Chapter 2
Bifurcations and Chaos in Dynamical
Systems

Complex systems theory deals with dynamical systems containing often large
numbers of variables. It extends dynamical systems theory, which treats
dynamical systems containing a few variables. A good understanding of
dynamical systems theory is therefore a prerequisite when studying complex
systems.

In this chapter we introduce core concepts, like attractors and Lyapunov
exponents, bifurcations, and deterministic chaos from the realm of dynami-
cal systems theory. An introduction to catastrophe theory will be provided
together with the notion of rate-induced tipping and colliding attractors.

Most of the chapter will be devoted to ordinary differential equations and
maps, the traditional focus of dynamical systems theory, venturing however
towards the end into the intricacies of time delay dynamical systems.

2.1 Basic Concepts of Dynamical Systems Theory

Dynamical systems theory deals with the properties of coupled differential
equations, determining the time evolution of a few, typically a handful of vari-
ables. We present a concise overview covering the most important concepts
and phenomena.

Fixpoints and Limit Cycles In order to illustrate methodologies typical
for dynamical systems theory, we start with an elementary non-linear rotator.
For a two-dimensional systems x = (x,y), or

(t) = r(t) cos(p(t)), y(t) = r(t)sin(e(t)) (2.1)
in polar coordinates, we postulate the non-linear differential equations

= (I —7r%)r, p=w (2.2)
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Fig. 2.1 The solution of the non-linear rotator, compare (2.1) and (2.2). For I < 0 the
orbit is attracted by a stable fixpoint (left), for I' > 0 by a stable limit cycle (right).

govern the dynamical behavior. The typical orbits (x(t), y(t)) are illustrated
in Fig.2.1. The limiting behavior of (2.2) is

lim Bgt)} _ [ ] hee (2.3)

re cos(wt) 20
T sin(wt) ¢

In the first case, I' < 0, trajectories are attracted by the stable fixpoint
= (0,0). In the second case, I' > 0, the dynamics approaches stable
periodic orbit.

LiviT CycLE Trajectories retrace themselves with a period T' for limit cycles, viz
one has x(t + T') = x(t).

Limit cycles can be attracting or repelling. In (2.3) one has an attracting
limit cycle for I > 0.

Bifurcation Of particular interest are situations where the behavior of a
dynamical system changes qualitatively.

BIFURCATION The long-term limiting behavior of a dynamical system described by
a set of parameterized differential equations may change qualitatively as a function
of an external parameter. The resulting change in terms of fixpoints, limit cycles
and/or chaotic attractors constitutes a bifurcation.

The dynamical system (2.1) and (2.2) shows a bifurcation at I" = 0, at which
a fixpoint turns into a limit cycle. One denotes this specific type of bifurcation
a “Hopf bifurcation”, as discussed lateron in detail

Stability of Fixpoints The dynamics of orbits close to fixpoints or limiting
orbits is determined by its stability.

STABILITY CONDITION A fixpoint is stable (unstable) if nearby orbits are attracted
(repelled) by the fixpoint, and metastable if the distance does not change.
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Fig. 2.2 A fixpoint is sta-
stable ble (unstable) when orbits
/ \ are attracted (repelled).

An illustration is given in Fig. 2.2. The stability of fixpoints is closely related
to their Lyapunov exponents, as discussed in Sect. 2.4.

One can examine the stability of a fixpoint x* by linearizing the equation
of motions for x = x*. For the fixpoint r* = 0 of (2.2) we find

i= (I —r*)r~TIr, r<l,

and r(t) decreases (increases) for I' < 0 (I" > 0). For a d-dimensional system
x = (1, ..., xq) the stability of a fixpoint x* is determined by calculating
the d eigenvalues of the linearized equations of motion. The system is stable if
all eigenvalues are negative and unstable if at least one eigenvalue is positive.

Phase Space A given dynamical systems lives in its phase space.

PHASE SPACE The phase space is the space spanned by all allowed values of the
variables entering a set of first-order differential equations defining the dynamical
system.

For a two-dimensional system (z,y) the phase space is R2, but in the polar
coordinates one has

{(MP) ‘7" €[0,], p € [0,277[}_
The representation of a phase space changes upon coordinate transforma-
tions.

Attracting States and Manifolds Attracting states play a center role in
dynamical systems theory.

ATTRACTOR A bounded region in phase space to which orbits with certain initial
conditions come arbitrarily close is called an attractor.

Attractors can be isolated points, fixpoints, limit cycles or more complex
objects like attracting manifolds, viz subsets of phase space, or chaotic attrac-
tors.

BASIN OF ATTRACTION The set of initial conditions in phase space leading to orbits
approaching a certain attractor arbitrarily closely is the basin of attraction.

Most of the times the extend of a basin of attraction can be evaluated only
numerically.
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First-Order Differential Equations Let us consider the third-order dif-
ferential equation
d3
@x(t) = f(x,2,%). (2.4)
Using
x1(t) = z(t), xzo(t) = (), x3(t) = &(t), (2.5)

we can rewrite (2.4) as a first-order differential equation,

d Z1 x2
— | T2 = T3
dt
z3 f(z1,22,73)

One can reduce any set of coupled differential equations to a set of first-order
differential equations by introducing an appropriate number of additional
variables. We therefore consider in the following only first-order, ordinary
differential equations.

Autonomous Systems The generic form for a dynamical system is

dx(t)
dt

= f(x(¢)), x,f € RY, t € [—o0,+0o0], (2.6)
when time is continuous, or, equivalently, maps such as
x(t+1) = g(x(t)), x,g € RY, t=0,1,2,..., (2.7)

when time is discrete. Together with the time evolution equation one has to
set the initial condition xg = x(). An evolution equation of type (2.15) is
denoted “autonomous”, since it does not contain an explicit time dependence.
A system of type x = f(¢,x) is dubbed “non-autonomous”.

A particular solution x(¢) of a dynamical system in phase space is denoted
“trajectory”, or “orbit”. Orbits are uniquely determined by the set of initial
conditions, x(0) = xg, a consequence of dealing with first-order differential
equations.

Poincaré Map It is in general difficult to illustrate graphically the motion
of x(t) in d dimensions. Our retina, as well as our print media, are two-
dimensional and it is therefore convenient at times to consider a plane X in
R? together with the points x() marking the consecutive intersections of an
orbit with X, as illustrated in Fig.2.3. As an example consider the plane

XY = {(xl,l‘g,o,...,()) |J}1,Z‘2 S R}
and the sequence of intersections (see Fig. 2.3)

X(z):(xgl)7x§1)70770)3 (Z:1 27)

)
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W Fig. 2.3 The Poincaré map,

x — P(x), which maps an inter-
section x of the trajectory with
a hyperplane (shaded) to the
consecutive intersection P(x).

which define the “Poincaré map”
P: x(® — x(0+D, (2.8)

The Poincaré map is a discrete map, compare (2.7), which can be constructed
for continuous-time dynamical systems like (2.15). The Poincaré map is very
useful, since we can print and analyze it directly. In the simplest case, a
periodic orbit would show up in the Poincaré map as the identity mapping.

Constants of Motion and Ergodicity Dynamical systems derived in
physics from Hamilton- or Lagrange formalism are “mechanical systems”.
The vast majority of dynamical systems we will examine are non-mechanical.
There are however several foundational concepts from the realm of mechani-
cal systems that are generically relevant.

— CONSTANT OF MOTION
A function F(x) on phase space x = (x1,...,xq) is a “constant of motion”
if it is conserved under the time evolution of the dynamical system, i.e.
when

d /0
—F(x(t)) = F t;(t) =0
G0 =3 (560 100
holds for all times ¢. In many mechanical systems the energy is a conserved
quantity.
- ErGobDICITY
A dynamical system in which orbits come arbitrarily close to any allowed
point in the phase space, irrespective of the initial condition, is called
ergodic.

All conserving systems of classical mechanics are ergodic. The ergodicity of

a mechanical system is closely related to “Liouville’s theorem”.!

