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We study the b̄b̄ud tetraquark with quantum numbers I(JP ) = 0(1+) as well as the b̄b̄us tetraquark
with quantum numbers JP = 1+ using lattice QCD. We improve on existing work by including
both local and scattering interpolating operators on both sides of the correlation functions and
use symmetric correlation matrices. This allows not only a reliable determination of the energies
of QCD-stable tetraquark ground states, but also of low-lying excited states, which are meson-
meson scattering states. The latter is particularly important for future finite-volume scattering
analyses. Here, we perform chiral and continuum extrapolations of just the ground-state energies,
for which finite-volume effects are expected to be small. Our resulting tetraquark binding energies,
−100 ± 10 +36

−43 MeV for b̄b̄ud and −30 ± 3 +11
−31 MeV for b̄b̄us, are consistent with other recent

lattice-QCD predictions.

I. INTRODUCTION

Mesons, which are hadrons with integer spin, are typically composed of one valence quark and one valence antiquark.
However, they can as well contain two valence quarks and two valence antiquarks. Such exotic states are called
tetraquarks1. In this work we use lattice QCD to study two particular antiheavy-antiheavy-light-light four-quark
systems, the b̄b̄ud tetraquark with quantum numbers I(JP ) = 0(1+) and the b̄b̄us tetraquark with quantum numbers
JP = 1+. These tetraquarks are expected to be QCD-stable (i.e., have a mass lower than the sum of the masses of the
lightest possible strong-decay products, a pseudoscalar and a vector heavy-light meson in this case) for sufficiently large
heavy-quark mass [1–3]. Accurately predicting the binding energies at the physical b-quark mass is quite challenging.
Approaches using potential models, effective field theories, and QCD sum rules [1–32] gave a wide spread of results
for the binding energy of the b̄b̄ud system, and did not all predict the b̄b̄us mass to be below threshold (see, e.g., the
summary plots in Fig. 13 in the conclusions section of this paper). On the other hand, studies using lattice QCD
consistently find both the b̄b̄ud and b̄b̄us tetraquarks to be QCD-stable. While early investigations based on static
potentials from lattice QCD and the Born-Oppenheimer approximation slightly underestimated the binding energy
of the b̄b̄ud tetraquark [33–37], more recent rigorous full lattice-QCD simulations [38–44] obtained binding energies
of O(100MeV) for the b̄b̄ud tetraquark with I(JP ) = 0(1+) and O(50MeV) for the b̄b̄us tetraquark with JP = 1+,
with good agreement within statistical and systematic uncertainties among the more advanced calculations.

There are further antiheavy-antiheavy-light-light systems that are promising with respect to the existence of
tetraquark bound states or resonances, but for whom the situation is less clear. Two such candidates are the b̄c̄ud
systems with quantum numbers I(JP ) = 0(0+) and I(JP ) = 0(1+). Independent groups carrying out full lattice-QCD
simulations have arrived at different conclusions. The existence of a strong-interaction-stable b̄c̄ud tetraquark with
I(JP ) = 0(1+) was initially reported in Ref. [45] but later revoked in Ref. [46]. In Ref. [42], we did not find evidence
for QCD-stable b̄c̄ud bound states, but could not rule out shallow bound states. Other authors found an indication
for a b̄c̄ud bound state with I(JP ) = 0(1+) below threshold [47, 48]. The conclusions of these studies were based only
on the finite-volume ground-state energy. In a recent project carried out in parallel to this work we revisited both
b̄c̄ud systems taking into account also finite-volume energies of low-lying excitations. We found strong indication for
very shallow bound states [49].

1 In the literature, the term “tetraquark” is somewhat ambiguous. In certain papers it exclusively refers to a diquark-antidiquark structure,
while in other papers it is used more generally for arbitrary bound states and resonances with a strong four-quark component, including,
e.g., mesonic molecules. Throughout this paper we follow the latter convention.
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Another interesting system is b̄b̄ud with quantum numbers I(JP ) = 0(1−). This system has not yet been investigated
in full lattice QCD, but has been explored in the Born-Oppenheimer approximation using lattice-QCD static potentials.
While, at first, a tetraquark resonance was predicted in a crude way (completely neglecting effects of the heavy-quark
spins) [50], a refined study that is still ongoing suggests that neither a bound state nor a resonance exist in the region
near the BB threshold [51]. Given that the Born-Oppenheimer approximation with lattice-QCD static potentials
seems to underestimate the binding energy of QCD-stable antiheavy-antiheavy-light-light systems, the existence of a
I(JP ) = 0(1−), b̄b̄ud resonance is not yet excluded and should be investigated in full lattice QCD.
To rigorously search for tetraquark resonances or shallow bound states in full lattice QCD, determinations of the

meson-meson scattering amplitudes both below and above the relevant thresholds are mandatory. Such computations
are typically based on Lüscher’s method [52] and its generalizations (see the review in Ref. [53]), and require a precise
computation of all relevant low-lying finite-volume energy levels. To be able to resolve all of these energy levels, one
needs a sufficiently large basis of interpolating operators that must be able to capture the spatial structures of all
relevant states. This requires the use of both local operators, in which the four quarks are placed at or near the same
spatial point and jointly projected to the desired total momentum, and scattering operators, which are constructed
from products of two individually momentum-projected meson operators.

Previous full lattice-QCD studies of antiheavy-antiheavy-light-light systems containing anti-bottom quarks used
either exclusively local operators [38–41, 43, 44, 48] or a combination of local and scattering operators with the latter
employed only at the sink of the correlation functions [40, 42]. In this paper (and in our very recent work [49] on
the b̄c̄ud system, which we carried out in parallel) we implemented and used, for the first time in the bottom sector,
local and scattering interpolating operators both at the source and at the sink of correlation functions, leading to
symmetric correlation matrices containing both types of operators. Here we focus again on the b̄b̄ud system with
quantum numbers I(JP ) = 0(1+) and the b̄b̄us system with quantum numbers JP = 1+. We demonstrate that we
are able to extract the energy levels of several meson-meson scattering states in addition to the ground-state energy
below the lowest meson-meson threshold (however, in contrast to Ref. [49], here we only included scattering operators
with vanishing relative momenta and were therefore only able to resolve the subset of scattering states of that type).

We use a lattice setup quite different from our previous lattice-QCD studies [40, 42] of antiheavy-antiheavy-light-
light systems. The reason is that in our previous work we could reuse existing domain-wall point-to-all propagators
previously generated for other projects [54–57]. However, the computation of symmetric correlation matrices with both
local and scattering operators is not possible with only point-to-all propagators. One additionally needs stochastic
timeslice-to-all propagators for the correlation matrix elements with scattering operators at the source. Technical
details can be found, for example, in Ref. [58], which includes a discussion of the one-end-trick that is essential
for computing matrix elements with stochastic propagators. Since we had to recompute light and strange quark
propagators, we decided to use a computationally cheaper mixed-action setup previously employed by the PNDME
collaboration [59, 60]: clover-improved Wilson (with HYP link smearing) valence u, d, and s quarks on the (2+1+1)-
flavor gauge-link ensembles generated by the MILC collaboration using the highly improved staggered quark (HISQ)
action [61]. As before, we use lattice NRQCD for the heavy b̄ quarks.
While it is certainly interesting to revisit the b̄b̄ud system with quantum numbers I(JP ) = 0(1+) and the b̄b̄us

system with quantum numbers JP = 1+, now for the first time with a combination of local and scattering operators
and symmetric correlation matrices, the main motivation of this work is rather to explore and prepare computational
methods suited to study antiheavy-antiheavy-light-light tetraquark resonances. As discussed above, this requires a
precise determination of energy levels of low-lying scattering states. We demonstrate that this works well with our
setup, and also present evidence that it is not feasible without scattering operators.

