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PHASE SHIFT AND DENSITY OF 
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S-MATRIX FORMULATION OF 
THERMODYNAMICS

R. Dashen, S. K. Ma and H. J. Bernstein, 
Phys. Rev. 187 (1969) 345. 
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ILLUSTRATION: S-MATRIX FOR 
RELATIVISTIC RESONANCES
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FORMULATION

given the exact phase shift 

thermodynamics eff. spectral function

from theory 
or 

from experiment
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WHAT'S IN A NAME? THAT WHICH 
WE CALL A RESONANCES?

• A resonance is MORE than a MASS and a WIDTH

Citation: C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016)

f0(500) or σf0(500) or σf0(500) or σf0(500) or σ
[g ]

was f0(600)was f0(600)was f0(600)was f0(600)
IG (JPC ) = 0+(0 + +)

Mass m = (400–550) MeV
Full width Γ = (400–700) MeV

f0(500) DECAY MODESf0(500) DECAY MODESf0(500) DECAY MODESf0(500) DECAY MODES Fraction (Γi /Γ) p (MeV/c)

ππ dominant –
γγ seen –

ρ(770)ρ(770)ρ(770)ρ(770) [h] IG (JPC ) = 1+(1 −−)

Mass m = 775.26 ± 0.25 MeV
Full width Γ = 149.1 ± 0.8 MeV
Γee = 7.04 ± 0.06 keV

Scale factor/ p

ρ(770) DECAY MODESρ(770) DECAY MODESρ(770) DECAY MODESρ(770) DECAY MODES Fraction (Γi /Γ) Confidence level (MeV/c)

ππ ∼ 100 % 363

ρ(770)± decaysρ(770)± decaysρ(770)± decaysρ(770)± decays

π±γ ( 4.5 ±0.5 ) × 10−4 S=2.2 375

π±η < 6 × 10−3 CL=84% 152

π±π+π−π0 < 2.0 × 10−3 CL=84% 254

ρ(770)0 decaysρ(770)0 decaysρ(770)0 decaysρ(770)0 decays

π+π−γ ( 9.9 ±1.6 ) × 10−3 362

π0γ ( 6.0 ±0.8 ) × 10−4 376

ηγ ( 3.00±0.20 ) × 10−4 194

π0π0γ ( 4.5 ±0.8 ) × 10−5 363

µ+µ− [i ] ( 4.55±0.28 ) × 10−5 373

e+ e− [i ] ( 4.72±0.05 ) × 10−5 388

π+π−π0 ( 1.01+0.54
−0.36±0.34) × 10−4 323

π+π−π+π− ( 1.8 ±0.9 ) × 10−5 251

π+π−π0π0 ( 1.6 ±0.8 ) × 10−5 257

π0 e+ e− < 1.2 × 10−5 CL=90% 376

ω(782)ω(782)ω(782)ω(782) IG (JPC ) = 0−(1 −−)

Mass m = 782.65 ± 0.12 MeV (S = 1.9)
Full width Γ = 8.49 ± 0.08 MeV
Γee = 0.60 ± 0.02 keV

HTTP://PDG.LBL.GOV Page 4 Created: 10/1/2016 20:05
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BETH-UHLENBECK 
APPROXIMATION

contribution from 
correlated pi pi pair

physical interpretation:� = �ImTr ln G�1
�
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BOLTZMANN SUPPRESSION
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MOMENTUM SPECTRA OF 
DECAY PRODUCTS
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PI PI SCATTERING  
(S-WAVE)
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pi pi  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PI-N SYSTEM



FLUCTUATIONS

• studying the system  
by linear response

µB µS

µQ mq

�B,S,... =
1

�V

@2

@µ̄B@µ̄S ...
lnZ

µ = µBB + µQQ+ µSS



FLUCTUATIONS

• taking derivative

�B =
@2

@µ̄B@µ̄B
P µB ! 0at the limit

�B =
1

�V

@2

@µ̄B@µ̄B
lnZ

= T 2hh
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d4x  ̄(x)�0 (x) ̄(0)�0 (0)iic

probes fluctuations
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N* AND DELTAS

⇡

N

I = 1, j = 0

I = 1/2, j = 1/2

I = 1/2, 3/2

j = | l ± 1/2 |,

P = (�1)l+1

N⇤ �

l = 0, 1, 2, . . .



N* AND DELTAS

• N*: 1535 (S11), 1440 (P11), 1520 (D13) … 
     : 1232 (P33), 1620 (S31) … 

• Repulsive forces between pions and nucleons 

• BQ-correlation: S = -1 hyperons are excluded!

�
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KNOWN UNKNOWNS ???

• Inelasticity:        
 
      production (                 ) 
 
multi-pions states (                          )

⌘ ok

in progress
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TIME DELAY

g.s. g.s.

g.s.

g.s.