1 Liouville’s theorem will be discussed in Sect. ?? of Chap. ??, “??”.
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Ergodicity holds only modulo conserved quantities, which is the case for
the energy in many mechanical systems. Then, only points in the phase space
having the same energy as the trajectory considered are approached arbitrar-
ily close. It is clear that ergodicity and attractors are mutually exclusive: An
ergodic system cannot have attractors and a dynamical system with one or
more attractors cannot be ergodic.

Mechanical Systems and Integrability A dynamical system of type
xz:f,(as,a:), iZl,...,f

is a mechanical system, since equations of motion in classical mechanics are
of this form, e.g. Newton’s law. f is called the degree of freedom, which
implies that mechanical systems can be written as a set of coupled first-order
differential equations with 2f variables constituting the phase space,

(ml...xf,vl...vf), ’l)i:j?i, iZl,...,f,
with v = (v1,...,vs) being the generalized velocity. A mechanical system
is “integrable” if there are a = 1,..., f independent constants of motion

F,(x, ), such that

%Fa(ac,:t)zo, a=1,...,f.

The motion in the 2f-dimensional phase space (z1...zf,v1...vf) is then
restricted to an f-dimensional subspace, which is an f-dimensional torus, see
Fig.2.4.

An example of an integrable mechanical system is the Kepler problem,
viz the motion of earth around the sun. Integrable systems are very rare,
they constitute however important reference points for the understanding of
more complex dynamical systems. A classical example of a non-integrable
mechanical system is the three-body problem, viz the combined motion of
earth, moon and sun around each other.

KAM Theorem Kolmogorov, Arnold and Moser (KAM) examined the
question of what happens to an integrable system when it is perturbed. Let
us consider a two-dimensional torus, as illustrated in Fig.2.4. Orbit wraps
around the torus respectively with frequencies wy; and ws. A key quantity is
the ratio of revolution frequencies wy /wsy, which can be rational or irrational.
We recalr that irrational numbers r may be approximated with arbitrary

accuracy by a sequence of quotients

@, @, %,... S1 < 8S2<s3<...

s1 82 83
with ever larger denominators s;. A number r is “very irrational” when it
is difficult to approximate r by such a series of rational numbers, viz when
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Fig. 2.4 Left: A KAM-torus can be cut along two lines (vertical /horizontal) and unfolded.

Right: A closed orbit on the unfolded torus with wi/w2 = 3/1. The numbers indicate
points that coincide after refolding (periodic boundary conditions).

very large denominators s; are required to achieve a certain given accuracy
for |r —m/s|.

The KAM theorem states that orbits with rational ratios of revolution
frequencies wy /ws are the most unstable under a perturbation of an integrable
system and that tori are most stable when this ratio is very irrational.

Gaps in the Saturn Rings A spectacular example for the instability of
rational KAM-tori are the gaps in the rings of the planet Saturn.

The time a hypothetical particle in Cassini’s gap (between the A- and
the B-ring, r = 118,000 km) would need to orbit Saturn is half the orbiting
period of the ‘shepherd-moon’ Mimas. The quotient of these two revolving
frequencies is 2:1. Particle orbiting in Cassini’s gap are therefore unstable
against perturbation caused by Mimas and thrown out of their orbit.

2.2 Fixpoints, Bifurcations and Stability

We start our systematic discussions by considering the stability of fixpoint
x* of a one-dimensional dynamical system

&= f(z), f(@")=0. (2.9)

A fixpoint is the most simplest invariant manifold.? Generically, invariant
manifolds are sets of phase space that that are invariant under the dynamical
flow.

Fixpoints are the only possible invariant manifolds for d = 1 dimension,
in two dimensions fixpoints and limiting cycles are possible, with more com-
plicated objects, such as strange attractors, becoming accessible in three and
higher dimensions.

2 Invariant manifolds are touched upon further in in Sect. ?? of Chap. ??, “??”.



8 2 Bifurcations and Chaos in Dynamical Systems

Lyapunov Exponents The stability of a fixpoint is determined by the
direction of the flow close to it, which can be determined by linearizing the
time evolution equation & = f(z) around the fixpoint =*,

d *\ o~ * 1/ % L
%(m—x)—vaf(x)—i—f(x)(x )+ ..., (2.10)

where f/() denotes the first derivative. We rewrite (2.10) as
d 1/ % *
aAI:f(x)Ax, Ar=z—z",

where we neglected terms of order (z — 2*)? and higher and where we made
use of the fixpoint condition f(z*) = 0. This equation has the solution

00 f'(z*) >0

0 Fle) <o (2.11)

Az(t) = Az(0) ') {

The perturbation Az decreases/increases with time and the fixpoint z* is
hence stable/unstable for f/(z*) < 0 and f'(z*) > 0 respectively.

LYAPUNOV EXPONENT The time evolution close to a fixpoint x* is generically expo-
nential, ~ exp(\t), and one denotes by A = f/(z*) the Lyapunov exponent.

The Lyapunov exponent controls the direction of the flow close to a fixpoint.
Orbits are exponentially repelled/attracted for A > 0 and for A < 0 respec-
tively. For more than a single variable one has to find all eigenvalues of the
linearized problem, as discussed further below, with the fixpoint being stable
only when all eigenvalues are negative.

Fixpoints of Discrete Maps For a discrete map of type
x(t+1) = g(z(t)), x* = g(z™) (2.12)

the stability of a fixpoint z* can be determined by an equivalent linear anal-
ysis,
w(t+1) = g(x(t)) = g(z") + g'(z")(x(t) — 7).

Using the fixpoint condition g(z*) = 2* we write above expression as
Az(t+1)=z(t+1)—a* = ¢ (2*) Ax(t),

which has the solution

t

Az(t) = Az(0) [g’(x*)] , |Az(t)] = |Az(0)] e, (2.13)
The Lyapunov exponent,

<0 for |g(z*)| <1

>0 for |¢'(z*)|>1" (2.14)

A= tog )] = {
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controls the stability of the fixpoint. Note the differences in the relation of
the Lyapunov exponent A to the derivatives f’(z*) and ¢'(z*) for differential
equations and maps respectively, as given by (2.11) and (2.14).

2.2.1 Fixpoints Classification and Jacobian

We assume that the general d-dimensional dynamical system

dx(t) o
5~ fxO), x,f € R, f(x*) =0 (2.15)

has a fixpoint x*.

Jacobian and Lyapunov Exponents For a stability analysis of the fix-
point x* one linearizes (2.15) around the fixpoint, using x;(¢) ~ a} + dz;(t),
with small dz;(t). One obtains

= Jij (ij, JIJ = . (216)
dt zj: &vj x=x*

The matrix J;; of all possible partial derivatives is the “Jacobian” of the
dynamical system (2.15). The Jacobian allows to generalizes the definition of
the Lyapunov exponent for one-dimensional systems, as given previously.

LYAPUNOV SPECTRUM The set of eigenvalues {\;} of the Jacobian ¢ = 1,..,d is the
spectrum characterizing the fixpoint x*.

Lyapunov exponents A\, = X, + ¢\ may have real A}, and imaginary A
components, which leads to the time evolution

et — CA;,t Cm;{t
of infinitesimal perturbations around the fixpoint. A Lyapunov exponent A, is
attracting/neutral /repelling when X/, is negative/zero/positive respectively.

HYPERBOLIC FIXPOINT The flow is well defined in linear order when all A, # 0. In
this case the fixpoint is hyperbolic.

For a non-hyperbolic fixpoint at least one of the Lyapunov exponents is neu-
tral. All Lyapunov exponents are neutral for a vanishing Jacobian.

Pairwise Conjugate Exponents With A\ = X + i)\’ also its conjugate
A = X — i) in an eigenvalue of the Jacobian, which is a real matrix. It
follows that A and A\* differ when A\’ 2 0. In this caser there are (at least)
two eigenvalues having the same real part \'.

