one RTA model, 7 T (K)

is defined in a piece-wise
fashion, based on the law:

n T o B
n"(T) =, (?) S
. — |”(77n+1/77n) é’

" In(Thyt/Th) S

>

» The Prandtl number is
represented similarly.
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Comparison to DSMC for ab initio potentials?

*He, u, =v2 (Ma~22), T=1K
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Very good agreement w.r.t. the DSMC results can be seen.??

22\/. E. Ambrus, F. Sharipov, V. Sofonea, arXiv: 1810.07803 [physics.flu-dyn].
23F. Sharipov, Physica A 508 (2018) 797-805.




Rarefied gases: Conclusions

» The capabilities of the lattice Boltzmann (LB) models based on
half-range and full-range Gauss-Hermite quadratures were
demonstrated in the context of the Couette flow.

» In the linearised regime, the ability of our models to capture
Knudsen layer effects for the Couette flow was confirmed by
comparison with semi-analytic benchmark results.

» Using the Shakhov collision model together with the implementation
of the relaxation time compatible with the viscosity index w = 0.81,
our models accurately reproduced DSMC results for the Couette
flow of Maxwell molecules for Kn up to 1.0 and for wall velocities up
to u w = 2.1 (approximately 500 m/s).

» Using the Shakhov model together with the Sutherland model for
the viscosity, our models obtained excellent agreement with the
DSMC results based on ab initio potentials for Argon and Helium
gases, for rarefaction parameter § down to 0.01 (Kn ~ 71) and for
wall velocity v, = v/2.



Section 7

Shock wave propagation



Model for internal degrees of freedom

» The adiabatic coefficient for an ideal gas is v = ¢,/cy = 5/3.
» For, e.g., diatomic molecules, v = (5+2)/(3+2) = 1.4.

» For K internal degrees of freedom (1, (5, ...k, f*¥ is extended
according to the equipartition theorem:

n

f(eq) _
(27TmKB T)(3+K)/2

(37)

£2+<2]

=P [_ 2mKB T

» In some problems, only d < 3 translational dofs (p) are relevant,
since the system is homogeneous along the 3 — d dofs (7).

» The system can be described using the reduced distributions f’ and

f':
<f,,) /d3 ‘ /dK ( (CQMI )) f. (38)

» The reduced equilibrium distribution (¢ is:

ik exp [— (p— m”)2] . (39)

fleq)r —
(2rmKg T )4/2 2mKg T




1D problem: Sod shock tube

nr, PR

» At t = 0, the system consists of two semi-infinite domains separated
by a thin membrane at x = 0.

» The system is homogeneous along y and z (d = 1):

Oef + p—n:(?xf — J[f]. (40)



Shock wave structure

1.1

1
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» The head of the rarefaction wave propagates at the speed of sound.
» The contact discontinuity propagates at the velocity on the plateau.

» The speed of the shock front is supersonic.
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Standing shock

(ny, ur, P)) Rankine-Hugoniot jump conditions S (n,,u,, P,)
prAu, =pAuy, (41a)
pruAu, + P, =pjuAu; + Py, (41b)

1 1
(nrer + Eprug) Aur + UrPr — (n/e/ + Ep/ul2> Au/ + U/P/, (41C)

where Au = u — ¢s and ¢ is the speed of the shock front.



Comparison to DUGKS?*
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Comparison to DUGKS?°
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2D Riemann problem.

(n27u27V27P2) (n17u17V17P1)

(”3,U3,V3,P3) (I’)4,U4,V4,P4)

» In the initial configuration, the fluid properties are constant in each
quadrant.

» Between the quadrants, only elementary waves (1D shock, 1D
rarefaction wave or 2D slip line = contact discontinuity) can appear.

» 19 genuinely different configurations emerge.?°

6P D. Lax, X.-D. Liu, SIAM J. Sci. Comput 19 (1998) 319.



Configuration 6: 4 sli
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Configuration 12: 2 s
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2D Riemann problem: animations
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Cylindrical and spherical shocks

Nout Pout Nout Pout

Cylindrical Spherical

» Cartesian formulation:

0.f + 20+ 2o, f + P2o,f = JIf] (42)
m m m

requires 2 (3) dimensions and high resolution to ensure isotropy.