This article is organized in the following way. In Section II we briefly summarize our lattice setup. In Section III we
discuss the interpolating operators for the two systems we investigate and the corresponding correlation functions. In
Section IV we provide our lattice results for the energies of the pseudoscalar and vector B and Bs mesons and determine
their kinetic masses from the momentum dependence of these energies. In Section V we present the numerical results
for the low-lying finite-volume energy levels of the b̄b̄ud and b̄b̄us four-quark systems. We also explore the importance
of each of our interpolating operators, which provides certain insights concerning the structure of the low-lying states.
In Section VI we comment on finite-volume effects and the left-hand cut issue. Our extrapolations of the binding
energies to the physical pion mass and continuum limit are discussed in Section VII. Finally, we summarize the main
points of our work in Section VIII and give a brief outlook. Note that results obtained at an early stage of this project
were presented at the Lattice 2022 conference [62].

II. LATTICE SETUP

We use (2 + 1 + 1)-flavor gauge-link ensembles generated by the MILC collaboration using the highly improved
staggered quark (HISQ) action and a one-loop Symanzik improved gauge action (see Ref. [61] for details). The main
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properties of the seven ensembles, which differ in the lattice spacing, the spatial volume, and the pion mass, are
collected in Table I. The relative lattice spacings were determined using r1/a, which is related to the static quark-
antiquark force F (r) and defined via r21F (r1) = 1; the physical value r1 = 0.3106(8)(14)(4) fm was obtained through
an analysis of pseudoscalar decay constants [61, 63]. We note that the ensembles a12m220S, a12m220 and a12m220L
have the same gauge coupling and bare light quark mass and only differ in the number of lattice sites in the spatial
directions. Thus, they are particularly suited to investigate the volume dependence of energy eigenvalues.

ensemble N3
s ×Nt a [fm] m

(sea)
π [MeV] m

(val)
π [MeV] Nconf

a15m310 163 × 48 0.1510(20) 306.9(5) 320.6(4.3) 11554

a12m310 243 × 64 0.1207(11) 305.3(4) 310.2(2.8) 1053

a12m220S 243 × 64 0.1202(12) 218.1(4) 225.0(2.3) 1020

a12m220 323 × 64 0.1184(10) 216.9(2) 227.9(1.9) 1000

a12m220L 403 × 64 0.1189(09) 217.0(2) 227.6(1.7) 1030

a09m310 323 × 96 0.0888(08) 312.7(6) 313.0(2.8) 1166

a09m220 483 × 96 0.0872(07) 220.3(2) 225.9(1.8) 657

TABLE I. Gauge-link ensembles used in this work. Here, Ns, Nt are the numbers of lattice sites in spatial and temporal

directions, a is lattice spacing, m
(sea)
π is the HISQ sea-quark pion mass (taste γ5), and Nconf is the number of gauge-link

configurations [61]. Also shown are the results for the valence pion masses m
(val)
π computed on these ensembles using the

Wilson-clover action with the parameters in Table II [59, 60].

For the valence u, d, and s quarks, we use the Wilson-clover action with HYP-smeared gauge links to suppress
exceptional configurations that can appear in a mixed-action setup (see the detailed discussion in Section II.A in
Ref. [59]). This mixed-action setup was tested and successfully used by the PNDME collaboration in the context of
computations of isovector and isoscalar tensor charges of the nucleon [59, 60]. We use the values for the bare quark
masses and the Sheikholeslami-Wohlert coefficient tuned and provided by the PNDME collaboration (see Table II as
well as Table II of Ref. [59] and Table I and Table II of Ref. [60]). The corresponding valence-quark pion masses are
listed in Table I and quite similar to their counterparts computed within the unitary setup. A similar statement holds
for the kaon masses, where the s-quark mass is close to the physical s-quark mass for all seven ensembles.

ensemble am
(val)
l am

(val)
s csw amb u0L c1 c5 c6

a15m310 −0.0893 −0.021 1.05945 3.42 0.8195 1.36 1.21 1.36

a12m310 −0.0695 −0.018718 1.05094 2.66 0.834 1.31 1.16 1.31

a12m220S, a12m220, a12m220L −0.075 −0.02118 1.05091 2.62 0.8349 1.31 1.16 1.31

a09m310 −0.05138 −0.016075 1.04243 1.91 0.8525 1.21 1.12 1.21

a09m220 −0.0554 −0.01761 1.04239 1.90 0.8521 1.21 1.12 1.21

TABLE II. Parameters of the Wilson-clover and NRQCD valence-quark actions. Here, am
(val)
l and am

(val)
s are the bare light

and strange quark masses and csw is the Sheikholeslami-Wohlert coefficient [59, 60]. In the NRQCD action, amb is the bare
b-quark mass, u0L is the Landau-gauge mean link used for tadpole improvement, and c1, c5, c6 are matching coefficients of
kinetic terms (see Ref. [64] for details).

The b quarks appear only as valence quarks and are implemented using lattice NRQCD [65]. We use the same
order-v4 action as in Ref. [64]. In contrast to the light and strange valence-quark action, the gauge links in the
NRQCD action are not smeared. The matching coefficients of the kinetic terms, c1, c5, and c6, include one-loop
radiative corrections, while the other matching coefficients are set to their tree-level values. All parameters were
taken from Tables II and III in Ref. [64] and are also reproduced here in Table II.
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III. INTERPOLATING OPERATORS AND CORRELATION FUNCTIONS

A. b̄b̄ud and b̄b̄us four-quark systems

1. Interpolating operators for b̄b̄ud with I(JP ) = 0(1+)

For the b̄b̄ud case, we use exactly the same interpolating operators as in our previous work [40] (but now compute
all 5× 5 correlation matrix elements): three local operators

O1 = O[BB∗](0) =
1√
Vs

∑
x

b̄γju(x) b̄γ5d(x)− (u↔ d), (1)

O2 = O[B∗B∗](0) = ϵjkl
1√
Vs

∑
x

b̄γku(x) b̄γld(x)− (u↔ d), (2)

O3 = O[Dd](0) =
1√
Vs

∑
x

b̄aγjCb̄b,T (x)ua,TCγ5db(x)− (u↔ d), (3)

and two scattering operators

O4 = OB(0)B∗(0) =

(
1√
Vs

∑
x

b̄γju(x)

)(
1√
Vs

∑
y

b̄γ5d(y)

)
− (u↔ d), (4)

O5 = OB∗(0)B∗(0) = ϵjkl

(
1√
Vs

∑
x

b̄γku(x)

)(
1√
Vs

∑
y

b̄γld(y)

)
− (u↔ d) (5)

(a, b are color indices, j, k, l are spatial indices, C = γ0γ2 denotes the charge conjugation matrix, and Vs is the spatial
volume). Both the local and the scattering operators contain the meson-meson combinations BB∗ and B∗B∗. The
former is an obvious choice, because BB∗ represents the lowest meson-meson threshold in the b̄b̄ud and I(JP ) = 0(1+)
sector. The B∗B∗ structure is also expected to be important. In particular, the local operator O[B∗B∗](0) might

generate a sizable overlap to the b̄b̄ud tetraquark as indicated by the results of Ref. [37], where the same system was
investigated using lattice-QCD static potentials and the Born-Oppenheimer approximation. In addition to these four
meson-meson operators, we also use a local operator of diquark-antidiquark type. The latter is motivated, for example,
by Ref. [66], which suggests that the b̄b̄ud tetraquark is an approximately even mix of a meson-meson component and
a diquark-antidiquark component. For a more detailed discussion of these operators we refer to Ref. [40].