Fixpoint Classification for d = 2 In Fig. 2.5 some example trajectories
are shown for several fixpoints in d = 2 dimensions.
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Fig. 2.5 Example trajectories for a stable node (left), with a ratio A2 /A1 = 2, for a saddle
(middle) with A2/A1 = —3, and for a unstable focus (right).

— NODE
Both eigenvalues are real and have the same sign, which is negative/posi-
tive for a stable/unstable node.

— SADDLE
Both eigenvalues are real and have opposite signs.

- Focus
The eigenvalues are complex conjugate to each other. The trajectories
spiral in/out for negative/positive real parts.

Fixpoints in higher dimensions are characterized by the number of respective
attracting/neutral /repelling eigenvalues of the Jacobian, which may be in
turn either real or complex.

Stable and Unstable Manifolds For real eigenvalues A, # 0 of the Jaco-
bian J, with eigenvectors e,, and a sign s, = A, /|\n|, we define via

lim  x,(t) =x"+ e, Je, = \n.e,, (2.17)
t——s,00
trajectories x, (t) that leave/approach the fixpoint parallel to an eigendirec-
tion. These are stable manifolds (for A, < 0) and unstable manifolds (for
An > 0).

For a neutral Lyapunov exponent with A\, = 0 one define a “center mani-
fold” which we will discuss in the context of catastrophe theory in Sect. 2.3.2.
The term manifold denotes in mathematics, loosely speaking, a smooth topo-
logical object.

Stable and unstable manifolds control the flow infinitesimal close to the
fixpoint along the eigendirections of the Jacobian and may be continued to
all positive and negative times ¢. Typical examples are illustrated in Figs. 2.5
and 2.6.

Heteroclinic orbits One speaks of a “heteroclinc orbit” when the unstable
manifold of one fixpoint connects to the stable manifold of another fixpoint,
and viceversa. As an example, we consider a two dimensional dynamical sys-
tem defined by
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Fig. 2.6 Sample trajectories of the system (2.18), for ¢ = 0 (left) and ¢ = 0.2 (right).
Shown are the stable manifolds (thick green lines), the unstable manifolds (thick blue
lines) and the heteroclinic orbit (thick red line).

J(z*) = 2.18
y'zysr:—|—e(1—x2)2 (%) ( 0 x*)’ ( )

which has two saddles x} = (2*,0), where * = 1. The eigenvectors of
the Jacobian J(z*) are aligned with the « and the y axis respectively, for all
values of the control parameter e.

The flow diagram, as illustrated in Fig.2.6, is invariant when inverting
both 2 +» (—z) and y < (—y). The system contains additionally the y = 0
axis as a mirror line for a vanishing e = 0 and there is a heteroclinic orbit
connecting an unstable manifold of x* to one of the stable manifolds of x7 .
A finite € removes the mirror line y = 0, present at ¢ = 0, destroying the
heteroclinic orbit. Real world systems are often devoid of symmetries and
heteroclinic orbits hence rare.

2.2.2 Bifurcations and Normal Forms

The nature of the solution to a dynamical system, as defined by a suitable
first order differential equation (2.15), may change qualitatively as a function
of a given control parameter. When this happens, a bifurcation occurs. Here
we list the most important classes of what is called a “local bifurcation”. The
distinction to their counterpart, “global bifurcations”, will be elucidated in
Sect. 2.3.

A local bifurcations can be characterized by a simple archetypical equa-
tion, the “normal form”, to which a more complex dynamical systems will
generically reduce close to the transition point.

Saddle-node Bifurcation We consider the dynamical system defined by

Z—f =a—x?, (2.19)
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W a>0 <0
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Fig. 2.7 The saddle-node bifurcation, as described by (2.19). There are two fixpoints
for a > 0, an unstable branch 2 = —+/a and a stable branch z7 = ++/a. Left: The
phase diagram together with the flow (arrows). Right: The bifurcation potential U(z) =
—ax + x3/3, compare (2.26).

for a real variable z and a real control parameter a. The fixpoints © = 0
i =+va, ™ =—/a, a>0 (2.20)

exist only for positive control parameters, a > 0; there are no fixpoints for
negative a < 0. For the flow we find

d <0 for z>+a

dit” ={>0 for ze€[-a /a (2.21)
<0 for z<-—va

when a > 0. The upper branch z7 is hence stable and the lower branch z*
unstable, as illustrated in Fig. 2.7.

For a saddle-node bifurcation a stable and an unstable fixpoint collide
and annihilate each other, one speaks also of a fold, tangential or blue sky
bifurcation.

Transcritical Bifurcation We now consider the dynamical system

d
di; = z(a—1z), (2.22)
again for a real variable z and a real control parameter a. The two fixpoint
solutions & = 0,

x5 =0, z, =a, Va (2.23)

exist for all values of the control parameter. The direction of the flow & is
positive for z in between the two solutions and negative otherwise, see Fig. 2.8.
The respective stabilities of the two fixpoint solutions exchange consequently
at a =0.

Pitchfork Bifurcation The “supercritical” pitchfork bifurcation is
described by
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Fig. 2.8 The transcritical bifurcation, see (2.22). The two fixpoints z{; = 0 and =, = a
exchange stability at a = 0. Left: Phase diagram and flow (arrows). Right: The bifurcation
potential U(z) = —az?/2 + 23 /3, compare (2.26).

d
d—g; =azx — 22, xg =0, zh = ++/a, Tt =—Va. (2.24)

The trivial fixpoint 2§ = 0 becomes unstable at criticality, ¢ = 0, and two
symmetric stable fixpoints appear, see Fig. 2.9.

Bifurcation Potentials In many cases one can write the dynamical system

under consideration as p p
T
- _ 2.2

where U(x) is a potential in analogy to Newton’s equation of motion in classi-
cal mechanics. Local minima of the potential correspond to stable fixpoints,
compare Fig.2.2. The potentials for the saddle-node and the transcritical
bifurcation are

1 a 1
Usaddie(z) = —azx + gxg, Usrans(z) = —§x2 + §x3 ) (2.26)
respectively, see the definitions (2.19) and (2.22). The bifurcation potentials,
as shown in Figs. 2.7 and 2.8, bring immediately to evidence the stability of
the respective fixpoints. The bifurcation potential of the pitchfork bifuration,

a 1
Upiten(z) = —=a® + ~z*, (2.27)
2 4
is identical to the Landau-Ginzburg potential describing second-order phase
transitions in statistical physics.? Of relevance is also the subcritical pitchfork
transition, defined by & = ax + x>.

Bifurcation Symmetries The three bifurcation scenarios discussed above,
saddle-node, transcritical and pitchfork, are characterized by their symme-
tries close to the critical point, which has been set to = 0 and a = 0 in
all three cases. The normal forms and their respective bifurcation potentials

3 The Landau-Ginzburg theory of phase transitions will be treated at length in the context
of self-organized criticality, in Sect. ??. of Chap. 7?7, “?7”.
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constitute the simplest formulations consistent with the defining symmetry
properties.

The bifurcation potentials of the saddle-node and the pitchfork transitions
are respectively antisymmetric and symmetric under a sign change = < —x
of the dynamical variable, compare (2.26) and (2.27).

(4+) > (—)| saddle-node transcritical pitchfork
X anti - symm

a,x — anti —

The bifurcation potential of the transcritical bifurcation is, on the other hand,
antisymmetric under the combined symmetry operation x <+ —z and a < —a,
compare (2.26).

2.2.3 Hopf Bifurcations and Limit Cycles

Hopf Bifurcation A Hopf bifurcation occurs when a fixpoint changes its
stability together with the appearance of an either stable or unstable limit-
ing cycle, e.g. as for non-linear rotator illustrated in Fig.2.1. The canonical
equations of motion are?