» The symmetries of the geometry allow the flow to be described in an
essentially 1D manner using the vielbein formalism.



Curvilinear coordinates and vielbein formalism
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Cylindrical coordinates

» For the shock with cylindrical symmetry, Xt € {R, ¢y, z} and
ep = OR, ep = R_l((?go, e = 0,. (43)

» Setting pi = p| cos ¢ and p? = p, sin ¢, the Boltzmann equation
becomes:

of L PL cos ¢ J(fR)

S P — E0y(Fsing) = JIFl. (44)

» The p2 dof can be integrated out, thus d = 2.

» The moments of f are:

00 21
/O mdm/o do f'pSp) = ZZ D5 (cos ¢;)°(sin ¢;)". (45)

i=1 j=1



Spherical coordinates
» For the shock with spherical symmetry, X" € {r,0, 0} and

Og 0,

¢ = O, j = —, b= —— - 4
& =0 € r e rsinf (46)
» Setting p’ = psin v cos ¢, pé = psinYsin @, p? = pcosd, the
Boltzmann equation becomes:
p§ o(fr*)  p 2
— 1 —&9)f| = JIf 47
s 2 S Pada -y =l ()
where & = cos v.
» The moments of f are:
00 1 2 Q. Q¢
| pde [ de [ dotmtppt =33 fip -y
0 ~1 0 i—1 j—1

x/oﬁdqb(cosgb)s(sinqb)r. (48)

where P, (&) = 0 and L(C;L)(p?) = 0.7
2TV .[E. Ambrus, V. Sofonea, Phys. Rev. E 86 (2012) 016708.




Primary shock
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Reverse shock
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» 7 =Kn/nvV/T = KnvT/P becomes large at the origin = enhanced
dissipation due to strong rarefaction.



Reverse shock

0.1

0.01 [

— — — =
na mnn
— ek ok ke
O = WM

0000

0.001
0.2

o
o
—_

r

7 =Kn/nv' T = Knv/ T /P for the spherically symmetric shock.



Secondary shock
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Ballistic regime - pressure
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Ballistic regime - velocity
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Cylindrical shock: Transition flow regime - density
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Cylindrical shock: Transition flow regime - density
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Cylindrical shock: Transition flow regime - velocity
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Cylindrical shock: Transition flow regime - velocity
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Spherical shock: Transition flow regime - density
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Spherical shock: Transition flow regime - density

t=0.08

0-5 | I I
Kn=1e-5 ——
Kn=1e-4 ——

0.45 T Kn=1e-3 ‘
Kn=1e-2

0.4 Kn=1e-1 —e— -
Ballistic =

0.35 |

- 0.3 |

0.25 |

0.2 |

0.15 |

0.1




Spherical shock: Transition flow regime - velocity
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Spherical shock: Transition flow regime - velocity
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Shock wave propagation: Conclusions

» LB can be applied to study flows from the inviscid to the ballistic
regime.

» The discretisation of the momentum space using Gauss quadratures
ensures the exact recovery of the moments of f.

» In the context of the Sod shock tube, our results were validated
against analyic (inviscid and ballistic) and numerical (DUGKS)
results.

» The rich phenomenology of 2D Cartesian shocks was successfully
captured.

» The vielbein approach takes advantage of the flow symmetries,
effectively reducing 3D simulations to 1D systems

» The cylindrically and spherically symmetric shocks are well described
by using the vielbein formalism.

» Good accuracy ensured by the use of high-order schemes: (RK-3 +
MP9).



Section 8

Relativistic fluid dynamics



RTA formulation

» The relativistic Boltzmann equation with no external forces reads:

3 f*h3
p"o,f = J[f], J[f] = fl 1+€fi 1+¢
g 8s 8s

f' 3 3\ _do ,_d3p.
—ff (1 1 FoedQ=—" (4
(o) ()] Flmen

where F = /(ps - p)2 — m*c* is the invariant flux, do/dQ is the
differential cross section and € € {—1,0,1} for Fermi-Dirac,
Maxwell-Jittner and Bose-Einstein statistics.

