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Mean field theory




Heisenberg model for ferromagnetism

¢ Coulomb interaction
e Pauliprinciple

H = _Zj(Rm _Rn)Sm'Sﬂ,
n,m

%

R, %n: position of lattice points

](ﬁm — ﬁn): exchange interaction (] > 0)



Mean field theory

rewrite spin product:

neglect fluctuations

Mean field Heisenberg Hamiltonian:

H= = J(Ro— RSl S) = ) J(Ron = Ru) ($,) S+ C

isotropy:  J(R,,— R,) =J(R, —R,,)



Vean field theory

H:—an-

T

. iy

N _“‘Y"’_ N
effective external field

, , , MFT . : et 2
e 2-particle interaction ——— interaction with B,

H = _QHBZ Sn " Begr
n

. = = = 2 .,z
homogeneity : ( S,,) = (S); Berr = EA(S)



Mean field theory: antiferromagnetism

. j(ﬁm—,ﬁn){ﬂ EE—

antiparallel arrangement

e divisoninto 2 sublattices:

plus and minus

MFT:



Mean field theory: antiferromagnetism

effective external fields:
QHB§+ — ZZJ(R}?H o ﬁﬂ){§)+ +ZZJ(§m o F‘;ﬂ){g)—

guaB-=2) J(R - R)GE)-+2) IR, —R)E):

QUE§+ = 21++(§>+ + 2/1+—(§)—

gupB_ =22__(S)_+22_,(S),

symmetry: A,, =1__ and A,_=1_,



Mean field theory: antiferromagnetism

sublattice magnetization:

—

— N — N —
M, =~ gup(S)+ M_ =~ gup(S)-

§+ = _HDFH—F - Hﬂﬂf“?—

—

B_ = —poI'M_ — poAM,

" 4 4
with T=———41 and A = — y
gPugNy, T gPuENu,



Mean field theory: antiferromagnetism

calculation of magnetization of sublattice plus:

H, = —gip Xn+ Sy Bi; B, = —pol' M, — poAM_

guantization of spin orientation:

—

S -B, = hs,B.; sp=—-S,-S+1,..,S—1,8
— Hy = —b} +5,; b = gughB,

magnetization:

~10dInZ,

Mo =258+




Mean field theory: antiferromagnetism

partition function:

Z, =Tre Fli+ = 7 S: exp ,G‘EJZ

5=—5 sN——S

A
Z eBosn = [ePPS(1+ e P> + o~2Bb 4 ,,,E—zgm)]g

E -5
2

N
BbS Bb Ebs 1—e @S2
¢ Z(E ) N E 1— e hb ]

N N
IEEE(H%} —ﬁh(s#}r sinh(Bb(S +2)) |

sinh(3 Bb)

3
|M|E

1
o2Pt _ E_E“Eb



Mean field theory: antiferromagnetism

magnetization:

19InZ, N

M, = 9B, 5 94eS - Bs(BgueSBy)

N . _
— EQ”ES + Bg (ﬁgMBSI—uuFMi - UDAM$|)

— self consistent equation for M

Brillouin function:

E()_25+1 th(25+1) 1 th(l )
sV =" ©© 25 ) 25\ 2g”

forS = %particles:

Bi1(x) = tanhx
2



Vlean field theory: antiferromagnetism

for no external field: M, = -M_=M

N
M == gupS - Bs(BgupSue(A—I')M)
k_ﬂv,._f —— I
Y1 Ya

graphical solution: s v: A v:




Mean field theory: antiferromagnetism

beyond M; = 0 there exist 2 other solutions (intersections) for

dM Mg=0

Taylor expansion of Be(x) for x «< 1:

S+1 S+1282+4+25+1

3 EE
35 * 28 3052 © T

Bs(x) =

i =§gu55 BangSpeg(A—T) = -——

(dyg) N S+1 CA—-T
Mg=0 3S 2 T

%? =1 = [Ty = E(A —T)| Néel temperature
N




Mean field theory: antiferromagnetism

antiferromagnetic phase transition:

e T > Ty: sublattice magnetization vanishes — M, =0
e T < Ty: antiparallel orientation of spins — M, #0
(spontaneous sublattice magnetization)

classical Néel state (ground state T' = 0):

M (T = 0) = M~

— perfect antiparallel orientation




Mean field theory: disadvantages

e Existence of phase transition independent of d
— No magneticordering in 1d, 2d

e critical exponents are not correct

e |low temperature behavior of M is not correct

= [Vleanfield theory only gives a qualitative behavior of an
antiferromagnet



Spin wave theory




Spin wave theory: introduction

Heisenberg Hamiltonian (antiferromagnet ] > 0):
H :jZSj - Sivs = Z j s+ 578 s+ ST ﬁa)
I5
with ST = 5% +(5Y
ZQZ 1 +co— —ct
= H=] )5 %s15 (S"Sjvs + 7 Sike)
jé

\_Y_f - - A
(1) (2)

(1) energy gain through antiparallel orientation (classical Néel state)

(2) ST-operators produce a propagating spin flip—> propagation of
a spinwave



Spin wave theory: introduction

oscillations about Néel state:

AR e

normal modes are spin waves:

e creation of a quasi-particle:
. magnon (boson)
@ e aim:rewrite spin operators in
terms of boson creation and
}/’
o

annihilation operators



Spin wave theory: antiferromagnetism

Holstein Primakoff transformation:

division into 2sublattices A and B:

A (spin up) B (spin down)
1 1
T .\2 b'l'b 2
a. a
ggj:m(l g;) a; ngzﬁbj(tl_ zfsl)
1 1
t,\2 AT
. o; - _ [ B
SMZ\/ﬁa}f(l— ;Sj) Sﬂl_ﬁ(l_ﬁ) b,

Sii=8— a}'aj

SZ,=S— b'h,

Fulfills [S7,S7] = 257




Spin wave theory: antiferromagnetism

|

assumption: low temperatures —only few excited magnons

(a/a) (n)

< 1
S S

I 2 1
a. 1; . O; A;
st =v2s{1-2L21) a ~V2s|aq — L2
J 2s ) / 48

A (spin up) B (spin down)
T 1
a, a;a; b, b, b
Sf =28 (aj - *’4;’; ") St zwfzs(bf —~ 14; I)

t 1 bIb,b
a. a. a; —_— et e it
ng\/ZS(ajT— 14;’5 *’) Sp1 —vZS(bz S )
1 Sq =S~ b;bz

z ju— b =




Spin wave theory: antiferromagnetism

propagating excitations — E-space operators:

A (spin up)

B (spin down)

2 =
= ’— ekic]
NZE K

- L

2 =23
. e ikl .
‘/;ZE k

satisfy boson commutation relations:

1‘.

[CE* 'SE]_ = §z; and [CE* ¢l

ck CEE] =0




Spin wave theory: antiferromagnetism

H ZJZ{SEJSA;+5 +3 (SLS;;+5 +S A; A;+5)}+-’rZ{Sﬂz}S Bj+& +3 (S;jsﬁ'_j+5 +SE}S§J+5)}

A (spin up) B (spin down)
t IEA
a, a; b, b b
Si =v2s (aj - -’4; *’) St =25 (bj— 54; I)
t, 1 bbb
a, a, a N v 1 D10
Saj = V2§ (a;r —14—;}) Spy =V2§ (bz s )
S, =5— b b,

Si=5— aTaj

2 oy 2 s
Tt | = iy T | R ikl 4T
a; = N EEE c; bx — ’N E EE d?{
2 LT .2
a. = — E_ijc—: b — _ E_Iki
J NZE K : ,NZE




Spin wave theory: antiferromagnetism

Spin wave theory:

H=—=]S?+Ho+H,
—

classical Néel bilinear terms of higher order terms
energy c-,d-operators (magnon-magnon interaction)

H, ZJESZE l]/g (cgd_g + d%cjﬁ) + (cgcﬁ + d%dg)]
with yz = :226 eiEE‘

m=) aim: diagonalization of H



Spin wave theory: antiferromagnetism

rewrite Hy:

1
—H, _—(Z H—{:l}-l—z P:’)
Z_IS E k E K

é ) = Yzlc ( Idt + d_*c*) + (CI{?—* + dtd_g)

E] =¥z (d:ﬂ jk +c *d*) (ETRE Z —|—de4)

: e (1 ) _ 4,
Diagonalizationof Hz* — H." =1 aﬁak

Bogolyubov transformation:

— — — — -r- — —
Ay = ugpCz — Uy d ug, vy ER
ap = UpCy ved_z Uz — vy = 1 — lak,aﬁl_ =




Spin wave theory: antiferromagnetism

fcl) = A*aﬁak — a:k,H-(-l)] = Azaz and la'f H-[.l)] AEau
T ( 1) _ T 4t T T
ap = UgCy — vﬁd_g = =Yx ( kd_k +d *ck) (CE'SE + d_gd—ﬁ)
T T
Ay = UpC;; — vzd_z

.

1—-A; = =
( 14 ) likﬂﬁ) (ﬁg) =0

. ~ /
det =0

determination of ug, vy

— A= —




Spin wave theory: antiferromagnetism

:——S(S—Fl) -I-]ZSZ 11— ’y‘k {:{—«n:—* — ('5’ B + )}
hwy = JzS il—yf (},’E — ide‘ﬁ)

dispersion relation for magnons (antiferromagnet)

long wavelength-limita|k| « 1 : o7 (k)

’1 —]ff a a‘ﬁ_s:}‘

— | hog ~ ].?:Sa‘k‘

[ﬁF )

(k)

linear dispersion




Spin wave theory: antiferromagnetism

H=E,+ Zﬁm {xaa +ﬁaﬁﬁ)

ground state energy:

1 2 2
E, = —-NzJS +sz§ ( 1—}!%—1)
2 > K

k_.Y,_)' o —— i
classical Néel energy excitation due to
guantum fluctuation

magnetization per spin (in ground state):

,
\

spin reduction



Summary: Mean field theory

Heisenberg model:

H=— En,m](ﬁm - ﬁn)gm ' §n

MFT:

H=—guglin+ Sp* By — glg 2in- Sn - B-

N
M = gusS - Bs(BgupSio(4 — M)

c
Ty =Z(A—T)

with

—

Y1, Y2 ‘

+ = —Hol'My — poAMy

Vi

M, (T = 0) = M}~




Summary: Spin wave theory

Heisenberg model:

H = jZ {Sj}sﬂﬁg +- (SLSAM +5 j5A+j+5)}+ jZ {SZ SEists (5+.S§j+5 + ng5;j+5)}

e Holstein-Primakofftransformation

. E-space operators
e Bogolyubovtransformation

H = Ey+ )z hws, (ar-:a' +ﬁ—:ﬁk)

E, = _%szsz +1352E( /1 —yg — 1)

haws mszalEl