—y+d(I—a® —y?

r4+d— 2% —y?)y

Y

(2.28)

in Euclidean phase space (z,y) = (rcos g, rsin ). The standard non-linear
rotator (2.2) is recovered when setting d = 1. There are two steady-state
solutions for I" > 0,

(x5, 90) = (0,0), (@F,yr) = VT (cos(t),sin(t)) (2.29)

a fixpoint and a limit cycle. The limit cycle disappears for I" < 0.

Super- vs. Sub-critical Hopf Bifurcation For d > 0 the bifurcation is
“supercritical”. The fixpoint x§ = (z,yg) is stable/unstable for I" < 0 and
I' > 0 and the limit cycle x}. = (27, y5) is stable, as illustrated in Fig. 2.1.

The direction of flow is reversed for d < 0, with the limit cycle x}. becoming
repelling. The fixpoint x§ is then unstable/stable for I" < 0 and I" > 0 and
one speaks of a “subcritical” Hopf bifurcation.

Hopf Bifurcation Theorem One may be interested to find out whether a
generic two dimensional system,

jj:fu(xvy)a y:gu(xhy)v (230)

4 In complex plane, with z = z+iy, Eq. (2.28) takes the form of a Stuart—Landau oscillator,
2 =iwz+d(I" —|2|?)z, with w = 1.
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X l U(x)

l stable T unstable

T a>0

Fig. 2.9 The supercritical pitchfork bifurcation, as defined by (2.24). The tz§ = 0 becomes
unstable for a > 0 and two new stable fixpoints, zh = ++/a and z* = —/a appear. Left:
Phase diagram and flow (arrows). Right: The bifurcation potential U(z) = —ax?/2+2%/4,
compare (2.26).

can be reduced to the normal form (2.28) for a Hopf bifurcation, where p is
the bifurcation parameter. Without loss of generality one can assume that
the fixpoint x{ stays at the origin for all values of p and that the transition
takes place for p = 0.

To linear order the normal form (2.28) and (2.30) are equivalent if the
Jacobian of (2.30) has a pair of complex conjugate eigenvalues, with the real
value crossing ;= 0 with a finite slope, which corresponds to a transition
from a stable to an unstable focus.

Comparing (2.28) and (2.30) to quadratic order one notices that quadratic
terms are absent in the normal form (2.28) but not in (2.30). One can however
show, with the help of a suitable non-linear transformation, that it is possible
to eliminate all quadratic terms from (2.30). One finds that the nature of the
bifurcation is determined by a combination of partial derivatives up to cubic
order,

a = [fgcxac + foyy + Joay + gyyy]/16
+ [fa:y(fxa: + fyy) - gzy(gaca: + gyy) — feaGzz — fyygyy} /(16w)

where w > 0 is the imaginary part of the Lyapunov exponent at the critical
point ;& = 0 and where the partial derivatives as f;, are to be evaluated at
i = 0 and x — x{§. The Hopf bifurcations is supercritical and subcritical
respectively for a < 0 and a > 0.

Interplay Between Multiple Limit Cycles A dynamical system may
dispose of a number of distinct limit cycles, which can merge or disappear as
a function of a given parameter. We consider the simplest case, generalizing

the non-linear rotator (2.2) to the next order in r?,

P= (=) =) e=w, s < vy (2.31)

Real-world physical or biological systems have bounded trajectories, which
implies that 7 must be negative for large radii r — co. This requirement has
been taken into account in (2.31), the “Bautin normal form”.
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Fig. 2.10 Left: For a fold bifurcation of limit cycles, the locations R+ = /1 & /i of the
stable and unstable limit cycles, R— and Ry, as defined by (2.31) and (2.32). At p =0 a
fold bifurcation of limit cycles occurs and a subcritical Hopf bifurcation at p = 1. Right:
The respective flow diagram. The filled/open circles denote stable/unstable limit cycles.
For p — 1 the unstable limit cycle vanishes, a subcritical Hopf bifurcation. The stable
and the unstable limit cycle collided for positive 4 — 0 and annihilate each other, a fold
bifurcation of limit cycles.

limit cycles

For v_ < 0 the first factor (72 —«_) is smooth for 72 > 0 and does not
influence the dynamics qualitatively. In this case (2.31) reduces to a standard
supercritical Hopf bifurcation, as a function of the bifurcation parameter v, .

Phenomenological Parametrization The roots v4+ of 72 in (2.31) typi-
cally result from some determining relation. As a possible simple assumption
we consider the form

e =1+ Vi, (2.32)

where p will be our bifurcation parameter. For u € [0, 1] we have two positive
roots and consequently also two limit cycles, a stable and an unstable one.
For ;# — 1 the unstable limit cycle vanishes in a subcritical Hopf bifurcation,
compare Fig. 2.10.

Fold Bifurcation of Limit Cycles For a saddle-node bifurcation of fix-
points, aka fold bifurcation, a stable and an unstable fixpoint merge and
annihilate each other, as illustrated in Fig.2.7. The equivalent phenomenon
occurs for limit cycles, as shown in Fig.2.10, happening in our model when
1 becomes negative,

v =1+iy/|ul, = —[(r* = 1>+ |u]r.

No limit cycle exists for ;1 < 0, only a stable fixpoint at r§ = 0 remains.
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Fig. 2.11 Left: The potential V(z) of the Taken-Bogdanov system (2.33). Energy is
dissipated to the environment for x < p and taken up for z > p. For p < 1 the local
minimum & = 1 of the potential becomes an unstable focus. Right: The flow for the
critical p = pe &~ 0.8645. The stable and unstable manifolds form an homoclinic loop (red
line).

2.3 Global Bifurcations

The bifurcations discussed in Sect. 2.2 are termed “local” as they are based on
Taylor expansions around a local fixpoint, which implies that the dynamical
state changes smoothly at the bifurcation point. There are, on the other hand,
bifurcations characterized by the properties of extended orbits. These kinds
of bifurcations are hence of “global” character.

Taken—Bogdanov System We consider a mechanical system with a cubic
potential V(x) and velocity-dependent forces,

&= (x—pz—Viiz) =y
V(z) = 23/3 — 22/2 J= (r—py+e(l—z) (2.33)

The conservative contribution to the force is —V’/(z) = x(1—=x), as illustrated
in Fig.2.11. The energy, defined by
2 dE

E=2 4V(a), &= i+ V@)i= (- i, (2.34)
is dissipated when = < p, viz when the term (z — p)& in (2.33) reduces the
velocity. The energy increases however for x > p, which means that the term
(x — p)& induces accelerated a movement. This interplay between energy
dissipation and uptake is typical for adaptive systems.”

Fixpoints and Jacobian The Taken-Bogdanov system (2.33) has two fix-
points (z*,0), with * = 0, 1. The eigenvalue of the Jacobian,

J_( 0 1 > A£(0,0) = —p/24 /P /A4
S\ =22) (2 —p) )7 Ae(L,0) = (1—p)/2+ /A —p)2/a—1

5 Per definition, adaption implies that a system may both dissipate energy and increase
its own reservoir, as discussed further in Sect. ?? of Chap. 7?7, “77”.
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Fig. 2.12 The flow for the Taken—-Bogdanov system (2.33). Left: The flow in the sub-
critical region, for p = 0.9 > p. ~ 0.8645, together with the resulting limit cycle (thick
black line). For p — p. the unstable (red) and stable (orange) manifold join to form a
homoclinic loop, which is identical to the locus of the limit cycle for u — p.. Right: The
flow in the supercritical region, for 4 = 0.8 < pc. The limit cycle did break after touching
the saddle at (0, 0).

show that (0,0) is always a saddle, a consequence of the quadratic maximum
of mechanical potential V(x) at = = 0.

The local minimum (1, 0) of the potential is a stable/unstable focus for p >
1 and g < 1 respectively, with 4 = 1 being the locus of a supercritical Hopf
bifurcation. We consider now p € [0, 1] and examine the further evolution of
the resulting limit cycle.

Escaping the Potential Well We consider a particle starting with a van-
ishing velocity close to x = 1, the local minimum of the Potential well.