2. Interpolating operators for b̄b̄us with JP = 1+

For the b̄b̄us case we also follow our previous work [42] and use seven interpolating operators (which are now
included in any combination at source and sink): four local operators

O1 = O[BB∗
s ](0)

=
1√
Vs

∑
x

b̄γ5u(x) b̄γjs(x), (6)

O2 = O[B∗Bs](0) =
1√
Vs

∑
x

b̄γju(x) b̄γ5s(x), (7)

O3 = O[B∗B∗
s ](0)

= ϵjkl
1√
Vs

∑
x

b̄γku(x) b̄γls(x), (8)

O4 = O[Dd](0) =
1√
Vs

∑
x

b̄aγjCb̄b,T (x)ua,TCγ5sb(x), (9)
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and three scattering operators

O5 = OB(0)B∗
s (0)

=

(
1√
Vs

∑
x

b̄γ5u(x)

)(
1√
Vs

∑
y

b̄γjs(y)

)
, (10)

O6 = OB∗(0)Bs(0) =

(
1√
Vs

∑
x

b̄γju(x)

)(
1√
Vs

∑
y

b̄γ5s(y)

)
, (11)

O7 = OB∗(0)B∗
s (0)

= ϵjkl

(
1√
Vs

∑
x

b̄γku(x)

)(
1√
Vs

∑
y

b̄γls(y)

)
. (12)

The operators (6) to (12) are a generalization of the operators (1) to (5) from the case with mass-degenerate u and d
quarks to the unequal-mass case of u and s quarks. Specifically, the operators (8), (9) and (12) are the counterparts
of the operators (2), (3) and (5). The main difference is due to the isospin symmetry of the u and the d quark, where
for I = 0 only the antisymmetric combination ud− du is allowed. In contrast, for the u and the s quark there is no
such restriction, leading to two possibilities when combining a pseudoscalar and a vector meson: the operators (6)
and (7) correspond to operator (1) and the operators (10) and (11) correspond to operator (4). In terms of meson
pairs, the two BB∗ operators in the b̄b̄ud case correspond to the two BB∗

s and the two B∗Bs operators in the b̄b̄us
case.

3. Quark field and gauge link smearing

To enhance the overlaps with the low-lying states of interest, we apply standard smearing techniques in the inter-
polating operators defined in Section IIIA 1 and Section IIIA 2. The u, d, s, and b quark fields are Gaussian smeared
(see, e.g., Eq. (8) in Ref. [40]) with parameters listed in Table III. Here, σGauss represents the Gaussian width of the
smeared quark field in units of the lattice spacing. For the light and strange quarks, these values were chosen such
that the smearing width in physical units, σGaussa, is essentially independent of the lattice spacing (σGaussa ≈ 0.55 fm
for the u and d quarks, σGaussa ≈ 0.45 fm for the s quark). The gauge links needed for Gaussian smearing are APE
smeared (see, e.g., Eq. (23) in Ref. [67]) with parameters NAPE = 50 and αAPE = 0.5.

ensemble u and d quarks s quarks b quarks

NGauss σGauss NGauss σGauss NGauss σGauss

a15m310 22 3.55 15 2.93 10 1.0

a12m310, a12m220S, a12m220, a12m220L 35 4.47 25 3.78 10 1.0

a09m310, a09m220 70 6.32 50 5.35 10 1.0

TABLE III. Gaussian smearing parameters for the quark fields appearing in the interpolating operators.

4. Correlation matrices

As discussed in the introduction, a major technical advance of this work compared to previous lattice QCD in-
vestigations of b̄b̄ud and b̄b̄us tetraquarks is that we use the two types of operators, local operators and scattering
operators, both at the source and at the sink of the corresponding correlation functions. Thus, we compute square
correlation matrices

Cjk(t) =
〈
Oj(t)O†

k(0)
〉

(13)

with operators (1) to (5) for the b̄b̄ud system and (6) to (12) for the b̄b̄us system, i.e., 5×5 or 7×7 correlation matrices,
respectively. This is a major improvement compared to our previous papers [40, 42], where scattering operators were
only used at the sink, and to similar work from other groups [38, 39, 41, 43], where only local operators were employed.

We consider the use of scattering operators to be important, even though here we are mainly interested in the
ground states of the b̄b̄ud and b̄b̄us sectors, which correspond to bound states in the infinite-volume limit. The reason
why scattering operators might be helpful is that the ground state and the low-lying scattering states in the finite
volume are expected to have close-by energies and also similar structures. The latter is also reflected in the operator
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definitions. For example, O[BB∗](0) is contained in OB(0)B∗(0) (considering only terms with x = y on the right-hand
side of Eq. (4) corresponds to the right-hand side of Eq. (1)). When extracting energy levels without using both
local and scattering operators one might obtain an incorrect estimate of the lowest energy somewhere between the
true ground state and one of the low-lying scattering states, resulting in underestimated tetraquark binding energies.
In our previous works [40, 42] we presented numerical evidence that the ground-state energies extracted from multi-
exponential matrix fits are too high when using only local operators (see, in particular, Fig. 3 in Ref. [42]).

More importantly, if one is interested in reliably determining the excited-state finite-volume energy levels, the
inclusion of scattering operators at both source and sink becomes essential. The excited-state energy levels can be
used to determine the energy dependence of the meson-meson scattering amplitudes using Lüscher’s method [52, 53]
and rigorously search for shallow bound states or resonances, as we have done recently for the b̄c̄ud systems with
I(JP ) = 0(0+) and I(JP ) = 0(1+) [49]. Another interesting system to which these techniques could be applied is
b̄b̄ud with I(JP ) = 0(1−), as discussed in Section I.

5. Quark propagators and computation of the correlation matrices

We computed the correlation matrix elements with local operators at the source using Gaussian smeared point-to-
all propagators, and the correlation matrix elements with scattering operators at the source using Gaussian smeared
stochastic timeslice-to-all propagators (see e.g. Ref. [58] for a comprehensive discussion of these techniques in the
context of four-quark states). For the latter, we use spin and color dilution and employ the one-end-trick to reduce
the statistical noise. Because the correlation matrix is symmetric, the matrix elements that combine a local and
a scattering operator can be computed either way, with point-to-all propagators (placing the local operator at the
source) or stochastic timeslice-to-all propagators (placing the scattering operator at the source). We did both and
found statistical uncertainties of similar magnitude. To increase the statistical precision we averaged both results on
each gauge-link configuration.

To generate the necessary sources for the point-to-all-propagators, we selected 30 points randomly on each gauge
link configuration (an exception is ensemble a15m310 with a rather small number of lattice sites, where we selected
only 10 points). Moreover, for the stochastic timeslice-to-all propagators we use 4 equally separated timeslices with a
randomly chosen global offset in t direction (an exception is ensemble a15m310, where we use only 1 timeslice). On
each timeslice we generate 5 independent random Z2×Z2 sources. When using stochastic timeslice-to-all propagators,
i.e. two times the one-end-trick, it is essential that the two stochastic sources are independent. Since we have used 5
sources per timeslice, there are 5×4 = 20 possible combinations. We consider and average over all these combinations
to further reduce the statistical noise.

