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Monte Carlo simulations

Canonical partition function and 
ensemble average
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Coupling : β
Conjugate energy : E

Ising

QCD (Nf degenerate quarks)
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Monte Carlo simulations

● Sum over small subset

● Subset chosen from 
probability distribution pn

● Importance sampling
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Reweighting

● Expand Monte Carlo results to different parameter values

● Ferrenberg and Swendsen: single & multiple histogram reweighting

● Single histogram reweighting: extrapolation from one simulated coupling value

● Multiple histogram reweighting: interpolation between several simulated 
coupling values
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Single histogram reweighting

Monte Carlo estimator:

Boltzmann weight at β0
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Multiple histogram reweighting
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Large nj(E) leads to a good approximation of ρ(E) 
→ large overlap of histogram

● Multiple histogram method with 
one β → single histogram method

● Error calculation: Bootstrap
● Multiple couplings:
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Single vs Multiple histogram reweighting

4.635 4.640 4.645 4.650 4.655 4.660

0.525

0.550

0.575

0.600

0.625

0.650

0.675

0.700

Reweighted mean of 

4.635 4.640 4.645 4.650 4.655 4.660

0.525

0.550

0.575

0.600

0.625

0.650

0.675

0.700

Reweighted mean of 

Single histogram Multiple histogram

βsim = 4.645 βsim = 4.645 , 4.660
Jonas Schaible



8

Single vs Multiple histogram reweighting
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Multiple histogram reweighting
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Multiple histogram reweighting

● Higher moments usefull for finding βc
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Logarithmic summation

● Avoid numerical 
overflow/underflow

● Exponent always ≤ 0
for a ≥ b

● Partition function and 
estimator
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Iteration of Zk

● Partition function self-consistent
● Newton-Raphson method for better 

convergence behavior

Jonas Schaible



13

Newton-Raphson method

● Multiple dimensions
● Taylor expansion around the root of fk(x)

● System of linear equations ● Update step

● Jacobian has to be know analytically or cheap to evaluate
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Newton-Raphson method

Find root of
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Newton-Raphson method

● Iterate until desired precision 
is reached

● Damping factor can be 
introduced

● Partition function can be 
rescaled by a constant

● Keeping one value fixed 
reduces dimension
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