When the particle takes up enough energy from the environment, due
to the velocity dependent force (z — p)v, it may be able to reach the local
maximum at z = 0 and escape to x — —o0o. This is the case when p < . ~
0.8645. All orbits will escape when the region of energy uptake did expand
to fe.

The particle remains trapped in the local potential well if dissipation dom-
inates, which is the case for u > p.. The particle is both trapped in the local
well and repelled, at the same time, from the unstable minimum at x = 1,
when p. < p < 1. The orbit is forced in this case to perform an oscillatory
motion around x = 1, which is equivalent to a stable limit cycle. This limit
cycle increases in size for decreasing p, exactly touching (0,0) for u = pu.,
breaking apart byond, when p < p.

The bifurcation occurring at 1 = p. depends non-locally on the overall
energy balance, as illustrated in Fig. 2.12. The “homoclinic transition” taking
place in the Taken-Bogdanov system is therefore an example of a global
bifurcation.

Homoclinic Bifurcation With a “homocline” one denotes a loop formed
by joining a stable and an unstable manifold of the same fixpoint. Homo-
clines may generically only occur if either forced by symmetries or for special
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Fig. 2.13 The flow for a system showing
an infinite period bifurcation, as defined
by (2.35) and (2.36). Here K = 1.1. The
stable fixpoint (filled circle) merges with
the saddle (open cicle) in the limit K —
1, which leads to a saddle-node bifurca-

tion on an invariant cycle.

values of bifurcation parameters, with the later being the case for the Taken—
Bogdanov system, which undergoes a homoclinic bifurcation.

An unstable and a stable manifold cross at u = u., compare Figs.2.11 and
2.12, forming a homocline. The homocline is also the endpoint of the limit
cycle present for pu > ., which disappears for u < p.. The limit cycle is
hence destroyed at the point of its maximal size for a homoclinic bifurcation,
and not when vanishing, as for a supercritical Hopf bifurcation.

2.3.1 Infinite Period Bifucation

For a further example of how a limit cycle may disappear discontinuously
we consider two coupled oscillators characterized by their individual phases,
respectively §; and 6.5, A typical evolution equation for the phase difference
Y = 91 — 92 is

$=1—Kcos(p). (2.35)

We can interpret (2.35) via
= (1-1%)r, x = rcos(yp), y = rsin(p) (2.36)

within the context of a two dimensional limit cycle, compare (2.2).

The phase difference ¢ continuously increases for |K| < 1, with the system
settling into a limit cycle. For |K| > 1 two fixpoints for ¢ = 0 appear, a saddle
and a stable node, as illustrated in Fig. 2.13. At this point, which correspond
to a saddle-node bifurcation on an invariant cycle, the limit cycle breaks up.

Infinite Period Bifurcation The limit cycle for |[K| < 1 has a revolution
period T of

T 27 2w 27
T Ty
0 o dy o ¥ o 1—Kcos(p) 1-K?

6 This formulation parallels the Kuramoto model, which is treated detail in Sect.?? of
Chap. 7?7, “?77.
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which diverges in the limit |K| — 1. The transition occurring at |K| = 1 is
hence a “infinite period bifurcation”, being characterized by a diverging time
scale.

2.3.2 Catastrophe Theory

A catchy terminology for potentially discontinuous bifurcations in dynamical
systems is “catastrophe theory”, especially when placing emphasis on a geo-
metric interpretation. Catastrophe theory is interested in bifurcations with
“codimension” two or higher.

CODIMENSION  The degrees of freedom characterizing a bifurcation diagram.

The codimension corresponds, colloquially speaking, to the number of param-
eters one may vary such that something interesting happens. The bifurcation
normal forms discussed in Sect.2.2.2 have a codimension of one.

Symmetry Broken Pitchfork Bifurcation We consider the one-
dimensional system
i=h+ar—2>. (2.37)

For h = 0 the system reduces to the pitchfork normal form of (2.24), becoming
invariant under the parity transformation = <> —x.

Parity is broken whenever h # 0. Eq.(2.37) can hence be used to study
the influence of symmetry breaking onto a bifurcation diagram. There are
two free parameters, h and a, the codimension is two.

Thermodynamic Phases The generalized pitchfork system (2.37) has a
close relation to the theory of thermodynamic phase transitions, when assum-
ing that

a=a(T)=ao(T.—-1T), ap >0,

where T is the temperature. In the absence of an external field h, only the
trivial fixpoint x* = 0 exists for T > T,, viz for temperatures above the
critical temperature T,.. In the ordered state, for T < T,., there are two
possible phases, characterized by the positive and negative stable fixpoints

T*.

Hysteresis and Memory The behavior of the phase transition changes
when an external field h is present. Switching the sign of the field is accom-
panied, in the ordered state for T' < T, by a “hysteresis-loop”

1H=2)-=>03) -0 = ...,

as illustrated in Fig. 2.14.

— The field h changes from negative to positive values along (1) — (2), with
the fixpoint £* remaining negative.
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Fig. 2.14 Left: The self-consistency condition 3 = h + az for the fixpoints z* of the
symmetry broken pitchfork system (2.37), for various fields h and a positive a > 0. The
unstable fixpoint at z = 0 would becomes stable for a < 0, compare Fig.2.9. Right: The
hysteresis loop (1) = (2) — (3) — (4) — (1) occurring for a > 0 as function of the field h.

— At (2) the negative stable fixpoint disappears and the system makes a
rapid transition to (3), the catastrophe.

— Lowering eventually again the field h, the system moves to (4), jumping
in the end back to (1).

The system retains its state, z* being positive or negative, to a certain extend
and one speaks of a memory in the context of catastrophe theory.

Center Manifold A d-dimensional dynamical system with a fixpoint x*
and a Jacobian J,

X = f(X), Jij = afl

ox L) Jen = )\nen )
j Ix=x

may have a number of neutral Lyapunov exponents with vanishing eigenvalues
Ai = 0 of the Jacobian.

CENTER MANIFOLD The space spanned by the neutral eigenvectors e; is the center
manifold.

Catastrophe theory deals with fixpoints having a non-vanishing center man-
ifold.

Center Manifold of the Pitchfork System The Lyapunov exponent
A =a—3(z")?

of the pitchfork system (2.37) vanishes at the jump-points (2) and (4) at
which the catastrophe occurs, compare Fig. 2.14. At the jump-points h + ax
is per definition tangent to z2, having identical slopes,

d 5_d 2 _
e —dm(h—i—ax), 3z =a. (2.38)
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At these transition points the autonomous flow becomes hence infinitesimally
slow, since A — 0, a phenomenon called “critical slowing down” in the context
of the theory of thermodynamic phase transitions.

Center Manifold Normal Forms The program of the catastrophe theory
consists of finding and classifying the normal forms for the center manifolds
of stationary points x*, by expanding to the next, non-vanishing order in
0x = x — x*. The aim is hence to classify the types of dynamical behavior
potentially leading to discontinuous transitions.

Catastrophic Fixpoints A generic fixpoint x* = x*(c) may depend on
control parameters ¢ = (¢, .., cg) of the equations of motion, with S being
the codimension. The flow is however smooth around a generic fixpoint and a
finite center manifold arises only for certain sets {c{} of control parameters.

The controlling parameters of the pitchfork system (2.37) are h and a, in
our example system, and a center manifold exists only when (2.38) is fulfilled,
viz when

3[a*(n°, ac)]2 = af, x*(h¢ a%) =

holds, which determines the set of “catastrophic fixpoints” z}.

Changing the Controlling Parameters How does the location x* of a
fixpoint change upon variations dc around the set of parameters c© determin-
ing the catastrophic fixpoint x}7? With

x5 = x"(c), x* = x"(c), dc=c—c°

we expand the fixpoint condition f(x,c¢) = 0 and obtain

afi ofi
0x* + Pdc = i = =, P, = , 2.
Jox* + Péc =0, Jij oz, 1= 3 (2.39)
which we can invert if the Jacobian J is non-singular,
ox* = —J ' Péc, if |J| # 0. (2.40)

The fixpoint may change however in a discontinuous fashion whenever the
determinant |J| of the Jacobian vanishes, viz in the presence of a center
manifold. This is precisely what happens at a catastrophic fixpoint x%(c®).

