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Monte Carlo simulations
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Monte Carlo simulations

e Sum over small subset ZN O —1 —BE,
n=1 nlPnp €
On(P) = N 1 ,-BE
* Subset chosen from E:_n_lpn e—BEn

probability distribution p»

* Importance sampling

1 .. N
Pn = Ee o On(B) = ZOn
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Reweighting

* Expand Monte Carlo results to different parameter values
* Ferrenberg and Swendsen: single & multiple histogram reweighting
* Single histogram reweighting: extrapolation from one simulated coupling value

* Multiple histogram reweighting: interpolation between several simulated
coupling values
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Single histogram reweighting

Monte Carlo estimator: single histogram method
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Multiple histogram reweighting

1
Z(8) =
(5) ; > N; Z7t elB=8) B e Multiple histogram method with

1 O, one [3 > single histogram method

On(B) = m Z N Z_f’n(ﬁ_ﬁ_)E. * Error calculation: Bootstrap
imn Zj jey e T * Multiple couplings:
2(6) = Z 1
Large ny(E) leads to a good approximation of p(E) - - > N 77! eXalamdai)Bain
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Single vs Multiple histogram reweighting
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Reweighted mean of YW Reweighted mean of YW
0.700 - 0.700
0.675 !i“.lh.. 0.675 - }’illl'lllm
||||||ﬂ|-|-|-|.|.I|I|I|Ilriii|||ll||..
0.625 1 0.625 L
5 3 -
'2 0.600 '2 0.600 A hll"-
0.575 - 0.575 - 1..|'ﬁI||IIIIII...
0.550 - 0.550 "'||I!
0.525 - ' 0.525 'II.‘\’
4.635 4.640 4.645 4.650 4.655 4.660 4.635 4.640 4.645 4.650 4.655 4.660
B B
Bsim = 4.645 Bsim =4.645, 4.660

Jonas Schaible



Single vs Multiple histogram reweighting
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Multiple histogram reweighting

Normalized Histograms Normalized Histograms
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Multiple histogram reweighting

* Higher moments usefull for finding 3.

Reweighted skewness of YW Reweighted kurtosis of YW
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Logarithmic summation

* Avoid numerical In(a+b) = In (M@ 4+ &) = In(a) + In (1 4 nE)-1nla))
overflow/underflow
In(zmaz) In(x;
° Exponent always <0 (Z ZEZ) = In (ajfmax —+ Z :131) = In ( + Z e ( )
fora=b i#£max i#Fmazr
o). . _ In(z;)—In(zmaz
e Partition function and = In(Zmae) + 10 (1 + ) et )>
estimator iFmaz

In(Z;) =1In (Z Xl([jk)) —In (Z eln(Xl(/Bk)))

O(B) = (X OrXu(8)=n(Z())

III(XZ ﬁk — _1In (Z 6ln —Bi)Ei— lnzj) -
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Iteration of Z,

1
Ly = ; Zj N, 5 B (2 Zp=1—=1In(Z,)=0

* Partition function self-consistent
* Newton-Raphson method for better
convergence behavior
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Newton-Raphson method

* Multiple dimensions
* Taylor expansion around the root of fy(x)

—=(n N —=n 0 (7 —(n a
0= R34 5) = (#) + DD L 06 & AE ) + S, Jom = 21k
Lm ZF=z(n) a Lm
* System of linear equations * Update step
_fk(aj(n)) — kaAajm f(?'b-{—].) — f(?l) _|_ Af

* Jacobian has to be know analytically or cheap to evaluate

Jonas Schaible



Newton-Raphson method

Find root of

Df(In(Zy
f(In(Zy)) = In (Z ) 1 o ) —In(Zy) Tiem = gl(n?(znz»)))

r,n

ka, = exrp {—ITI(Zm) + [n (Z i?\’rm Ef('qu_'Bm)Ezn_FQ{'n ) —In (Z (X (Pr)) ) }_5km

i,n

—F(In(Zy) = T Aln(Zo) n(Z"y = in(ZM™M) + Aln(Z;,)
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Newton-Raphson method

Z}(cn) B Z'lgn,—l)

2
) = Z (1— e_N”Z"‘)2 < precision®
K

* lterate until desired precision ~ A> = Z (

(n)
is reached k £

* Damping factor can be 1 (Z(n+1)) — (Z(n)) N-Aln(Z
introduced T )T ")

* Partition function can be 7, = Z 1 2o Z=Az
rescaled by a constant - 2. IV Zj_l e(Pr—h;) Bin In(Z") = In(Z)+In(A)

* Keeping one value fixed

reduces dimension Aln(Z;) =0
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