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We compute the composition of the bottomonium Y (nS) states (including Y (10860)) and the new Y (10753)
resonance reported by Belle in terms of quarkonium and meson-meson components. We use a recently developed
novel approach utilizing lattice QCD string breaking potentials for the study of resonances. This approach is
based on the diabatic extension of the Born Oppenheimer approximation and the unitary emergent wave method
and allows to compute the poles of the S matrix. We focus on / = 0 bottomonium S wave bound states and
resonances, where the Schrodinger equation is a set of coupled differential equations. One of the channels
corresponds to a confined heavy quark-antiquark pair bb, the others to pairs of heavy-light mesons. In a previous
study only one meson-meson channel B™ B™ was considered. Now we also include the closed strangeness

channel B§*) B§*) extending our formalism significantly to have a more realistic description of bottomonium.
We confirm the new Belle resonance Y(10753) as a dynamical meson-meson resonance with around 76%
meson-meson content. Moreover, we identify Y (4S) and Y (10860) as states with both sizable quarkonium and
meson-meson contents. With these results we contribute to the clarification of ongoing controversies in the

vector bottomonium spectrum.

PACS numbers: 12.38.Gc, 13.75.Lb, 14.40.Rt, 14.65.Fy.

I. INTRODUCTION

Starting from the determination of lattice QCD static po-
tentials with dynamical quarks, our long term goal is a com-
plete computation of masses and decay widths of bottomonium
bound states and resonances as poles of the S matrix. We ex-
pect our technique to be eventually updated to study the full
set of exotic X, Y and Z mesons. In this work, however, we
focus on the somewhat simpler, but nevertheless controversial
I = 0 bottomonium § wave resonances.

It has been standard for many years to use the ordinary static
potential obtained in lattice QCD as the confining quarkonium
potential to study the heavy quarkonium spectrum [1]. Re-
cently we developed a novel approach to apply lattice QCD
string breaking potentials (as e.g. computed in Ref. [2]) to
coupled channel systems, opening the way for the computa-
tion of the spectrum and the composition of resonances with
heavy quarks [3]. This approach allows to study hadronic in-
teractions non-perturbatively with input from first principles
lattice QCD.

In the past, microscopic determinations of hadronic strong
interactions, i.e. from quark interactions, were mostly ad-
dressed with quark models. From the onset of QCD, while
developing the quark bag model, Jaffe predicted multiquarks
such as tetraquarks. Moreover, he started computing micro-
scopically potentials for coupled channels of hadrons [4, 5].
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An important type of potentials are the hadron-hadron poten-
tials, such as Vy;,, we use in this work, where the number of
quarks is preserved. The microscopic computation of hadron-
hadron potentials in models needs to include the different al-
gebraic color, flavor, spin and three dimensional space or mo-
mentum factors, the latter being systematically performed with
the resonating group method [[6]. A second type of potentials
are the mixing potentials, such as the Vpyix used in this work,
which couples channels with a different number of quarks and
microscopically includes the creation or annihilation of a light
quark-antiquark pair. In quark models it was realized a long
time ago from the symmetries the QCD vacuum that the pair
creation has SL; = 3Py quantum numbers in spectroscopic
notation [7, [8]]. Spontaneous chiral symmetry breaking can
also be included in the 3PO pair creation mechanism [9]. This
microscopic knowledge contributed to very successful mod-
els with quark-antiquark channels and meson-meson channels
allowing to study a large number of resonances [[10], compli-
cated dynamical resonances [11] and resonances with heavy
quarks [[12]. These models share a vanishing interaction be-
tween two mesons, but have different mixing potentials. For
instance Ref. [[L1] uses a delta-shell potential for simplicity
and Ref. [12]] uses a Gaussian shell potential with has an addi-
tional parameter. Refs. [9l [10] compute microscopically Vpix
from the overlap of the meson wave functions and the 3 Py pair
creation term.

However, since multiquarks may be very complex systems,
we expect some of them to be sensitive to the details of the
potentials. Unfortunately, the potentials are not fully fixed
by the symmetries of QCD, i.e. what one can infer is only
qualitative. For example Vp,ix at large quark-antiquark sepa-
rations must decay rapidly like the meson wave functions in
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the overlap, exponentially or as a Gaussian. At small sepa-
rations, due to the momentum or position present in the 3P
mechanism, it must linearly increase from 0. Moreover, due
to the parity in the 3Py mechanism, the orbital angular mo-
menta of the quark-antiquark channel and the meson-meson
channel must differ by 1. Obviously, these constraints do not
fully determine the potentials and there are certain degrees of
freedom left. Lattice QCD, on the other hand, is a method
to unambiguously compute these potentials from QCD. Thus,
we expect that the computation of the potentials V5, (the
quark-antiquark potential), Vipix and Vjz,, with lattice QCD
will allow to clarify important aspects of certain quarkonium
resonances and experimentally observed multiquarks.

