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Properties of confining gauge field configurations
in the pseudoparticle approach
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91058 Erlangen, Germany

Abstract. The pseudoparticle approach is a numerical method to approximate path integrals in
SU(2) Yang-Mills theory. Path integrals are computed by summing over all gauge field configu-
rations, which can be represented by a linear superpositionof a small number of pseudoparticles
with amplitudes and color orientations as degrees of freedom. By comparing different pseudoparti-
cle ensembles we determine properties of confining gauge field configurations. Our results indicate
the importance of long range interactions between pseudoparticles and of non trivial topological
properties.
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1. THE BASIC PRINCIPLE OF THE PSEUDOPARTICLE
APPROACH

The pseudoparticle approach [1, 2, 3] is a numerical technique to approximate Euclidean
path integrals. In this work we consider pure SU(2) Yang-Mills theory, where the
expectation value of a quantityO is given by

〈

O

〉

=
1
Z

∫

DAO [A]e−S[A] , S[A] =
1

4g2

∫

d4xFa
µνFa

µν (1)

with Fa
µν = ∂µAa

ν −∂νAa
µ +εabcAb

µAc
ν . Furthermore, the pseudoparticle approach is a tool

to analyze the importance of certain classes of gauge field configurations with respect to
confinement (c.f. section 2).

The basic idea of the pseudoparticle approach is to consideronly those gauge field
configurations, which can be written as a sum of a fixed number (≈ 400) of pseudopar-
ticles:

Aa
µ(x) = ∑

i
A (i)C ab(i)ab

µ,inst.(x−z(i))+∑
j

A ( j)C ab( j)ab
µ,antiinst.(x−z( j))+

∑
k

A (k)C ab(k)ab
µ,akyron(x−z(k)) (2)

with amplitudesA (i) ∈ R, color orientation matricesC ab(i) ∈ SO(3) and positions
z(i) ∈ R

4 as degrees of freedom. Our standard choice of pseudoparticles are “regular
gauge instantons”, “regular gauge antiinstantons” and akyrons:

ab
µ,inst.(x) = ηb

µνxν
1

x2 +λ 2 , ab
µ,antiinst.(x) = η̄b

µνxν
1

x2 +λ 2 ,
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ab
µ,akyron(x) = δ b1xµ

1
x2 +λ 2 (3)

with ηb
µν = εbµν +δbµ δ0ν −δbν δ0µ andη̄b

µν = εbµν −δbµ δ0ν +δbν δ0µ . Note, however,
that instead of these pseudoparticles any set of localized gauge field configurations can
be used (an example, Gaussian localized pseudoparticles, are discussed in section 2).
The path integral (1) is approximated by an integration overamplitudes and color
orientation matrices:

〈

O

〉

=
1
Z

∫

(

∏
i

dA (i)dC (i)

)

O(A (i),C (i))e−S(A (i),C (i)). (4)

To be more concrete, we put 400 pseudoparticles (pseudoparticle sizeλ = 0.5) with
randomly chosen positionsz(i) inside a hyperspherical spacetime region with radius
3.0 (this amounts to a pseudoparticle density of 1.0) and compute the multidimensional
integrals (4) via Monte-Carlo sampling. Boundary effects are excluded by “measuring”
observables sufficiently far away from the boundary.

In [2, 3] it has been shown in detail that the pseudoparticle approach applied with
around 400 instantons, antiinstantons and akyrons is able to reproduce many essential
features of SU(2) Yang-Mills theory. For example the staticquark antiquark potential
is linear for large separations (c.f. Figure 1a), i.e. thereis confinement. Like in lattice
gauge theory the string tensionσ is an increasing function of the coupling constantg.
Therefore, when the scale is set by identifying the numerical value ofσ with its phys-
ical value, e.g.σ = 4.2/fm2, the physical size of the hyperspherical spacetime region
can be adjusted by choosing appropriate values forg. Furthermore, the string tensionσ ,
the topological susceptibilityχ and the critical temperature of the confinement decon-
finement phase transitionTcritical scale consistently withg, i.e. the dimensionless ratios
χ1/4/σ1/2 andTcritical/σ1/2 are constant with respect tog. They are also of the right
order of magnitude when compared to lattice results.