To determine statistical uncertainties, we use the jackknife method throughout this work.

B. B and Bs mesons

To determine the binding energies of the QCD-stable b̄b̄ud and b̄b̄us tetraquarks, we need to compare the ground-
state energies of these four-quark systems to the respective lowest meson-meson thresholds. To this end, we also
computed the energies of the pseudoscalar and vector B and Bs mesons using exactly the same lattice parameters.
The corresponding interpolating operators are

OB(p) =
∑
x

b̄(x)γ5u(x)e
ix·p, (14)

OB∗(p) =
∑
x

b̄(x)γju(x)e
ix·p, (15)

OBs(p) =
∑
x

b̄(x)γ5s(x)e
ix·p, (16)

OB∗
s (p)

=
∑
x

b̄(x)γjs(x)e
ix·p. (17)

We allow for non-vanishing momenta p = 2πn/L with L = Nsa, n ∈ Z3, which are necessary to compute the kinetic
masses of the B and the Bs mesons. These kinetic masses are required for scattering analyses, which we carried out
to estimate finite-volume effects on binding energies as outlined in Section VI. For the computation of the correlation
functions we use the same Gaussian smeared point-to-all propagators discussed in Section IIIA 5.
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IV. ENERGIES AND KINETIC MASSES OF PSEUDOSCALAR AND VECTOR B AND Bs MESONS

We determined the ground-state energies of pseudoscalar and vector B and Bs mesons via correlated χ2-minimizing
single-exponential fits to the correlation functions of the interpolating operators (14) to (17) with p = 0. We consider
a number of fit ranges tmin ≤ t ≤ tmax by varying 7 ≤ tmin/a ≤ 9 and 17 ≤ tmax/a ≤ 20. The lower bound tmin = 7a
corresponds to the temporal separation for which the corresponding effective energies start to be consistent with a
plateau. We generate final results by weighted averaging following a method used by the FLAG Collaboration [68] (a
brief summary of the method can also be found in Appendix B of Ref. [42]).

The results for the B, B∗, Bs and B∗
s meson energy levels for each of our seven ensembles are listed in Table IV. To

exemplify the quality of our numerical data, we show in Fig. 1 plots of effective energies aEeff(t) = ln(C(t)/C(t+ a))
for ensemble a12m220L together with the corresponding final energies from Table IV.

ensemble aEB(0) aEB∗(0) EB∗ − EB [MeV] aEBs(0) aEB∗
s
(0) EB∗

s
− EBs [MeV]

a15m310 0.56575(62) 0.59583(72) 39.3(0.3) 0.61547(29) 0.64452(34) 38.0(0.1)

a12m310 0.48902(88) 0.51561(99) 43.5(0.8) 0.53050(43) 0.55641(51) 42.4(0.4)

a12m220S 0.48269(113) 0.50820(126) 41.9(1.0) 0.52653(44) 0.55215(50) 42.1(0.4)

a12m220 0.48197(118) 0.50710(130) 41.9(0.9) 0.52655(61) 0.55203(51) 42.5(0.4)

a12m220L 0.48246(98) 0.50754(103) 41.6(0.9) 0.52657(41) 0.55180(45) 41.9(0.4)

a09m310 0.39766(53) 0.41713(59) 43.3(0.6) 0.42922(29) 0.44894(33) 43.8(0.3)

a09m220 0.38835(77) 0.40690(102) 42.0(0.9) 0.42346(35) 0.44239(42) 42.8(0.5)

TABLE IV. Energies of pseudoscalar and vector B and Bs mesons and their differences.
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FIG. 1. Effective energies of pseudoscalar and vector B and Bs mesons computed on ensemble a12m220L. Horizontal lines
represent the corresponding final energies listed in Table IV.

Note that, due to the use of NRQCD, the energies listed in Table IV and elsewhere contain overall negative shifts pro-
portional to nb, the number of b quarks present in the corresponding states. At tree-level, this shift amounts to −nbmb,
where mb is the b-quark mass. When considering energy differences between four-quark states and meson-meson
thresholds with the same number of b quarks, as done, for example, in Section V, these energy shifts cancel. Further
quantities that can directly be compared to their experimental counterparts are the energy differences between the
vector and pseudoscalar B and Bs meson energies. Experimentally, these differences are EB∗ −EB = 45.21(21)MeV
and EB∗

s
− EBs

= 48.5+1.8
−1.5 MeV [69]. Our corresponding lattice results are listed in Table IV and are found to

be approximately 10% smaller. This discrepancy is likely due to the missing one-loop corrections to the matching
coefficient c4 of the term −g/(2mb)ψ

†σ ·Bψ in the NRQCD action.
We also determined the kinetic meson masses mM, kin for M ∈ {B,B∗, Bs, B

∗
s}, in which the energy shifts are

not present, and which reflect the energy-momentum dispersion relation. The kinetic meson masses are impor-
tant for scattering analyses, as discussed in Section VI. To determine them, we additionally computed the meson
energies for several non-vanishing momenta, using the interpolating operators (14) to (17) with p = 2πn/L with
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n ∈ {(1, 0, 0), (1, 1, 0), (1, 1, 1), (2, 0, 0)}. Then we extracted mM, kin by fitting the right-hand side of

EM (p)− EM (0) =
√
m2

M, kin + p2 −mM, kin (18)

for each M ∈ {B,B∗, Bs, B
∗
s} and each ensemble to the corresponding lattice results for the four energy differences

EM (p) − EM (0). An exception are the three ensembles a12m220S, a12m220 and a12m220L, which only differ in
the volume, and where we determined a common kinetic mass by performing a single fit for each meson to the
corresponding twelve energy differences. The results for the kinetic masses are collected in Table V. Moreover, in
Fig. 2 we present an example plot demonstrating that the energy-momentum relation (18) is fully consistent with the
data.

ensemble amB,kin amB∗,kin amBs,kin amB∗
s ,kin

a15m310 4.015(47) 4.017(55) 4.100(24) 4.100(30)

a12m310 3.224(96) 3.238(108) 3.264(49) 3.266(57)

a12m220S, a12m220, a12m220L 3.121(84) 3.091(89) 3.233(37) 3.204(40)

a09m310 2.381(55) 2.382(60) 2.426(31) 2.427(35)

a09m220 2.342(161) 2.341(214) 2.397(79) 2.399(94)

TABLE V. Kinetic masses of the pseudoscalar and vector B and Bs mesons.
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(ap)2

0.48
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0.50
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amB,kin = 3.121± 0.084
aEB(0) = 0.4823± 0.0004

a12m220S
a12m220
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FIG. 2. The B-meson energies for ensembles a12m220S, a12m220, and a12m220L as function of (ap)2, together with the fit
using Eq. (18).

V. ENERGIES OF ANTIHEAVY-ANTIHEAVY-LIGHT-LIGHT FOUR-QUARK SYSTEMS

To determine the low-lying energy levels for the b̄b̄ud and b̄b̄us four-quark systems from the 5×5 and 7×7 correlation
matrices Cjk(t) discussed in Section IIIA 4, we solve the standard generalized eigenvalue problems (GEVPs)∑

k

Cjk(t)vk,n(t, t0) = λn(t, t0)
∑
k

Cjk(t0)vk,n(t, t0), (19)

where the indices j and k are operator indices and the indices n enumerate the resulting eigenvalues and eigenvectors
and are, thus, related to the indices of the low-lying energy eigenstates. The choice of t0 is made individually for
each system and each ensemble. Our strategy was to choose the largest value of t0 for which statistical uncertainties
on the resulting eigenvalues and eigenvectors did not significantly increase (see Table VI). The energy levels En are
then determined by carrying out a correlated χ2-minimizing fit of an exponential function to each resulting eigenvalue
λn(t, t0). Below, we also discuss the components vj,n(t, t0), where we always normalize the eigenvectors according to∑

j |vj,n(t, t0)|2 = 1.
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ensemble t0/a for b̄b̄ud t0/a for b̄b̄us

a15m310 2 2

a12m310, a12m220L, a12m220, a12m220S 3 3

a09m310, a09m220 4 6

TABLE VI. The t0 values used for the GEVPs.