» J[f] admits the collision invariants 1) € {1, p*}, allowing the
following conservation equations to be derived:

N* =0,  9,TH =0, (50)
where 7
N“—/—fp : THh = ppfp p”. (51)



RTA: Anderson-Witting model

» The extension of the BGK model to relativistic and ultrarelativistic
particles was proposed by Anderson and Witting:%®

p-u
f f_ flea) 2
J[ ] Ta_ c2 [ ]7 (5 )

where u* is the fluid four-velocitiy.?®

» In order to preserve the collision invariants, £ is restricted to
satisfy:
u, (N* — NEL,) =0, u, (TH — TL) = 0. (53)

» The second relation suggests that u* should be defined in the

Landau frame:
T, u’ = —Eu”, (54)

while the first relation fixes n.q = —u, N* to be the particle number
density in the Landau frame.

28J. L. Anderson, H. R. Witting, Physica 74 (1974) 466—488; 489—495.
29The signature convention is (—, +, +, +).



Decomposing N

» For the ideal fluid, N* has 4 independent components, while TH"
has only 2 (1 for massless particles).

» In general, T*¥ has 10 independent components which can be
interpreted physically using so-called decomposition frames.

> Let u* be a timelike vector u> = —1 (the macroscopic velocity).

» The most general decomposition for N* is:3°

N¥ = nut + VH, (55)

where u, V¥ = 0 by construction.

» The particle number density n and the flow of particles in the local
rest frame V* are recovered as follows:

n=—u,N* — VF=AMN, (56)

where A*Y = utu” 4+ gh¥ is the projector on the hypersurface
orthogonal to u*.

30]. Bouras et al, Phys. Rev. C 82 (2010) 024910.



Decomposing TH

>

>

For perfect fluids, TH" = Tl = (E + P)u*u” 4 Pnh".

In general, TH"Y can be decomposed as follows:3

1

T = Eu*u” + (P +w)AMY + WHU” + WY uH 4+ NMHY (57)

where W#u, =0, """ u, =0 and N*”u,, = 0 by construction.

The

v v.v.yYy

The

constituents of the SET can be obtained as follows:
The energy density E = u,, T"" uy;
The isotropic pressure P+ = $ A, TH;
The flow of energy-momentum in the LRF W* = —A* u*T,»;
The shear-stress (pressure deviator) tensor 14":
1 1

ne = 7 = {5 (AFAAY" + ATAART) — §A*“’Aﬂ Thr.

E+P
n

combination g/ = WH — V# represents the heat flux.

311. Bouras et al, Phys. Rev. C 82 (2010) 024910.



The Eckart decomposition®

> In the Eckart (particle) frame, V# = 0 such that v, is parallel to N*:
NLL — neug’ (58)

where no = —ub'N,,.
» |n the Eckart decomposition, g* = W*#, such that TH” becomes:

T = Eeugug + (Pe +We) ALY + (gt ug + goug) +me”.  (59)

» Eckart frame — pros:

> Intuitive: N* and u" are parallel;

» V., N* =V, ,(nu") has a simple form;

» Employed to construct the Marle RTA collision mode

» Eckart frame — cons:

» Quote:>® For systems with vanishing net baryon number, as
approximately realised in relativistic heavy ion collisions at very high
energies, the Eckart frame is not well defined (the quark contribution
to the energy flux diverges in the limit of vanishing baryon number
density).>*

» Defining the Eckart frame requires knowledge of N*.

32C. Marle, Annales de I'l. H. P. Physique théorique 10 (1969) 67.
33L. Rezzolla, O. Zanotti, Relativistic hydrodynamics (OUP, 2013).
34P. Danielewicz, M. Gyulassy, Phys. Rev. D 31 (1985) 53-62.
35C. Eckart, Phys. Rev. 58 (1940) 919.

|32




The Landau (energy) frame>

» E; and uj' are obtained by solving the eigenvalue equation:
TH, ul = —ELu. (60)

» Because of this definition of u}’, W# = 0 such that:

THY = E[_UZLUZ—F(PL—FEL)A'LLW—FW{W. (61)
» The heat flux g# = —Einp V# is now fully contained in N¥:
ng
N¥ = n.utl = gV 62
NeUy; = npu; EL—I—PLqL’ (62)
where
M

g, = (EL+ P1) (Uf +— ) (63)

Ue ° UI_

» The Landau quantities are in general not equal to the Eckart ones.

