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We present results from an ongoing project concerned with the computation of O(1/𝑚𝑄) and
O(1/𝑚2

𝑄
) relativistic corrections to the static potential. These corrections are extracted from

Wilson loops with two chromo-field insertions. We use gradient flow, which allows to renormalize
the inserted fields and leads to a significantly improved signal-to-noise ratio, providing access to
loops with large spatial and temporal extents.
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1. Introduction

A standard method to predict masses and properties of heavy quarkonia is to solve a Schrödinger
equation with a suitable heavy quark-anti-quark potential. A simple choice would be the ordinary
static potential, which is, however, a crude approximation for finite heavy quark mass 𝑚𝑄 and
e.g. incapable to describe spin-splitting. Such effects can be included by considering relativistic
corrections to the static potential. In the past, relativistic corrections proportional to 1/𝑚𝑄 and
1/𝑚2

𝑄
have been derived in numerous ways, most prominently in potential Non-Relativistic QCD

(pNRQCD), which is an effective field theory [1].
The potential corrections from pNRQCD have been calculated perturbatively up to N3LO

and N3LL accuracy [2–4]. Non-perturbative lattice gauge theory computations are possible, but
technically difficult (see Refs. [5, 6]). One reason for that are strong UV fluctuations in the
corresponding chromo-field correlators. Moreover, it is necessary to renormalize the chromo-
field insertions. To overcome these difficulties, we use gradient flow [7], which is useful for
renormalization and strongly suppresses UV noise.

2. The heavy quark-anti-quark potential with 1/𝑚𝑄 and 1/𝑚2
𝑄

corrections

In pNRQCD the potential corresponding to a heavy quark-anti-quark pair, where both quarks
have the same mass 𝑚𝑄, can be written as

𝑉 (𝑟) = 𝑉 (0) (𝑟) + 1
𝑚𝑄

𝑉 (1) (𝑟) + 1
𝑚2

𝑄

(
𝑉

(2)
SD (𝑟) +𝑉 (2)

SI (𝑟)
)
+ O(1/𝑚3

𝑄) (1)

[1]. 𝑉 (0) is the ordinary static potential, whereas𝑉 (1) and𝑉 (2)
SI are spin-independent (SI) corrections

and𝑉 (2)
SD is a spin-dependent (SD) correction. 𝑉 (2)

SI and𝑉 (2)
SD can be decomposed further with detailed

equations presented in Ref. [1]. The potential corrections can be calculated by solving integrals of
the form ∫ ∞

0
𝑑𝑡 𝑡𝑠 ⟨Σ+

𝑔, 0|𝐹2(𝑡, 𝑟)𝐹1(0, 0) |Σ+
𝑔, 0⟩, 𝑠 = 0, 1, 2, (2)

1 where ⟨Σ+
𝑔, 0|𝐹2(𝑡, 𝑟)𝐹1(0, 0) |Σ+

𝑔, 0⟩ denotes the Σ+
𝑔 ground state expectation value of two chromo-

fields 𝐹1 and 𝐹2, i.e. the expectation value in the presence of a static quark-anti-quark pair and a flux
tube corresponding to the ordinary static potential. ⟨Σ+

𝑔, 0|𝐹2(𝑡, 𝑟)𝐹1(0, 0) |Σ+
𝑔, 0⟩ can be expressed

in terms of Wilson loop expectation values,

⟨Σ+
𝑔, 0|𝐹2(𝑡, 𝑟)𝐹1(0, 0) |Σ+

𝑔, 0⟩ = lim
Δ𝑡→∞

𝑊𝑟×(𝑡+2Δ𝑡 ) (𝐹2(𝑡, 𝑟)𝐹1(0, 0))
𝑊𝑟×(𝑡+2Δ𝑡 )

, (3)

where 𝑊𝑟×(𝑡+2Δ𝑡 ) (𝐹2(𝑡, 𝑟)𝐹1(0, 0)) is a Wilson loop with two chromo-field insertions as shown in
Fig. 1 and 𝑊𝑟×(𝑡+2Δ𝑡 ) is an ordinary Wilson loop of the same spatial and temporal extent. For the
chromo-fields we use the common clover definition,