Catastrophic Manifold The set x} = x}(c¢) of catastrophic fixpoints is
determined by two conditions, by the fixpoint condition f = 0 and by |J| = 0.
For the pitchfork system (2.37) we find,

ac =3 (z})°, he = (3)° — acal = —2(2})°

c c c

when using (2.38). Solving for z* = \/a./3 we can eliminate z* and obtain

he = —2(ac/3)*?, (he/2)* = (ac/3)" | (2.41)
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xX*

Fig. 2.15 The fixpoints z*
. (upper folded plane) of the
0 symmetry broken pitchfork sys-
.................................. tem (2.37), as a function of the
/ control parameters a and h. The
a catastrophic manifold (ac, hc),
g compare (2.41), has a cusp-like

form (green lines).

which determines the “catastrophic manifold” (a., h.) for the pitchfork tran-
sition, as illustrated in Fig. 2.15.

Classification of Perturbations The control parameters (ac,h.) of the
pitchfork transition may be changed in two qualitatively distinct ways,
namely along the catastrophic manifold (2.41), or perpendicular to it.

It would hence be useful to dispose of a list of canonical perturbations
characterizing all possible distinct routes to change catastrophic fixpoints
xk = x*(c) qualitatively, upon small changes dc = ¢ — ¢° of the control

parameters c. It is the aim of catastrophe theory to develop such a canonical
classification scheme for the perturbations of center manifolds.

Gradient Dynamical Systems At times the flow f(x) of a dynamical
system may be represented as a gradient of a bifurcation potential U(x),

% =f(x) = ~VU(x). (2.42)

This is generically the case for one-dimensional systems, as discussed in
Sect. 2.2.2, but otherwise not. For the gradient representation

&= g(z,y) 9= —Us(z,9)

g = h(z,y) h=-Uy(z,y)
of a two-dimensional system to be valid, to give an example, the cross-
derivatives g, = —Uzy = —Uy, = h; would need to coincide. This is however

normally not the case.
For gradient dynamical systems one needs to discuss only the properties
of the bifurcation potential U(x), as scalar quantity, and they are hence
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Fig. 2.16 Rate-induced tipping. Left: The fixpoints z* = a/b are stable for the individual
flows (2.43), here for a = 5 and b = —5. The stationary points shift to +v/52 — 1 ~ +4.9
when the two flows are superimposed, as given by (2.45). Right: The orbits z(¢) under the
influence of a forcing @ = r. For small rates the system manages to adapt, as for r = 0.4,
for larger rates not. For r = 0.5/0.6/1.2 the system tips towards the alternative steady
state.

somewhat easier to investigate than a generic dynamical system of the form
% = f(x). Catastrophe theory is mostly limited to gradient systems.

2.3.3 Rate Induced Tipping

For the bifurcation scenarios studied hitherto, we took as a precondition that
controlling parameters changed slowly, on time scales substantially exceeding
that of the primary dynamics. This is the “adiabatic limit”.

Bifurcation vs. Tipping A rapid transfer between distinct stable mani-
folds may occur when systems reach a bifurcation point upon adiabatic
parameter changes, as illustrated in Fig.2.14. Systems undergoing self-
accelerating instabilities are said “to tip”, which is a somewhat broader
terminology. Instead of a description in terms of an abstract bifurcation,
‘tipping’ emphasizes the role of positive feedback effects. This view is partic-
ulary important in climatology and ecology.

Rate Induced Tipping Individual components of a dynamical system may
evolve on vastly different time scales. In climatology, a widely discussed slow
component is the Greenland iceshield, which takes millenia to grow or melt.
In ecology, adaption to changing enviromental condition via Darwinian evo-
lution is likewise a slow process, extending over geological periods.” Systems
with slow components may show a reduced resilence against shocks in terms of
rapid parameter changes, as typical for climatic and ecological systems facing
anthropogenic forcing. When the rate matters, at which control parameters
change, “rated induced tipping” may occur.

7 See Chap. ??, “?7”.
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Competing Fixpoints Close to an attracting state the flow is linear. At
larger distances z, the numerical size of the flow f = f(z) may however fade
away, f.i. as described by

—Z

&= f(z—a), f(z) = 152 (2.43)

In this example the flow decays inversely with the distance to the fixpoint
x* = a, as illustrated in Fig.2.16, after being maximal in magnitude at

x = a £ 1. For two attracting states the dynamics takes the form
= f(x—a)+ f(x—0), (2.44)

which makes the system bistable. The two flows compete with each other,
which shifts the two stable fixpoints,

(x—a)[1+(x—b)2] = —(x—b)[l+(x—a)2],
as determined by & = 0, or
(x —a)(x —b) = —1, x==xva% -1, (2.45)

where we specialized in the last step to b = —a. The two stable fixpoints are
sperated by an unstable fixpoint at * = 0. Eq. (2.44) describes a situation
in which the influence of attracting states decays in phase space, which is
typical for dynamical systems composed of interacting real-world identities.
An example would be physical objects, whose sphere of influence is often
limited to the immediate surrounding.

Adaption Catastrophy In (2.44) the dynamical variable x = xz(t) reflects
the state of the system. In the following we take x = a to correspond to a
healthy system, say a pristine ecosystem, and states x = b to a disrupted
system. External impacts may change the control parameter a = a(t), e.g.
with a constant rate r,

a=r.

The orbit cannot follow when a moves to the right too fast, which happens
when & < a = r. Given that f(x — a) is bounded, this necessarily happens
with increasing r. At this point the system fails to adapt to the changing
environment, with the orbit reverting to the disrupted state close to b. Rate
induced tipping occurs in the form of an adaption catastrophy. Extended
transients are observed close to the critical rate r, as shown in Fig. 2.16.
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Fig. 2.17 The average accuracy of weather forecasting, normalized to [0, 1], decreases
rapidly with increasing prediction timespan, due to the chaotic nature of weather dynamics.
Increasing the resources devoted for improving the prediction accuracy results in decreas-
ing returns close to the resulting complexity barrier. Reprinted from ? under CC-BY-4.0
license, © 2012 Complex Systems Publications, Inc.

2.4 Logistic Map and Deterministic Chaos

The notion of “chaos” plays an important role in dynamical systems theory. A
chaotic system is defined as a system that cannot be predicted within a given
numerical accuracy. At first sight this seems to be a surprising concept, since
differential equations of the type of (2.15), which do not contain any noise or
randomness, are perfectly deterministic. Once the starting point is known,
the resulting trajectory can be calculated for all times. Chaotic behavior can
arise nevertheless, due to an exponential sensitivity to initial conditions.

DETERMINISTIC CHAOS A deterministic dynamical system is chaotic when it shows
exponential sensibility with respect to initial conditions.

This means that a very small change in the initial setting can blow up even
after a short time. When considering real-world applications, when models
need to be determined from measurements containing inherent errors and
limited accuracies, an exponential sensitivity can result in unpredictability.
A well known example is the problem of long-term weather prediction, as
shown in Fig. 2.17.

Logistic Map One of the most cherished models in the field of deterministic
chaos is the logistic map of the interval [0, 1] onto itself,

Tpp1=9g(zn) =12, (1—2), 2, €0,1], r€[0,4], (2.46)
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Fig. 2.18 The logistic map g(z) = rz(1 — x) (red), and the iterated logistic map g(g(z))
(green); for r=2.5 (left) and r=3.3 (right). Also shown are iterations of g(z), starting from
2=0.1 (thin solid line). Note, that the fixpoint g(x) = =z is stable/unstable for r=2.5 and

r=3.3, respectively. The orbit is attracted to a fixpoint of g(g(z)) for r=3.3, corresponding
to a cycle of period two for g(z).

where we made use of the notation z, = x(n), for discrete times n =0, 1, ...
The functional dependence is illustrated in Fig.2.18. Despite its apparent

simplicity, the logistic map shows an infinite series of bifurcations that cul-
minate in a transition to chaos.