> Preferred for the Anderson-Witting model for the collision term.3°

36, L. Anderson, H. R. Witting, Physica 74 (1974) 466—488.
37L. D. Landau, E. M. Lifshitz, Fluid mechanics, 2nd ed. (1987).



Ultrarelativistic ideal gases: 1D flows

>

>

>

In the ultrarelativistic regime, p?> = —(p%)? + p? = 0.
This prompts the use of spherical coordinates, such that p° = p.

If, in addition, the flow is along z, the M-J distribution reduces to:

n - u n

873 P [p?} T grT3 P [_p%(l B ﬁg)} - (64)

since u* = ~(1,0,0, 3).

The relativistic Boltzmann-Anderson-Witting eq. becomes:

flea) —

ouf + 0, = ~ 20 r g (65)

TA—-W

Due to the orthogonality relations v- g =0 and N*”u, =0, g* and
[1#¥ can be expressed as:

3 5%y 0 0 B?

0 0 —= 0 0
[ Py 2

1 By* 0 0 4



Validation 1: Longitudinal wave damping

» Let us consider the propagation of infinitesimal perturbations
through a background, homogeneous fluid of density ng, pressure P
and vanishing velocity.

» Writing n = ng + dn and P = Py + 0P and considering that on, 0P,
[1 and g are of order 3, the linearised limit of the cons. eqgs. in the
Eckart frame is:

0:0n + ngd, B = 0,
30,0P + 4Pyd,8 + 8,q = 0,

» In the (2nd order) hydrodynamic regime, the following constitutive
egs. can be written for g and I1:

APy (30,6P  40,6n
Tq0tq +q = — - :

4-[70 Po No

_ q
MM+ M=~ 250, (6+ 4P0>. (68)



First-order hydro

» Writing M(t,z) = M(t)x cos(kz) or
sin(kz), the solution of 1st order hydro
(7q =™ =0) is:

(5
@

oP

1
[ e\

N,

0P,

—vy kt

CoS Vo kt +

.

[ B3

5[7)\
0

Sy

(5 )

dNng
) P

\n.

sin vkt

where vy = kX/4ng, vy = kn/6Py and

Vo ™

1

V3

is the speed of sound.

B/Bg

q/ Amplitude

Attenuation (CE)
. Attenuation (Grad)

t
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t
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First order not enough!

LB (By=0) --®--

Hydro 1
0.03 Hydro 2

14 dro 1

LB‘(ﬁq_I:ym'S)‘ o]

0.02

0.02

—f—

B/ 8ng

0.01
0.01

(7=0.0083; 3n=10"")

0 5 10 15 20 0 5 10 15 20
t t

> Let us consider the case 8y = 0Py = 0, dng # 0.
» [ is given in H1 through:

Vg .
B = 1y [e_’/%kt — g Vakt (cos vgkt — -2 sin det>] :

) No Vo

» The second order solution is:

-0.01

@ = ) |:e—l/>\kt — e_t/’rqi| .
5n0

» H1 has “insufficient modes”|

> Qr X Q¢ =2 x 6 = 12 velocities required for this investigation!



Simulations for the QGP fluid

> In the QGP fluid, it is expected that the ratio 77/s between the shear
viscosity and the entropy density is constant.

» Noting that in the A-W model for ultrarelativistic particles,

= WP, s=n(4—InA) yomn ( he Y’ (69)
77_57_A—W ) — ) — g KBT ’

a constant n/s ratio can be achieved by implementing 7o _w as
follows:

TA—W: 1 — hc -
TA-W = 2 TW10 [1 T ln()‘)‘ref)] ; TA-W;0 — 5KBT L f(??/s)a

(70)
where the quantities denoted with ref are computed at the reference
values used in the non-dimensionalisation, while A = n/ T3 is the
relative fugacity.