Note that there are significant differences between our method and well-established
instanton gas and instanton liquid models [4]: (i) in general, our gauge field configura-
tions (2) are not even close to classical solutions, i.e. we do not consider a semiclassical
limit, but try to approximate full quantum physics; (ii) thelatter is related to the fact
that our “regular gauge pseudoparticles” (3) interact overlarge distances; this is so, be-
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FIGURE 1. The static quark antiquark potential plotted against the separation.a) Standard choice of
pseudoparticles (the data points have been fitted withVqq̄(R) = V0−α/R+ σR). b) Gaussian localized
pseudoparticles of different size.c) Akyron ensemble, instanton ensemble and mixed ensemble.



cause their gauge fields decrease like 1/|x| for large|x| in contrast to the 1/|x|3-behavior
of singular gauge instantons and antiinstantons; as we willdemonstrate in section 2,
these long range interactions are intimately connected to confinement; (iii) because we
include amplitudes as degrees of freedom, it is also possible to model small quantum
fluctuations; furthermore, in the limit of infinitely many pseudoparticles any gauge field
configuration can be represented according to (2), i.e. in this limit the pseudoparticle
approach is identical to full SU(2) Yang-Mills theory (c.f.[2]).

2. PROPERTIES OF CONFINING GAUGE FIELD
CONFIGURATIONS

In the following we apply the pseudoparticle approach with different types of pseudopar-
ticles to study the effect of different classes of gauge fieldconfigurations on confinement.

Pseudoparticles of different size.We have compared ensembles with different pseu-
doparticle sizeλ . Note thatλ strongly affects the shape of a pseudoparticle near its
center, but has essentially no effect on the 1/|x| long range behavior (c.f. (3)). For
λ = 0.2, . . . ,1.1 the static quark antiquark potential is essentially unaffected by the pseu-
doparticle sizeλ . This indicates that confinement is a consequence of the 1/|x| long
range behavior of the pseudoparticles, which is the same forall values ofλ . Typical
gauge field configurations forλ = 0.2 and forλ = 1.1 are shown in Figure 2a. For both
values ofλ the global structure is the same, but forλ = 0.2 there are additional lo-
cal ultraviolet fluctuations. Apparently, these ultraviolet fluctuations have no effect on
confinement and the string tension.

b) Gaussian localized pseudoparticlesa) standard choice of pseudoparticles

λ = 1.10 λ = 0.25 λ = 1.00λ = 0.20

FIGURE 2. Typical gauge field configurations: one of the gauge field componentsAa
µ plotted against

two of the spacetime coordinatesxµ andxν .



Pseudoparticles with a limited range of interaction.We have compared ensembles
of Gaussian localized pseudoparticles with different sizeλ . These Gaussian localized
pseudoparticles arise by replacing 1/(x2 + λ 2) in (3) by (1/λ 2)exp(−x2/2λ 2). They
have a limited range of interaction, which is proportional to λ . For short range pseu-
doparticles (λ ≤ 0.50) there is little overlap between neighboring pseudoparticles and no
confinement. For long range pseudoparticles (λ ≥ 1.00) there is significant overlap and
the static quark antiquark potential is confining (c.f. Figure 1b). To put it another way,
there is a close relation between “pseudoparticle percolation” and confinement. Typi-
cal gauge field configurations forλ = 0.25 and forλ = 1.00 are shown in Figure 2b.
For λ = 0.25 (no confinement) there are only local ultraviolet fluctuations, while for
λ = 1.00 (confinement) there are global excitations. It seems thatgauge field configura-
tions responsible for confinement contain extended structures and large area excitations.

Pseudoparticles without topological charge.We have compared a pure akyron en-
semble (400 akyrons), a pure instanton ensemble (200 instantons, 200 antiinstantons)
and a “mixed ensemble” (150 instantons, 150 antiinstantons, 100 akyrons). There is no
confinement in the akyron ensemble (c.f. Figure 1c). That demonstrates that akyrons
alone are not suited to reproduce correct Yang-Mills physics. Since superpositions of
akyrons always have vanishing topological charge density (c.f. [3]), it also supports the
common expectation that confinement and topological chargeare closely related. Both
in the instanton and in the mixed ensemble there is confinement. However, comparing
physically meaningful quantities in the instanton ensemble and in the mixed ensemble
(e.g.(χ1/4/σ1/2)instanton= 0.26,(χ1/4/σ1/2)mixed= 0.35) with results from lattice cal-
culations ((χ1/4/σ1/2)lattice = 0.49 [5]) indicates that using akyrons is beneficial with
respect to quantitative results.

Summary. We have presented evidence that confining gauge field configurations
contain extended structures and large area excitations. Topological charge also seems
to play an important role. In contrast to that, confinement isnot affected by ultraviolet
fluctuations.
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