Biological Interpretation We may consider z,, € [0,1] as standing for
the population density of a reproducing species in the year n. In this case
the factor r(1 — x,,) € [0, 4] corresponds to the number of offspring per year
and animal, which is limited for high population densities z — 1, viz when
resources become scarce. The classical example is that of a herd of reindeer
on an island.

Knowing the population density x, in a given year n we may predict via
(2.46) the population density for all subsequent years exactly; the system
is deterministic. Nevertheless the population shows irregular behavior for

certain values of 7, which is hence chaotic.
Fixpoints of the Logistic Map We start with the fixpoints of g(x),
x=rz(l—zx) — x=0 or 1l=r(1-2x).
The non-trivial fixpoint is
1/r=1-uz, aM =1-1/r, <, r=1. (2.47)

It is present for < r, with 71 = 1, due to the restriction z() € [0, 1].
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Stability Analysis For maps, fixpoints are stable when the derivative g’ of
the flow is smaller than one in magnitude, see (2.14). For () =1 — 1/ this
translates to

g (z) =r(1 —2x), g (M) =2-r. (2.48)
Noting that r € [1, 4], we obtain
2-r<l <= mr<r<r with {:1i:1,) (2.49)
g =

for the region of stability of z(1).

Fixpoints of Period Two For r > 3 a fixpoint of period two appears. This
fixpoint is is a fixpoint of the iterated function

9(9(x)) = rg(x)(1 — g(2)) = r’z(1 — z)(1 — rz(l - z)).
The fixpoint equation = g(g(z)) leads to the cubic equation

1 =721 —rz+rz®) —riz(l —ra 4+ ra?),
0=r32" —2r°2% + (r* + r¥)z +1—1r?. (2.50)
In order to find the roots of (2.50) we use the fact that z = () =1 —1/r is
a stationary point of both g(x) and g(g(x)), see Fig. 2.18. Dividing (2.50) by
the root (z — (")) = (x — 1+ 1/r) one obtains
(rPa® =222 + (PP e +1—rY) (- 14+1/r) =
a2 — (P e+ (rP 7).

The two fixpoints of g(g(z)) are therefore the roots of

) 1 11
z—(l+—-)o+|-+5]=0,
T ror
which leads to

@ 1 1 1 NN /1 1

Period Doubling Bifurcation We have three fixpoints of period two for
r > 3 (two stable ones and one unstable), and only a single fixpoint for r < 3.
What happens at r = 37

2

) 1341 1/3+1 3+1

e ) ()
2 1
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Fig. 2.19 Left: The values z, for the iterated logistic map (2.46). For r < roo =& 3.57
the z,, go through cycles with finite but progressively longer periods. For r > ro the plot
would be fully covered in most regions if all x,, would be shown. Right: The corresponding
maximal Lyapunov exponents, as defined by (2.55). Positive Lyapunov exponents X indicate
chaotic behavior.

At r = 3 the fixpoint splits into two stable and one unstable branch, see
Fig.2.19, akin to the pitchfork bifurcations discussed in Sect. 2.2. Given that
a period doubling occurs at r = 3, the transition can be seen alternatively as
the discrete analog of a supercritical Hopf bifurcation.

Bifurcation Cascade One may carry out a stability analysis for ;v(ﬁ), just

as for (1. One finds a critical value 73 > o such that
w(ﬁ)(r) stable = ro <1 <7T3. (2.52)

Going further on one finds an r4 such that there are four fixpoints of period
four, that is of g(g(g(g(x)))), for r3 < r < ry. In general there are critical
values 7, and r,; such that there are

2"~ fixpoints 2™ of period 2" — T <1 < Tyl -

The logistic map therefore shows iterated bifurcations. This, however, is not
yet chaotic behavior.

Chaos in the Logistic Map There exists a critical r, at which the period-
doubling series converges,

lim r, — ro, T'oo = 3.5699456 . . .

n—oo

No stable fixpoint of even period exists in the region
Too < T < 4.

In order to characterize the sensitivity of (2.46) with respect to the initial
condition, we consider two slightly different starting points z; and x:

T — T =y, | < 1.
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The key question is then whether the difference

dg(x
Ym = Tm — xf,m Ym+1 ~ g( )
dx

Ym (2.53)

LT=Tm
between the two respective orbits is still small after m iterations. For (2.53)
we used ¥/, = T, — Ym, neglecting terms ~ y2,. We hence obtain

Yma1 =71 — 2T0) Ym = €Ym, -

For |e| < 1 the map is stable, as two initially different populations close in
with time passing. For |e| > 1 they diverge; the map is chaotic.
Lyapunov Exponents We remind ourselves of the definition

dg(z)

le| = e, A = log I

(2.54)

the Lyapunov exponent A = A(r) of a map, as introduced in Sect.2.2. For
positive Lyapunov exponents the time development is exponentially sensitive
to the initial conditions and shows chaotic features,

A <0 & stability, A >0 & instability.

This is indeed observed in nature, e.g. for populations of reindeer on isolated
islands, as well as for the logistic map for ro, < r < 4, compare Fig. 2.19.

Maximal Lyapunov Exponent The Lyapunov exponent, as defined by
(2.54), provides a description of the short time behavior. For a corresponding
characterization of the long time dynamics one defines the “maximal Lya-
punov exponent”

") (z
1 ’dg() ’ g™ (2) = g(¢" V().  (2.55)

A(max) — ] =1
n1>>Inl n ) dx

Using (2.54) for the short time evolution we can decompose A(™2%) into an
averaged sum of short time Lyapunov exponents. A(™#*) is the “global Lya-
punov exponent”.

One needs to select advisedly the number of iterations n in (2.55). On
one side n should be large enough such that short-term fluctuations of the
Lyapunov exponent are averaged out. The available phase space is however
generically finite, for the logistic map we have y € [0, 1]. Therefore, two
initially close orbits cannot diverge ad infinitum. One needs hence to avoid
phase-space restrictions, evaluating A(™2%) for large but finite numbers of
iterations n.

Routes to Chaos The chaotic regime 7o, < 7 < 4 of the logistic map
connects to the regular regime 0 < r < ro, with increasing period doubling.
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Fig. 2.20 Left: For A = 2, the odd logistic map (2.56). The local maximum gy, is reached
for xm = /A/3 =~ 0.82. Right: The bifurcation diagram of the odd logistic map as a
function of A\. One has a unique fixpoint z, = 0 (black) for A < 1 and two equivalent
attractors (blue/green) for 1 < A < \s, which merge at As = v/27/2 ~ 2.6. Inversion
symmetry is restored at As (red). A period-doubling transition to chaos is observable in
the symmetry broken phase.

One speaks of a “route to chaos via period-doubling”. The study of chaotic
systems is a wide field of research and a series of routes leading from regular
to chaotic behavior have been found. Two important alternative routes to
chaos are:

— INTERMITTENCY ROUTE TO CHAOS
The trajectories are almost periodic and interdispersed with regimes of
irregular behaviour. The occurrence of these irregular bursts increases until
the system becomes irregular.

— RUELLE-TAKENS-NEWHOUSE ROUTE TO CHAOS
A strange attractor appears in a dissipative system after two (Hopf) bifur-
cations. As a function of an external parameter a fixpoint evolves into a
limit cycle (Hopf bifurcation), which then turns into a limiting torus, which
subsequently turns into a strange attractor.

2.4.1 Colliding attractors

Bifurcations are generically the result of colliding invariant manifolds, viz
of stable and unstable fixpoints, limit cycles and chaotic sets. Examples are
the saddle-node bifurcation (2.19), at which a stable and an unstable fixpoint
merge, and the collision between a limit cycle and a saddle within the Taken—
Bogdanov system (2.33).