Relativistic Sod shock tube
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Inviscid regime

n
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» The inviscid regime can be solved analytically.38

» Since in the kinetic (RTA) approach, 7o _w can never vanish, the
inviscid regime is reached only asymptotically.

» Even at 7ao_w = 107*, a small deviation from the inviscid solution
can be seen.

38|, Rezzolla, O. Zanotti, Relativistic hydrodynamics (OUP, 2013).



Non-equilibrium quantities
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» g and [1 are related to the gradients of n, 5 and P:

AT~?

9= "4t

- g0, N==211- 00 (5, (71)

where ( = z/t is the similarity variable for the inviscid regime.

» Near the shock front and contact discontinuity, these gradients tend
to oo.



Validation of transport coefficients

v
o
'; 7 u Tshock (C)
L L Qcontact
A Qshock

o| — C-E

X - Grad

L‘) ”r

IS

= -

o

P

= -

o) 1 ] T

107 1073 1072

n/s

» The “spike” can be quantified by integrating g and I1 around the
discontinuity.

» For g around the contact discontinuity:

Zc+6z
/ qdz = (>\heat T+ )\heat I Tu) In

c—0z

_>/|‘ >

(72)



Validation against BAMPS

n
1.001 —=
— —-BAMPS: 1n/s=0.1
== BAMPS: 1/s=0.01
--- R-SLB: n/s=0.1
—— R-SLB: 1/s=0.01
0.75
0.50
0.25
(a)
0
04 02 0 0.2 0.4
z
A 11 ——- BAMPS: n/s=0.1
-—-—  BAMPS: 71/s=0.01
—-— R-SLB: n/s=0.1
—— R-SLB: n/s=0.01
...... vSHASTA: n/s =0.1
- = = vSHASTA: n/s=0.01

-0.2 0 0.2

0.4

B
0.500
0.375 \‘
i
0.250 E
lE\
------ Ws=02 “‘.
ws=01 | Y
0.125 -=-= BAMPS: n/s=0.01| |1
(d) --- R-SLB: n/s=02 | b
y -—-— R-SLB: n/s=0.1 | W
, —— R-SLB: ns=001] I}
0 4 \y
-04 = -02 0.2 0.4
z
e
--- BAMPS: 7/s=0.1
0.04 ——- BAMPS: 1n/s=0.01 f
—-— R-SLB: 1/s=0.1 A
—— R-SLB: 1n/s=0.01 i
- - - VSHASTA: 1/s=0.1
0.02{  eeien VSHASTA:  1/s = 0.01 j i
1
0,
-0.02
-0.04 W
() %
006562 ¢ 02 04

-0.004

1.00 ==~ ceeee BAMPS: 1n/s=0.2
— —-BAMPS: 1n/s=0.1
+=-= BAMPS: 1n/s=0.01
--- R-SLB: n/s=02
-—-— R-SLB: 7n/s=0.1

0.75 —— R-SLB: 1n/s=0.01

0.50

0.25

(c)
0
—0.4 -0.2 0 0.2 0.4
z
0.012{ ---- BAMPS: 1/5=0.1 .
——- BAMPS: 71/s=0.01 i
-—-— R-SLB: 7n/s=0.1 i
—— R-SLB: 1/s=0.01 P
- == vSHASTA: 1n/s=0.1 :
0.0081 . ... VSHASTA:  7/s = 0.01 e

0.004

Very good agreement w.r.t. BAMPS is observed, even for I1.

» The disagreement in g is due to the incorrect value of A\ given by the

RTA.



Relativistic fluid dynamics: Conclusions

» Comparing numerical (LB) and analytic results confirms the C-E
values for n and A for the AWB equation.

» Insufficient degrees of freedom in the H1 formulation results in
inaccurate solutions for 3 even at small 7.

» The LB model is very efficient at small (only 8 velocities required for
Ta—w < 0.001) to moderate (12 velocities required for 7o _w < 0.1)
values of 7o _w.

» Good agreement with BAMPS was observed, except for g, due to
the incorrect recovery of the thermal conductivity in the AWB model.
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