A. b̄b̄ud energy levels

As done in our determination of B and Bs meson energies in Section IV, we again consider multiple fit ranges
tmin ≤ t ≤ tmax by varying tmin and tmax. For ensemble a12m220L, the fits are summarized in a graphical way in
Fig. 3, including the corresponding fit ranges and resulting energy levels. Analogous plots for the other ensembles are
collected in Fig. 14 in the appendix. As before, the final results are then generated by weighted averaging over all fits
according to the FLAG method and are shown in Table VII and Fig. 4, where ∆En = En − EB(0)− EB∗(0).
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FIG. 3. Fit ranges and fit results for the extraction of energy levels for the b̄b̄ud system for ensemble a12m220L. The BB∗ and
B∗B∗ thresholds correspond to the B and B∗ energies obtained on that ensemble (see Table IV).

∆E0 [MeV] ∆E1 [MeV] ∆E2 [MeV]

a15m310 − 75.5(1.8) 2.7(2.2) 45.2(2.5)

a12m310 − 70.1(4.2) −1.8(3.8) 40.5(4.2)

a12m220S − 84.7(6.5) 1.9(5.3) 45.1(5.9)

a12m220 − 83.1(5.2) 2.5(3.7) 45.2(3.9)

a12m220L −104.0(6.8) 1.4(3.5) 42.1(3.7)

a09m310 − 83.8(5.9) −6.2(5.0) 44.1(6.2)

a09m220 − 98.1(9.6) −2.5(5.0) 37.1(5.5)

TABLE VII. Finite-volume energy levels for the b̄b̄ud system with respect to the BB∗ threshold, ∆En = En−EB(0)−EB∗(0).
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FIG. 4. The three lowest finite-volume energy levels for the b̄b̄ud system with I(JP ) = 0(1+) obtained from our operator basis
on each ensemble relative to the BB∗ threshold, ∆En = En − EB(0) − EB∗(0). The black horizontal lines correspond to the
BB∗ (solid) and B∗B∗ (dashed) thresholds.

The ground-state energy is found to be significantly below the BB∗ threshold on all ensembles, ∆E0 ≈ (−105 . . . -70)
MeV. An energy level in that region is expected from and consistent with previous lattice QCD investigations of this
b̄b̄ud system [38–41, 43, 44]. It signals the existence of a QCD-stable b̄b̄ud tetraquark. The energies of the first and
second excitations are within statistical uncertainties consistent with the BB∗ and B∗B∗ thresholds. This indicates
that, with our basis of interpolating operators, we are able to not only resolve the tetraquark state, but also these
two low-lying scattering states.

As expected, with the operator basis used here [Eqs. (1) to (5)], we are not able to resolve scattering states with
non-vanishing relative momenta. In particular, this is the case for BB∗ states in which the two mesons have opposite
minimal non-vanishing momenta pmin = (2π)/L, where L = Nsa is the ensemble-dependent spatial extent of the
lattice. The estimated energy of such states with respect to the BB∗ threshold is

∆EBB∗,p=pmin
=

(
m2

B + p2min

)1/2

+
(
m2

B∗ + p2min

)1/2

−mB −mB∗ , (20)

wheremB andmB∗ are the full meson masses, which can be taken to be the kinetic masses from Table V. For example,
for ensembles a12m220 and a12m220L, ∆EBB∗,p=pmin ≈ 20MeV and ∆EBB∗,p=pmin ≈ 13MeV, respectively. With
exception of ensemble a15m310, where ∆EBB∗,p=pmin ≈ 50MeV, we have ∆EBB∗,p=pmin < mB∗ − mB ≈ 45MeV.
Thus, the true second excited state is expected significantly below the B∗B∗ threshold, which is not reflected by the
numerically obtained energy differences ∆E2 (see Table VII). The overlaps of our operators with this state are likely
very small. To resolve this state and higher states of this type, we would need to include scattering operators with
non-vanishing relative momenta.

To illustrate the importance of scattering operators, we compare in Fig. 5 effective energies obtained by solving
GEVPs for a 3×3 correlation matrix with only local operators [Eqs. (1) to (3)] (left plot) and the full 5×5 correlation
matrix, which also contains the scattering operators [Eqs. (4) and (5)] (right plot). While the effective masses Eeff,1(t)
and Eeff,2(t), defined as Eeff,n(t) = (1/a) ln(λn(t, t0)/λn(t + a, t0)), quickly approach the BB∗ and B∗B∗ thresholds
for the full 5 × 5 matrix, this is not the case for the 3 × 3 matrix. Thus, it is practically impossible to extract
physically meaningful energy levels En for n ≥ 1 from the 3 × 3 matrix. The conclusion is that it is imperative
to include scattering operators if energy levels of scattering states are needed, e.g., for a finite-volume scattering
analysis as discussed in Section VI. However, the results for the effective energy Eeff,0(t) are essentially the same with
and without scattering operators. Thus, if one is only interested in determining the mass of the QCD-stable b̄b̄ud
tetraquark in a finite volume, local operators may be sufficient. This finding is surprising, given our experience in
Refs. [40, 42], where we compared multi-exponential matrix fits with and without scattering operators at the sink and
found some impact on the fit results for E0. In Refs. [40, 42], we were unable to use the GEVP for the non-square
correlation matrices with scattering operators included at the sink only.

The eigenvectors vj,n(t, t0) obtained by solving GEVPs are fairly independent of t for larger t and provide infor-
mation about the composition of the low-lying energy eigenstates associated with the extracted energy levels En.
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FIG. 5. Effective energies Eeff,n(t), n = 0, 1, 2 for the b̄b̄ud system (ensemble a12m220L). Left: 3× 3 correlation matrix with
only local interpolating operators [Eqs. (1) to (3)]. Right: 5 × 5 correlation matrix including also scattering interpolating
operators [Eqs. (4) and (5)].

In Fig. 6 we show the signed squared eigenvector components, sign(ṽj,n)|ṽj,n|2, for the full 5 × 5 correlation ma-
trix from ensemble a12m220L, where the quantities ṽj,n are obtained by fitting constants to vj,n(t, t0) in the range
tmin ≤ t ≤ tmax (we use multiple fits with different ranges, 6 ≤ tmin/a ≤ 9 and 12 ≤ tmax/a ≤ 14 in this case, and
present the FLAG-method averages over these fits). When ignoring the signs, these quantities add up to 1 and can be
interpreted as the relative importance of each interpolating operator Oj when approximating the energy eigenstate
|n⟩ as a sum over trial states Oj |n⟩ 2. The signs are of particular interest in the b̄b̄us case (see Section VB), where
they expose the approximate light flavor symmetry of u and s quarks.
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FIG. 6. Signed squared eigenvector components, sign(ṽj,n)|ṽj,n|2, from ensemble a12m220L.