Lattice QCD computations fully incorporate the dynamics
of the light quarks and gluons, while the heavy quarks are
approximated as static color charges. The dynamics of the
heavy quarks is then added in a second step using techniques
from quantum mechanics as in the Born-Oppenheimer approx-
imation [13]]. Due to heavy quark symmetry the spin of the
heavy quarks is conserved [14H17]]. In previous works this
Born-Oppenheimer approach was applied to investigate ex-
otic mesons containing a bottom and an anti-bottom quark.
For example, the spectrum of bb hybrid mesons was stud-
ied extensively (see e.g. Refs. [18H21]]) using static potentials
computed within pure SU(3) lattice gauge theory, which are
confining and do not allow decays to pairs of lighter mesons.
The first application of the Born-Oppenheimer approach using
meson-meson potentials computed in full lattice QCD to study
tetraquarks can be found in Refs. [22] [23]. For instance the
existence of a stable bbud tetraquark with quantum numbers
I(JP) = 0(1*) was confirmed [24} 25, whereas other flavor
combinations do not seem to form four-quark bound states [[26].
In this context the approach was also updated by including
techniques from scattering theory and a bbud tetraquark res-
onance with quantum numbers 7(JF) = 0(17) was predicted
[27]. The Born-Oppenheimer approach approach should also
allow for the inclusion of the heavy quark spin, either from
the experimental hyperfine splitting [25]] or with lattice QCD
computations of 1/m;, corrections to the static potentials [28]].

In this work we continue within this framework and sig-
nificantly extend our recent study of systems with a heavy
quark and a heavy antiquark and possibly another light quark-
antiquark pair [3]]. This constitutes an even more challenging
system, which might open the way to study bottonomium X, Y
and Z resonances. The approach then requires the lattice QCD
determination of several potentials including a bb potential,
a B B™ potential and a mixing potential, and allows the
study of resonances and their decays with scattering theory. In
this work we do not carry out such lattice QCD computations,
but use results from an existing study of string breaking [2].
Notice that we go beyond the Born-Oppenheimer adiabatic
approximation [19]], since the quarkonium potential crosses
open meson-meson thresholds. Formally, our system is then
denominated diabatic [12}29,[30], since the heavy quarks are
much slower that the light degrees of freedom, but the state of
the heavy quarks nevertheless changes, when a decay occurs.

The main goal of this paper is to compute the composition
of I = 0 bottonomium resonances in terms of quarkonium

name IS (JPC)|m [MeV] [ [MeV] JPC
7p(1S)  07(0 ) | 9399.0+2.3 10£5 0*F
Y(1S) 07 (177) | 9460.30 £ 0.26 (54.02 +1.25)1073| 0**
xpo(1P)  0F(0*%) | 9859.44 +0.73 - 1
yp1(1P)  OY(1*) | 9892.78 +0.57 - 1--
hp(1P)  27(1%7) | 9899.3 £0.8 - 1=
Xp2(1P)  0F(2+%) | 9912.21 +0.57 - 1
M (28)gae 07(07F) | 9999.0 + 6.3 - o+t
Y(2S)  07(177) |10023.26 + 0.31 (31.98 +2.63)1073| 0**
Y(1D) 07(277)|10163.7+ 1.4 - o+
Xbo(2P)  0F(0*+) [10232.5+0.9 - 1
vp1(2P)  0F(1*) [10255.46 £ 0.77 - 1
hp(2P)gae 27(1%7) [10259.8 + 1.6 - 1
vp2(2P)  0F(1*) [10268.65 = 0.72 - 1=
Y(3S) 07 (177) [10355.2+£0.5 (20.32 +1.85)1073| 0**
xp1(3P)  0F(1%%) |10512.1 +2.3 - 1
Y(4S) 0 (1) [105794+1.2 205+25 0*F
Y (10753)ga 0 (1) |10752.7 7.0 355+21.6 |0
Y(10860) 0~ (177) [10885.2 +2.1 37+4 o+t
Y(11020) 07(177) {10000 + 4 24+7 0t*

Table I. Masses m and decay widths I" of / = 0 bottomonium accord-
ing to the Review of Particle Physics [31]. We also include several
states observed at Belle [32| [33]], but not yet confirmed by other
experiments. We add an extra column with the quantum numbers
JPC conserved in the infinite quark mass limit (in the last three lines
JPC = 2%+ is also a possibility). We mark with horizontal lines the
opening of the BB and B* B* thresholds.