⌧ ⇠ 2
d�

dE
Billiard-ball Impact

b

2r0

P. Danielewicz and S. Pratt  
Phys.Rev. C53 (1996) 249-266
S. Leupold 
Nucl.Phys. A695 (2001) 377-394 
Yu. B. Ivanov et al 
Phys.Atom.Nucl.64:652-669,2001



SUMMARY

• change in density of state / time delay  
 
 

• S-matrix approach to thermodynamics

2
d�

dE

Broad resonances Repulsive channels
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pi pi  
S-wave

I = 0

aS = 0.26 m�1
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N-BODY SCATTERING

PML, Eur. Phys. J. C 77 no.8 533 (2017) 



WHY N-BODY?

• EOS for dense system 
-> need  higher coefficients of  
quantum cluster / virial expansion  
(three-body forces, etc.) 

• Explore the influence of N-body scatterings on heavy ion 
collision observables:  
pT-spectra, flow etc. 

• phenomenology 
-> model S-matrix element instead…



RECIPE

• generalized phase shift

QN (M) =
1

2
Im


ln (1 +

Z
d�N iM)

�

d�N =
d3p1
(2⇡)3

1

2E1

d3p2
(2⇡)3

1

2E2
· · · d

3pN
(2⇡)3

1

2EN
⇥

(2⇡)4 �4(P �
X

i

pi).

Feynman amplitude

phase space approach



PHASE SPACE DOMINANCE

• structureless scattering

iM = i�N

�N (s) =
1

16⇡2s

Z s0+

s0�

ds0
q

�(s, s0,m2
N )⇥

�N�1(s
0,m2

1,m
2
2, ...,m

2
N�1)

QN (M) =
1

2
Im


ln (1 +

Z
d�N iM)

�

Dimension: ⇠ E2N�4

Källén triangle function
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TRIANGLE DIAGRAM

• 3-body diagram

k1

k2

k3 k03

k02

k01



iM4(Q1, Q2, Q3) =

Z
d4l

(2⇡)4
⇥ (�i�)3 ⇥ iG(l)⇥ iG(l +Q1)⇥ iG(l �Q2)

k1
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k01

iM4(Q2
1, Q

2
2, s = P 2

I ) = �i
�3

16⇡2

Z 1

0
dx

Z 1�x

0
dy

1

�(x, y)

Feynman’s trick + dim reg.

�(x, y) = m2
⇡ � x(1� x)Q2

1 � y(1� y)Q2
2

� 2xy Q1 ·Q2 � i✏.

Explicit calculation



• to lowest order 
 
=> only need to deal with on-shell condition

Q(s) ⇡ 1

2
Im

Z
d�3 iMtriangle

�
,
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iM4,o.s.(Q2
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1q

1� 4m2
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Q2
1

.

analytic result:



Q(s) ⇡ 1
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BOX DIAGRAM

• 4-body diagram
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Feynman’s trick + dim reg.

Explicit calculation
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Limits:
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SUNSET DIAGRAM

8.3 Calculation of One-Particle-Irreducible Diagrams 117

Introducing Feynman parameters as before, we find

B(q) = �
qµ

2

�(3�D)

(4⇡)D
@

@qµ

Z
1

0

dx[x(1� x)]D/2�2

⇥

Z
1

0
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(
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1� y +
y

x(1� x)

#)D�3

= q2
(3�D)�(3�D)

(4⇡)D

Z
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0
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Z
1

0

dy y2�D/2(1� y)
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#)D�4

. (8.90)

In terms of D = 4� ", this reads

B(q) = q2
�(")

(4⇡)4

✓
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m2

◆" Z 1
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1� " log

"
q2
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y(1� y) +

 

1� y +
y

x(1� x)

!#

+O("2)

)

. (8.91)

The parameter integrals without the brackets give no pole in ":

Z
1

0

dx [x(1� x)]�"/2 =
�(1� "/2)�(1� "/2)

(1� ")�(1� ")
= 1 + "+O("2), (8.92)

Z
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3

4
"+O("2)

�
. (8.93)

The only pole in " comes from the prefactor �(") in (8.91). Since the second term in the
brackets of (8.91) carries a factor ", it does not contribute to the pole term of B(q), and we
have

B(q) =
q2

(4⇡)4
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i 1
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Expanding (4⇡/m2)" as before, the final expression for the pole term of B(q) is

B(q) =
q2

(4⇡)4
1

2 "
+O("0). (8.95)

Together with the result for A(q) in (8.87), we find for the sunset diagram in (8.75) with
� = gµ":
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T-MATRIX REPRESENTATION
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GOING FURTHER

• Inelasticity & higher virial terms  
 
=> isobar approach 

• S-matrix as a theoretical framework:  
 
B versus A, kinetic theory 
CJT / NPI 
optical potential, in-medium properties,  
thermal amplitudes & all that



THANK YOU



PI K SCATTERING



pi K  
S-wave
I = 1/2
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pi K  
S-wave
I = 3/2
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