The results support our above conclusions based on the extracted energy levels. The ground state |0⟩, which
is a QCD-stable tetraquark, is excited almost exclusively by the three local operators [Eqs. (1) to (3)], while the
scattering operators [Eqs. (4) and (5)] are essentially irrelevant. The relative contributions of the local operators to
the QCD-stable tetraquark are, moreover, consistent with previous lattice QCD investigations using static potentials
and the Born-Oppenheimer approximation. In particular, the BB∗ component is slightly larger than, but of similar
magnitude as the B∗B∗ component, which is in agreement with Fig. 3 of Ref. [37], and the meson-meson components

2 Such an interpretation requires a similar normalization of all trial states Oj |n⟩. One possibility to implement this is to include ap-
propriate volume factors, as present in the definitions of our interpolating operators. A common alternative is to replace Cjk(t) by

Cjk(t)/
√

Cjj(t = a)Ckk(t = a), which corresponds to a normalization of the trial states at t = a, i.e. ⟨Ω|Oj(t = a)O†
k(t = 0)|Ω⟩ = 1.

Throughout this paper we follow this latter strategy. Note that the eigenvalues λn(t, t0) and, consequently, the extracted energy levels
En are unaffected by such a normalization.
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are of similar importance as the diquark-antidiquark component, which is in line with the main result from Ref. [66].
The first and second excitation |1⟩ and |2⟩, on the other hand, are clearly BB∗ and B∗B∗ scattering states, as already
indicated by the consistency of their energy levels with the corresponding thresholds.

B. b̄b̄us energy levels

For the b̄b̄us system we proceed in the same way as for the b̄b̄ud system in Section VA. For ensemble a12m220L,
the fits are summarized in Fig. 7; the plots for the other ensembles are collected in Fig. 15 in the appendix. The
final results for ∆En = En−EB(0)−EB∗

s
(0) from the FLAG-method weighted averages are shown in Table VIII and

Fig. 8.
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FIG. 7. Fit ranges and fit results for the extraction of energy levels for the b̄b̄us system for ensemble a12m220L. The BB∗
s ,

BsB
∗ and B∗B∗

s thresholds correspond to the B(s) and B∗
(s) energies obtained on that ensemble (see Table IV).

The ground-state energy is found to be significantly below the BB∗
s threshold, ∆E0 ≈ (−35 . . .−30)MeV, indicating

the existence of a QCD-stable b̄b̄us tetraquark, consistent with previous lattice-QCD investigations of this system
[38, 39, 42, 43]. We obtain precise results also for three additional states with energies consistent with the BB∗

s , BsB
∗

and B∗B∗
s thresholds. However, as already noted for the b̄b̄ud case, we are unable to resolve scattering states with non-

vanishing back-to-back momenta; for example, on ensembles a12m220 and a12m220L one has ∆EBB∗
s ,p=pmin

≈ 20MeV
and ∆EBB∗

s ,p=pmin
≈ 13MeV, respectively. Scattering operators with non-vanishing back-to-back momenta would be

needed to resolve these states.
Again, we illustrate the importance of the scattering operators by comparing in Fig. 9 effective energies obtained

by solving GEVPs for a 4×4 correlation matrix with only local operators [Eqs. (6) to (9)] (left plot) and the full 7×7
correlation matrix, which also contains the scattering operators [Eqs. (10) to (12)] (right plot). The overall picture
and conclusions are the same as for the b̄b̄ud system. To determine the mass of the QCD-stable b̄b̄us tetraquark, local
operators appear to be sufficient, but it is imperative to include scattering operators if energy levels of scattering
states are needed. The fact that the results for Eeff,0(t) are essentially the same with and without scattering operators
is even more surprising here than for the b̄b̄ud system, given the weaker binding.
In Fig. 10 we show the signed squared eigenvector components sign(ṽj,n)|ṽj,n|2 for the full 7× 7 correlation matrix

from ensemble a12m220L (here, we use the FLAG-method averages over fits with 5 ≤ tmin/a ≤ 9 and 11 ≤ tmax/a ≤
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∆E0 [MeV] ∆E1 [MeV] ∆E2 [MeV] ∆E3 [MeV]

a15m310 −34.0(1.2) 2.4(1.4) 6.2(1.5) 41.2(1.7)

a12m310 −29.6(2.5) −1.0(2.7) 0.7(2.4) 40.3(2.9)

a12m220S −30.4(2.6) 4.2(3.0) 3.8(2.8) 44.5(3.2)

a12m220 −37.3(4.3) −4.2(2.8) −3.5(2.9) 36.6(3.2)

a12m220L −35.8(3.2) 0.6(2.3) −0.1(2.2) 41.4(2.3)

a09m310 −29.1(2.5) −1.1(2.7) −2.4(2.6) 41.2(3.2)

a09m220 −30.7(4.0) −1.3(3.0) −2.1(3.3) 40.5(3.3)

TABLE VIII. Finite-volume energy levels for the b̄b̄us system with respect to the BB∗
s threshold, ∆En = En−EB(0)−EB∗

s
(0).
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FIG. 8. The four lowest finite-volume energy levels for the b̄b̄us system with JP = 1+ obtained from our operator basis on
each ensemble relative to the BB∗
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FIG. 9. Effective energies Eeff,n(t), n = 0, 1, 2, 3 for b̄b̄us (ensemble a12m220L). Left: 4× 4 correlation matrix with only local
interpolating operators [Eqs. (6) to (9)]. Right: 7×7 correlation matrix with also scattering interpolating operators [Eqs. (10)
to (12)].
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FIG. 10. Signed squared eigenvector components, sign(ṽj,n)|ṽj,n|2, from ensemble a12m220L.

14). The eigenvector components support and complement our above conclusions based on the extracted energy
levels, and exhibit the approximate SU(3) flavor symmetry. The ground state |0⟩, which is a QCD-stable tetraquark,
is excited mostly by the four local operators. It is us flavor antisymmetric, which shows that the b̄b̄us tetraquark
has a flavor structure analogous the I = 0 b̄b̄ud tetraquark discussed in the previous section. The first and second
excitations are mixtures of BB∗

s and BsB
∗ scattering states, where |1⟩ is mostly us flavor symmetric, i.e. similar to

I = 1, while |2⟩ is mostly us flavor antisymmetric, i.e. similar to I = 0. The third excitation |3⟩ is clearly a B∗B∗
s

scattering state, as already suggested by its energy.

VI. FINITE-VOLUME EFFECTS

Some of the previous lattice-QCD studies of b̄b̄ud and c̄c̄ud systems [40, 70, 71] have employed Lüscher’s method
[52, 53, 72–79] to relate the finite-volume energy levels with infinite-volume B-B∗ and D-D∗ scattering amplitudes.
The masses of the infinite-volume bound states or virtual bound states were then obtained as the pole locations in
these amplitudes. Such an analysis has not yet been performed for the b̄b̄us system, which is more challenging due to
the coupling of the Bs-B

∗ and B-B∗
s channels with nearly identical thresholds [42]. The improvements made in the

present work in extracting the finite-volume spectra (compared to Refs. [40, 42]) in principle enable more advanced
scattering-amplitude analyses, including an analysis of coupled-channel Bs-B

∗, B-B∗
s scattering.

The studies presented in Refs. [40, 70, 71] used Lüscher’s method both above and below threshold, and used effective-
range expansions (EREs) to parametrize the energy dependence of the scattering amplitude. It was recently pointed
out that the D-D∗ scattering amplitude has a left-hand cut starting close to threshold due to pion exchange [80],
which determines the radius of convergence of the ERE to be smaller than the regions studied in the aforementioned
references. The same problem is also present in B-B∗ scattering and, due to kaon exchange, in Bs-B

∗, B-B∗
s scattering.