𝐸𝑖 =
1
2𝑖
(Π𝑖0 − Π

†
𝑖0), 𝐵𝑖 =

𝜖𝑖 𝑗𝑘

2𝑖
(Π𝑖 𝑗 − Π

†
𝑖 𝑗
), Π𝜇𝜈 =

1
4
(𝑃𝜇,𝜈 + 𝑃𝜈,−𝜇 + 𝑃−𝜇,−𝜈 + 𝑃−𝜈,𝜇) (4)

1For 𝐹1 = 𝐹2 = 𝐸𝑧 (where we assume that the heavy quarks are separated along the 𝑧 axis) one has to subtract
⟨Σ+

𝑔, 0|𝐸𝑧 (𝑡, 𝑟) |Σ+
𝑔, 0⟩⟨Σ+

𝑔, 0|𝐸𝑧 (0, 0) |Σ+
𝑔, 0⟩ from the expectation value.
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with plaquettes 𝑃𝜇,𝜈 . The right hand side of Eq. (3) is then suited for lattice gauge theory
computations.

Figure 1: Generalized Wilson loop 𝑊𝑟×(𝑡+2Δ𝑡 ) (𝐹2 (𝑡, 𝑟)𝐹1 (0, 0)) with chromo-field insertions 𝐹1 and 𝐹2.
The red circle has radius 𝑟 𝑓 and marks the region, where the field 𝐹1 is smeared by applying gradient flow
with flow time 𝑡 𝑓 = 𝑟2

𝑓
/8.

3. Gradient flow and renormalization

In Refs. [5, 6] chromo-fields were renormalized approximately, taking into account divergencies
up to three loops, by multiplying each field insertion with a Huntley-Michael (HM) renormalization
factor [8]. However, the statistically rather precise results for the potential corrections from Ref. [6]
did not fulfill the Gromes relation [9, 10] indicating that HM renormalization is not appropriate for
precision computations.

A modern method of renormalization is to use gradient flow [7] and for chromo-magnetic fields
also perturbatively calculated matching coefficients [1]. Gradient flow generates a smooth gauge
field 𝐵𝜇 and is defined via the flow equation

¤𝐵𝜇 = 𝐷𝜈𝐺𝜇𝜈 , (5)

where

𝐵𝜇

���
𝑡 𝑓 =0

= 𝐴𝜇, 𝐺𝜇𝜈 = 𝜕𝜇𝐵𝜈 − 𝜕𝜈𝐵𝜇 + [𝐵𝜇, 𝐵𝜈], 𝐷𝜇 = 𝜕𝜇 + [𝐵𝜇, ·] . (6)

In particular for flow radius 𝑟 𝑓 =
√︁

8𝑡 𝑓 >∼ 𝑎 the 𝑎 dependence of the inserted chromo-fields is
significantly reduced (see e.g. Refs. [11, 12]). Thus, a promising strategy to arrive at reliable and
precise results for renormalized continuum extrapolated correlators ⟨Σ+

𝑔, 0|𝐹2(𝑡, 𝑟)𝐹1(0, 0) |Σ+
𝑔, 0⟩

is to carry out computations for several values of the flow time 𝑡 𝑓 and the lattice spacing 𝑎. For
chromo-magnetic field insertions the corresponding matching coefficients have to be included.
Since gradient flow drastically reduces the 𝑎 dependence, a rather precise continuum extrapolation
for each considered flow time 𝑡 𝑓 is expected to be possible. These continuum extrapolated results
can then be used for another extrapolation to flow time 𝑡 𝑓 = 0.

Gradient flow has also the benefit of suppressing UV fluctuations in chromo-field correlators
leading to smaller statistical errors. However, gradient flow also comes with a caveat, namely that
it corresponds to a smearing of the gauge field with approximate radius 𝑟 𝑓 (see Fig. 1). If the
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flow time is chosen too large, the two inserted chromo-fields might overlap. This, in turn, causes
sizable unwanted effects, such that the results are not anymore useful for the continuum and zero
flow time extrapolation discussed above. To avoid such an “oversmearing”, we exclusively consider
generalized Wilson loops with spatial extent 𝑟 > 2𝑟 𝑓 .