Odd Logistic Map The collision between two chaotic attractors can be
studied within the odd logistic map
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=g(xn) = oo (N — 22 A>0 (2.56)
Tn+1 g\Tn L Ty )s ) .

which is invariant under inversion = <+ (—x). The local maximum g,, = g(z,)

is given by
A A3
g =0, Ton = \/;, Gm = 2 3 (2.57)

as illustrated in Fig. 2.20.

Merging Chaotic Attranctors For A < 1 only the trivial fixpoint exists.
Afterwards, for 1 < A < Ag, there are two attracting states that are related via
inversion symmetry, as shown in Fig. 2.20. Both branches undergo a period-
double transition to chaos, in equivalence to the one observed for the standard
logistic map, compare Fig.2.19. At A\, determined by

2 V27
9(gm) =0, As =4 375)), As = 5 (2.58)

the two attractors merge. Only a single chaotic attractor remains for A > A,.

Chaotic Attractors in Crisis In general, different types of attractors may
collide. A Hopf bifurcation, f.i., occurs when limit cycles contract to a point,
which is equivalent to the merger of limit cycles with fixpoints. One speaks
of a “crisis” when chaotic attractors collide with unstable fixpoints or limit
cycles. For the logistic map (2.46), a crisis occurs at r = 4, namely when the
chaotic attractor hits the unstable fixpoint x = 0. Orbits diverge for r > 4.

2.5 Dynamical Systems with Time Delays

The dynamical systems we considered so far all had instantaneous dynamics,
being of the type

) = 1), t>0 (259)
y(t=0) = yo,

when denoting with y the initial condition. This is the simplest case: one
dimensional (a single dynamical variable only), autonomous (f(y) is not an
explicit function of time) and deterministic (no noise).

Time Delays In many real-world applications the couplings between dif-
ferent subsystems and dynamical variables is not instantaneous. Signals and
physical interactions need a certain time to travel from one subsystem to the
next. Time delays are therefore encountered commonly and become impor-
tant when the delay time T is comparable to the intrinsic time scales of
the dynamical system. We consider here the simplest case, a noise-free one-
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dimensional dynamical system with a single delay time,

%y(t) = f@),yt—-T), >0 (2.60)

y(t) = ¢(t)a te [7Ta 0] :

Due to the delayed coupling we need now to specify an entire initial function
¢(t). Differential equations containing one or more time delays need to be
considered carefully, with the time delay introducing additional dimensions
to the problem. We discuss a several basic examples.

Linear Couplings We start with the linear delay equation

%y(t) = —ay(t) — byt —T), a,b>0. (2.61)
The only constant solution for a + b # 0 is the trivial state y(¢) = 0. The
trivial solution is stable in the absence of time delays, 7" = 0, whenever
a+ b > 0. The question is, whether a finite T' may change this.

We may expect the existence of a certain critical T, such that y(t) = 0
remains stable for small time delays 0 < T < 7T.. In this case the initial
function ¢(t) will affect the orbit only transiently, in the long run the motion
would be damped out, approaching the trivial state asymptotically for t — oo.

Delay Induced Hopf Bifurcation Trying our luck with the usual expo-
nential ansatz, we find

A= —a—be | y(t) = yoe™, A=p+iq. (2.62)
Separating into a real and an imaginary part we obtain

p+a= —be P cos(qT),

qg= be PTsin(qT). (2.63)

For T = 0 the solution is p = —(a + b), ¢ = 0, as expected, and the trivial
solution y(t) = 0 is stable. A numerical solution is shown in Fig.2.21 for
a = 0.1 and b = 1. The crossing point p = 0 is determined by

a = —bcos(qT), q = bsin(qT). (2.64)

The first condition in (2.64) can be satisfied only for a < b. Taking the squares
in (2.64) and eliminating ¢T" one has

qg=Vb%—a? T =T, = arccos(—a/b)/q.

One therefore finds a Hopf bifurcation at T" = T,, which implies that the
trivial solution becomes unstable for T' > T.. For a = 0 the transition point
is defined by ¢ = b, together with T. = w/(2b). Note, that there is a Hopf
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Im - part q

Fig. 2.21 For a = 0.1 and
b = 1, the components
p and ¢ of the solution
e(PTid)t of the delay system
given by (2.61). The state
y(t) = 0 becomes unsta-
ble whenever the real part
p turns positive. The imagi-
nary part g is given in units
of 7.
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bifurcation only for a < b, viz whenever the time delay dominates, and that
q becomes non-zero well before the bifurcation point, compare Fig.2.21. One
has therefore a region of damped oscillatory behavior with ¢ # 0 and p < 0.

Discontinuities For differential equations with time delays one may spec-
ify arbitrary initial functions ¢(t), also initial functions with discontinuities,
which will induce discontinuities in the derivatives of the respective trajec-
tories. As an example we consider the case a = 0, b = 1 of (2.61), with a
non-zero constant initial function,

%y(t) — Lyt —T), s(t)=1. (2.65)

The solution can be evaluated by stepwise integration,

y(t)—y(o)Z/tdt/y(t')=—/tdt'y(t'—T)=—/tdt’=—t, 0<t<T.

0 0 0

The first derivative in consequently discontinuous at ¢ = 0,

. d . d
A gy =0 L g =1

In analogy one show that the second derivative has a discontinuity at ¢t =T,
the third derivative at t = 27", and so on.

Injectivity Ordinary differential equations are injective in the sense that
distinct initial conditions lead to distinct trajectories. This holds regardless
of the presence of attracting manifolds, which determine solely the long-term
behavior.

Delay systems are not necessarily injective with respect to the initial func-
tion. Consider logistic growth with a delayed growth rate,

Sy =yt =Tyt -1),  et=0)=1. (2.66)
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For any ¢(t) with ¢(0) =1 the solution is y(¢) = 1 for all ¢ € [0, co]. Distinct
initial functions lead to identical orbits.

Non-Constant Time Delays Things may become rather weird when the
time delays are not constant, as for

#y(®) =y(t=T(y)) + 3, T(y) =1+ y(t)],
o 1 t< -1 (2.67)
=0 tel-1,0
It is easy to see, that the two functions
t 3t
=5 w=%5.  teb,

are both solutions of (2.67), with appropriate continuations for ¢ > 2. Two
different solutions of the same differential equation and identical initial con-
ditions, this cannot happen for ordinary differential equations. It is evident,
that special care must be taken when examining dynamical systems with time
delays numerically.

2.5.1 D:istributed time delays

Basic delay differential systems contain a single time delay T, like (2.61),
which corresponds to an instanteous memory process. In general, the memory
ya (t) of past trajectories will be a convolution,

it (b) = /O T K ()t — 1), /0 T K(r)dr =1, (2.68)

where we defined with K (7) the delay kernel. For a sharply peaked delay
kernel, K(7) = 6(7 — T'), one recovers yp(t) = y(t — T).

Exponentially Distributed Delays Explicitly we consider with
1 —7/T
K(r) = Te (2.69)

exponentially distributed time delays. One has

Lopat) = /Om drK () Syl —7) = —/Ooo drK () eyt —7), (270

which allows to integrate the last expression by parts when using (2.69). The
resulting closed expression,
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—1 [ d _
UM = —/ dre /T —y(t —7) = Y= M ) (2.71)
0 dr

corresponds to a trailing average, with the memory variable y); trying to
approach y.

Kernel Series Framework Eq. (2.71) implies that a delay differential equa-
tion with exponentially distributed delays can be mapped exactly to a system
of ordinary differential equations by adding an additional variable, namely
ynm(t). For generic kernels K(7) in (2.68) one can generalize this concept
by adding a diverging number of memory variables. With this approach,
denoted “kernel series framework”, one can map any time delay system to
a N-dimensional system of ordinary differential equations. For the case of a
single time delay one speaks of the “linear chain trick”. In general one has
N — oo, which reflects the notion that delay stystems are formaly infinite
dimensional.
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