Moreover, the two-body Lüscher quantization condition itself becomes invalid on the left-hand cut [81–87].
For B-B∗ scattering, the left-hand cut due to single-pion exchange starts at the invariant-mass-squared

scut = sth −m2
π + (mB∗ −mB)

2, (21)

where sth = (mB∗ + mB)
2. For physical pion mass, one finds

√
scut −

√
sth ≈ −1 MeV, while at mπ = 300 MeV,√

scut −
√
sth ≈ −4 MeV. Similarly, for Bs-B

∗, B-B∗
s scattering at physical kaon mass, the cut due to single-kaon

exchange starts at
√
scut −

√
sth ≈ −11 MeV. The finite-volume ground-state energies we obtained in this work

(Section V) and in Refs. [40, 42] for b̄b̄ud and b̄b̄us are well below these values.
New approaches to describing the finite-volume energy levels in the region effected by the left-hand cut were recently

proposed in Refs. [81–87]; these involve modifications to the two-body Lüscher formalism, the use of the three-body
Lüscher formalism, or chiral effective theory. However, the implementation of these approaches is beyond the scope
of the present work.

In the remainder of this paper, we will focus on the ground-state energies and assume that finite-volume effects are
negligible compared to our statistical uncertainties. Before we became aware of the left-hand cut problem, we did in
fact perform extractions of S-wave scattering amplitudes from the energy levels presented here using the standard
two-body Lüscher method; we can use these results to get at least some idea of the possible size of finite-volume effects.
For the b̄b̄ud system, we used the lowest two energy levels on each ensemble and fitted a two-parameter model of the
K matrix [88], similar to the effective-range expansion used in [40]. From these fits, we found that the bound-state
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pole locations differ from the finite-volume ground-state energies by <∼ 0.1 MeV, consistent with the expectation from
Ref. [40]. For b̄b̄us, we attempted coupled-channel fits to the lowest three energy levels with various parametrizations
of the 2× 2 K matrix, including fits that combine the data from the a12m220S, a12m220, and a12m220L ensembles
that differ only in the volume. However, most of these fits did not converge properly, and the only model that
gave stable results was a diagonal form of the K matrix with two s-independent parameters on the diagonal. For
those ensembles for which we achieved a reasonable χ2/d.o.f, this model predicted shifts between the finite-volume
ground-state energies and the bound-state pole locations of <∼ 1 MeV. Another way of estimating the finite-volume
effects is directly comparing the finite-volume energies of the a12m220S, a12m220, and a12m220L ensembles listed in
Table VIII, which suggests that the effects for b̄b̄us are not larger than about 5 MeV for the smallest volume.

VII. CHIRAL AND CONTINUUM EXTRAPOLATIONS OF THE BINDING ENERGIES

To obtain estimates of the tetraquark binding energies at the physical point, we consider two different fits to the
ground-state energies from the different ensembles: (i) neglecting lattice-spacing dependence but allowing for a linear
dependence on m2

π, as in Refs. [40, 42],

∆E0(mπ) = ∆E0(mπ,phys) + c(m2
π −m2

π,phys), (22)

and (ii), allowing for linear dependencies on both m2
π and a2,

∆E0(mπ, a) = ∆E0(mπ,phys, 0) + c(m2
π −m2

π,phys) + d a2. (23)

Here, we use mπ,phys = 135MeV for the physical pion mass in the isospin-symmetric limit. These models are expected
to be approximate only. For the actions used here, gluon and sea-quark discretization errors are expected to start at
O(α2

sa
2) and O(αsa

2), respectively, but the Wilson-clover valence action is only tree-level-O(a) improved and thus
will have some remaining O(αsa) errors. With the particular level of Symanzik improvement used here, the NRQCD
action has both O(α2

sa) and O(α2
sa

2) errors, plus other systematic errors from missing higher-order relativistic and
radiative corrections that we will estimate separately below.

Our fits using Eqs. (22) or (23) are illustrated in Figs. 11 and 12, and the results for the fit parameters are given in
Table IX. The coefficients d that describe the lattice-spacing dependence turn out to be consistent with zero. For the
b̄b̄ud system, there is a slight indication that the binding energy increases in magnitude as the pion mass is lowered,
which becomes more statistically significant when not including the a2 term. On the other hand, the b̄b̄us binding
energy is essentially independent of the pion mass in the range considered here. Some of the fits have χ2/d.o.f. > 1
due to a slight tension between data points with similar lattice parameters; in these cases, we scaled the uncertainties
of the fit results by

√
χ2/d.o.f.. We find that the results for ∆E0(mπ,phys) and ∆E0(mπ,phys, 0) are compatible within

statistical uncertainties. We take the latter as our final estimates of the tetraquark binding energies.
The extrapolations do not remove the systematic errors from missing higher-order relativistic and radiative correc-

tions in the lattice NRQCD action. To estimate these sources of systematic uncertainty, we follow the prescription of
Ref. [40] with adjustments for the different choices of NRQCD matching coefficients used here.

The values of ∆E0 depend both on the heavy-light meson energies and on the energies of the four-quark systems.
For the heavy-light mesons, the most significant systematic NRQCD uncertainties are expected to be as follows:

• Four-quark operators are missing in the action. They appear only at order α2
s in the QCD matching, but

according to Ref. [89] their effect is of order 3MeV.

• One-loop corrections to the matching coefficient c4 of the operator −g/(2mb)ψ
†σ · Bψ are not included here.

The associated uncertainties can be estimated as

αsΛ
2
QCD/mb ≈ 6MeV, (24)

where we use αs ≈ 0.3, ΛQCD ≈ 300 MeV, and mb ≈ 4.5 GeV.

• We also use only tree-level values for the coefficients c2 and c3 of the operators of order (Λ2
QCD/m

2
b). The

uncertainties from missing higher-order contributions to these coefficients are given by

αsΛ
3
QCD/m

2
b ≈ 0.4MeV. (25)

As the matching coefficients c1, c5, and c6 include order-αs corrections, systematic uncertainties arising from the
related operators are negligible.
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FIG. 11. Chiral extrapolations of the energy differences ∆E0 for the b̄b̄ud four-quark system with I(JP ) = 0(1+) (left) and
the b̄b̄us four-quark system with JP = 1+(right), neglecting the lattice-spacing dependence. The lowest meson-meson threshold
for each channel is indicated by the horizontal dashed lines, while the vertical dashed line represents the physical pion mass.

Chiral extrapolation only

∆E0(mπ,phys) [MeV] c [10−4/MeV] χ2/d.o.f.

b̄b̄ud −99(8) 2.9(1.1) 2.34

b̄b̄us −33(4) 0.0(0.5) 1.57

Chiral and continuum extrapolation

∆E0(mπ,phys, 0) [MeV] c [10−4/MeV] d [102×MeV3] χ2/d.o.f.

b̄b̄ud −100(10) 2.7(1.6) 1.2(6.2) 2.90

b̄b̄us −30(3) 0.5(0.5) 3.8(1.8) 0.83

TABLE IX. Fit results for the chiral extrapolations using Eq. (22) [upper table] and the combined chiral-continuum extrapo-

lations using Eq. (23) [lower table]. All uncertainties have been scaled by
√

χ2/d.o.f..