4. Computation of the integral in Eq. (2)

A strategy to solve the integral in Eq. (2) is to compute the correlator
⟨Σ+

𝑔, 0|𝐹2(𝑡, 𝑟)𝐹1(0, 0) |Σ+
𝑔, 0⟩ at a number of discrete 𝑡 separations and fit an ansatz motivated by

the spectral decomposition

⟨Σ+
𝑔, 0|𝐹2(𝑡, 𝑟)𝐹1(0, 0) |Σ+

𝑔, 0⟩ =
∑︁
Λ𝜖

𝜂 ,𝑛

⟨Σ+
𝑔, 0| �̂�1 |Λ𝜖

𝜂 , 𝑛⟩ ⟨Λ𝜖
𝜂 , 𝑛| �̂�2 |Σ+

𝑔, 0⟩ 𝑒
−Δ𝐸Λ𝜖

𝜂 ,𝑛𝑡 (7)

[5] with Δ𝐸Λ𝜖
𝜂 ,𝑛 = 𝐸Λ𝜖

𝜂 ,𝑛 − 𝐸Σ+
𝑔 ,0. We note that symmetry arguments allow to restrict the sum over

Λ𝜖
𝜂 to only two sectors depending on the spatial separation axis and the inserted chromo-fields.

We plan to discuss this in detail in an upcoming publication. Once the energy differences and
amplitudes appearing on the right hand side of Eq. (7) are determined by the fit, the expression can
be used in Eq. (2) and the integral can be solved analytically.

5. Numerical results

In the following we discuss first results for a single ensemble of 2000 gauge link configurations
with (𝑇/𝑎) × (𝐿/𝑎)3 = 60 × 303 lattice sites generated with the standard Wilson plaquette action
using CL2QCD [13]. The gauge coupling 𝛽 = 6.451 corresponds to lattice spacing 𝑎 = 0.048 fm,
when defining 𝑟0 = 0.5 fm. To increase the ground state overlap, the spatial lines of all Wilson
loops, without and with chromo-field insertions, were APE smeared with parameters 𝑁APE = 100
and 𝛼APE = 0.5 (see Ref. [14] for detailed equations). For the error analysis pyerrors [15] was
used.

In Fig. 2 we show the ordinary static potential extracted from Wilson loops computed at four val-
ues of the flow time 𝑡 𝑓 /𝑎 = 0.417, . . . , 0.778, corresponding the flow radii 𝑟 𝑓 /𝑎 = 1.83, . . . , 2.49.
To eliminate the self energy of the static quarks, which is reduced by gradient flow and depends on
the flow time, we plot the difference 𝑉 (0) (𝑟) − 𝑉 (0) (𝑟 = 5𝑎). The data points for all four values
of the flow time are essentially on top of each other, indicating that gradient flow with flow radius
𝑟 𝑓 /𝑎 ≤ 2.49 has negligible effect on the ordinary static potential for 𝑟/𝑎 ≥ 5. This confirms
our statement from section 3 that considering only Wilson loops with spatial extents 𝑟 > 2𝑟 𝑓
“oversmearing” via gradient flow is not an issue.

In Fig. 3 we present correlators ⟨Σ+
𝑔, 0|𝐹2(𝑡, 𝑟)𝐹1(0, 0) |Σ+

𝑔, 0⟩, which have been obtained by
approximating the limit Δ𝑡 → ∞ on the right hand side of Eq. (3) by Δ𝑡 = 5𝑎. The results are
shown as functions of the flow time 𝑡 𝑓 . The three curves in each plot correspond to different
temporal separations 𝑡/𝑎 = 5, 7, 10, whereas the spatial separation 𝑟/𝑎 = 8 is the same. Correlators
with two chromo-electric field insertions appear to be independent of 𝑡 𝑓 for 𝑡 𝑓 /𝑎 ≥ 0.417 within
statistical erors, while there might be a slight 𝑡 𝑓 dependence for chromo-magnetic field insertions.
The reason for the latter might be that we have not yet included the necessary matching coefficients
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Figure 2: The ordinary static potential for several values of the flow time. Data points are essentially on
top of each other and, thus, hard to distinguish visually. The orange curve is a fit with a Cornell ansatz,
𝑉

(0)
Cornell (𝑟) = −𝑐/𝑟 + 𝜎𝑟.