For the four-quark system, the power counting is more complicated due to the presence of two bottom quarks. A
reasonable estimate for the systematic uncertainties can be obtained by replacing the QCD scale ΛQCD by the binding
momentum |kBS| (if larger than ΛQCD) [40]. Our results for the binding energies correspond to |kBS| ≈ 730 MeV
for b̄b̄ud and |kBS| ≈ 400 MeV for b̄b̄us, which leads to estimated systematic uncertainties of ≈ 36 MeV for the b̄b̄ud
energy and ≈ 11 MeV for the b̄b̄us energy. It is reasonable to expect some partial cancellation of systematic errors
between the tetraquark and heavy-light meson energies, so these numbers could be taken as the total systematic
uncertainties of ∆E0 [40]. However, note that our previous calculations [40, 42] predicted larger binding momenta of
|kBS| ≈ 800 MeV for b̄b̄ud and |kBS| ≈ 680 MeV for b̄b̄us, and the smaller values obtained here may, in principle, be
due to the very systematic errors we are trying to estimate. Therefore, to be conservative, we will report asymmetric
uncertainties in which we use the larger values of |kBS| from Refs. [40, 42] to obtain the size of the error bars in the
direction of increased binding. This prescription then yields our final results

∆E0(mπ,phys, 0)[b̄b̄ud] = −100± 10 +36
−43 MeV, (26)

∆E0(mπ,phys, 0)[b̄b̄us] = −30± 3 +11
−31 MeV. (27)



17

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

m2
π [GeV2]

−150

−125

−100

−75

−50

−25

0
∆
E

0
[M

eV
]

BB∗

a ≈ 0.15 fm
a ≈ 0.12 fm
a ≈ 0.09 fm
a = 0.00 fm

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

m2
π [GeV2]

−70

−60

−50

−40

−30

−20

−10

0

∆
E

0
[M

eV
]

BB∗s

a ≈ 0.15 fm
a ≈ 0.12 fm
a ≈ 0.09 fm
a = 0.00 fm

0.000 0.005 0.010 0.015 0.020

a2 [fm2]

−150

−125

−100

−75

−50

−25

0

∆
E

0
[M

eV
]

BB∗

mπ ≈ 310 MeV
mπ ≈ 220 MeV
mπ ≈ 135 MeV

0.000 0.005 0.010 0.015 0.020

a2 [fm2]

−70

−60

−50

−40

−30

−20

−10

0

∆
E

0
[M

eV
]

BB∗s

mπ ≈ 310 MeV
mπ ≈ 220 MeV
mπ ≈ 135 MeV

FIG. 12. Combined chiral and continuum extrapolations of the energy differences ∆E0 for the b̄b̄ud four-quark system with
I(JP ) = 0(1+) (left) and the b̄b̄us four-quark system with JP = 1+(right). In the upper row, the mπ dependence is shown for
fixed lattice spacing a, while the lower row shows the a dependence for fixed pion mass mπ. The lowest meson-meson threshold
for each channel is indicated by the horizontal dashed lines, while the vertical dashed line represents either the physical pion
mass or zero lattice spacing a. The black square indicates the final result for the binding energy at the physical point.

VIII. CONCLUSIONS

In this work, we have confirmed the existence and computed the binding energies of both the b̄b̄ud tetraquark with
quantum numbers I(JP ) = 0(1+) and the b̄b̄us tetraquark with quantum numbers JP = 1+ using lattice QCD. We
have improved on existing similar lattice-QCD computations [38–44] by implementing, for the first time, a combination
of local and scattering interpolating operators both at the source and at the sink of symmetric correlation matrices.
We have demonstrated that this enables high-precision determinations of the energies of low-lying scattering states,
and that it is practically impossible to determine these energies without scattering operators. Reliably extracting the
complete low-lying finite-volume spectra is essential when using the Lüscher method to determine energy-dependent
scattering amplitudes, as we have done for the b̄c̄ud systems with quantum numbers I(JP ) = 0(0+) and I(JP ) = 0(1+)
in Ref. [49], based on the methods developed here. On the other hand, we found that the inclusion of scattering
operators had essentially no impact on the ground-state results obtained from the GEVP for the b̄b̄ud and b̄b̄us
systems. This finding was somewhat unexpected, given our experience from Refs. [40, 42], in which we compared the
results of multi-exponential matrix fits with and without scattering operators at the sink and found some impact on
the fit results for E0. When using the GEVP, local operators alone appear to be sufficient to determine the binding
energies of the deeply bound b̄b̄ud and b̄b̄us tetraquarks, but the inclusion of scattering operators provides reassurance
and may be necessary to reliably extract the ground-state energies of other, less deeply bound systems.

Using chiral and continuum extrapolations of the results from several ensembles, we obtained binding energies of



18

−100 ± 10 +36
−43 MeV for the b̄b̄ud tetraquark with quantum numbers I(JP ) = 0(1+) and −30 ± 3 +11

−31 MeV for the

b̄b̄us tetraquark with quantum numbers JP = 1+. These values are reasonably consistent with results of other recent
lattice-QCD studies of these systems [39, 40, 42–44], but are in slight tension with earlier works [38, 41]. We have
updated the summary plots for both tetraquark systems from Refs. [40, 42] and show them in Fig. 13. For the
b̄b̄ud system, also calculations [33, 34, 37] based on static potentials from lattice QCD and the Born-Oppenheimer
approximation are shown; these gave a somewhat smaller binding energy. The predictions from other approaches such
as potential models, effective field theories, and QCD sum rules were taken from Refs. [1, 3–32].

The main systematic uncertainties in our present results are associated with the lattice NRQCD action [64], in
particular with the use of the tree-level value of the coefficient c4 and the missing four-quark operators. The radiative
corrections to c2 and c4, and the coefficients of the four-quark operators with four heavy quarks have in fact been
computed to one loop in lattice perturbation theory in Refs. [90, 91]. The systematic uncertainties could have been
reduced by including these corrections, although four-quark operators with both heavy and light quarks would still
be missing. A computation of the b̄b̄ud and b̄b̄us tetraquark energies using a relativistic action for the b̄ quarks is also
a worthwhile future direction to complement and cross-check the results from this work and from Refs. [38–44], which
all used NRQCD.

Finally, we note that the calculations presented here only used scattering interpolating operators with zero relative
momenta, leading to missing states in the energy range considered, especially for the larger volumes. A natural next
step is to include also scattering operators with non-vanishing relative momenta. Their implementation is straight-
forward within our computational setup, and we have already included such operators in our recent investigation of
the b̄c̄ud systems [49].
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FIG. 13. Comparison of results for the binding energy of antiheavy-antiheavy-light-light tetraquarks. (upper plot): b̄b̄ud
tetraquark with I(JP ) = 0(1+) (black: this work; blue: previous full lattice-QCD simulations [38–41, 43, 44]; red: lattice-
QCD computations of static potentials in combination with the Born-Oppenheimer approximation [33, 34, 37]; green: other
approaches (quark models, phenomenological considerations, sum rules [1, 3–15, 17–19, 23–25, 27–32]). (lower plot): b̄b̄us
tetraquark with JP = 1+ (black: this work; blue: previous full lattice-QCD simulations [38, 39, 42, 43]; green: other approaches
(quark models, phenomenological considerations, sum rules [3, 4, 10, 12, 14–16, 20–27, 31]).
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FIG. 14. Fit ranges and fit results for the energy levels for the b̄b̄ud system for the other ensembles.
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FIG. 15. Fit ranges and fit results for the energy levels for the b̄b̄us system for the other ensembles.
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