Figure 3: Correlators ⟨Σ+
𝑔, 0|𝐹2 (𝑡, 𝑟)𝐹1 (0, 0) |Σ+

𝑔, 0⟩ as functions of the flow time 𝑡 𝑓 for spatial separation
𝑟/𝑎 = 8 and different temporal separations 𝑡/𝑎 = 5, 7, 10.

for chromo-magnetic field insertions, which could weaken a possible 𝑡 𝑓 dependence. The plots also
demonstrate that gradient flow is able to drastically reduce statistical errors: increasing the flow
time from 𝑡 𝑓 /𝑎 = 0.417 to 𝑡 𝑓 /𝑎 = 0.778, which corresponds to a rather mild increase of the flow
radius from 𝑟 𝑓 /𝑎 = 1.83 to 𝑟 𝑓 /𝑎 = 2.49, reduces statistical errors by approximately a factor 5.

We also generated crude results for potential corrections from correlators at finite flow time
𝑡 𝑓 /𝑎 = 0.778 and lattice spacing 𝑎 = 0.048 fm. To this end, we again approximated the limit
Δ𝑡 → ∞ on the right hand side of Eq. (3) by Δ𝑡 = 5𝑎 and fitted the correlators with a truncated
version of the spectral decomposition from Eq. (7). The integrals from Eq. (2) can then be solved
analytically. Selected potential corrections 𝑉 (2,0)

𝐿𝑆
, 𝑉 (1,1)

𝐿𝑆
, 𝑉 (1,1)

𝑆12
and 𝑉

(1,1)
𝑝2 (𝑟) are plotted in Fig.

4 as functions of the spatial separation 𝑟 . Even though we have not yet included the necessary
matching coefficients for chromo-magnetic field insertions, the potential corrections exhibit the
expected behavior and can successfully be parameterized by the following functions

𝑉
(2,0)
𝐿𝑆

(𝑟) = − 𝜎

2𝑟
, 𝑉

(1,1)
𝐿𝑆

(𝑟) =
𝑐𝐹𝑐

𝑟3 − 𝑐𝐹𝑔Λ
′

𝑟2 , 𝑉
(1,1)
𝑆12

(𝑟) =
𝑐2
𝐹
𝑐2
𝑆12

𝑟3 , 𝑉
(1,1)
𝑝2 (𝑟) =

𝑐𝑝2

2𝑟
,

(8)

which are similar to those used in Refs. [5, 6] with an additional long range contribution for 𝑉 (1,1)
𝐿𝑆

as derived in Ref. [16] (𝑐𝐹 is the previously mentioned matching coefficient and 𝑐 and 𝜎 are the
parameters of the Cornell parameterization of the ordinary static potential 𝑉 (0) [see caption of Fig.
2]). Moreover, statistical errors are quite small, indicating that we have a setup, which will allow a
precise and rigorous determination of these potential corrections. We plan to carry out correspond-
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Figure 4: Selected potential corrections 𝑉
(2,0)
𝐿𝑆

, 𝑉 (1,1)
𝐿𝑆

, 𝑉 (1,1)
𝑆12

and 𝑉
(1,1)
𝑝2 (𝑟) as functions of the spatial

separation 𝑟 at flow time 𝑡 𝑓 /𝑎 = 0.778 and lattice spacing 𝑎 = 0.048 fm.

ing computations in the near future, which implies, in particular, to extrapolate the correlators to
flow time 𝑡 𝑓 = 0 and to the continuum as discussed in section 3. Once these potential corrections
are available, they could be used in Born-Oppenheimer predictions of the bottomonium and char-
monium spectra. At a recent conference we have reported about a corresponding preparatory study
[17].
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