00, and meson-meson MM components. It is important to
note that in Ref. [3]] only a B®B® meson-meson channel
was included. However, since the closed strangeness B®BX
channel is very close to the bottomomium resonances we are
interested in, we also include this channel in the present work.
Clearly this case is more involved, because there are three
coupled channels, a confined quarkonium channel with fla-
vor bb and the two meson-meson decay channels with flavor
bb(iiu + dd) /N2 and bbss.

In Table [I] we show the available experimental results ac-
cording to the Review of Particle Physics [31]]. Since we work
in the heavy quark limit, the heavy quark spins Sgc do not
appear in the Hamiltonian and the relevant quantum numbers
JP€ are the remaining part of the total angular momentum and
the corresponding parity and charge conjugation (also listed
in Table ). Notice that we also list several states observed at
Belle with large significance [32,[33]]. These states are not yet
confirmed by other experiments, because presently Belle and
Belle II are the only experiments designed to study bottomo-
nium.

In particular a new resonance, Y (10753), possibly another
Y (nS) state or aY state, since itis a vector but suggested to be of
exotic nature, has recently been observed at Belle with a mass
around 10.75 GeV [33]]. The previously observed resonances
Y (4S) and Y (10860) approximately match quark model pre-
dictions of bottomonium and, thus, this new resonance comes
in excess and needs to be understood.

Notice also that the discovery of this resonance by Belle
with the process ete™ — Y (nS)n*n~ resulted from the exper-



imental effort to clarify the controversy on the nature of the
other excited Y resonances [33]]. The Y (4S), Y(10860), and
Y (11020), although having masses approximately compati-
ble with the quark model, have transitions to lower bottomonia
with the emission of light hadrons with much higher rates com-
pared to expectations for ordinary bottomonium. A possible
interpretation is that these excited Y states have large admix-
tures of B B®™ meson pairs [34H37]. Another scenario is
that they do not correspond to the S wave states Y(5S) and
Y (6S), but instead to the D wave states Y(3D) and Y (4D)
[38-40]. The Belle experiment was, thus, designed to produce
and study Y states with a large B*) B®*) admixture.

After the observation of the new resonance at Belle, more
exotic interpretations have been proposed for the excited Y
states. Most interpretations consider the new Y (10753) res-
onance as a non-conventional state, e.g. a tetraquark [41} 142]
or a hybrid meson [43H45]]. There are, however, also different
interpretations, e.g. in Ref. [39] it is claimed that the Y (4S5) is
not a simple quarkonium state.

In this work, we aim to contribute to the clarification of the
controversies concerning the bottomonium resonances Y (4S5),
Y (10753) and Y(10860). While the low-lying bottomonium
spectrum up to the BB threshold was studied within full lattice
QCD extensively [46H53]], it is extremely difficult to investigate
higher resonances in a similar setup, in particular those with
several decay channels. Thus, as already explained above, we
continue our recent work [3] using lattice QCD potentials and
applying the emergent wave method to study / = 0 bottomo-
nium S wave resonances. Using this strategy, independently
of the experimental observation of the resonance Y (10753)
at Belle [33], which we were not aware of at that time, we
predicted a similar resonance with mass 10774’:j MeV [3].
We now extend this work including another important meson-
meson channel, the B\ B channel, with threshold between
the Y(10753) and Y (10860). Within this improved setup we
determine the composition of all bound states and resonances
up to ~ 11 GeV, i.e. the percentage of a pair of confined heavy
quarks bb as well as the percentage of a pair of heavy-light
mesons B B™ and B B{".

This paper is structured as follows. In Section [l we re-
view the theoretical basics of our approach from Ref. [3]. We
discuss, how to utilize lattice QCD static potentials, and how
to solve the coupled Schrodinger equation to obtain a quarko-
nium and one or two meson-meson wave functions. We also
review our results for the poles of the S matrix, i.e. for I = 0
bottomonium S wave resonances. In Section [[TI| we propose a
technique to determine the percentage of the quark-antiquark
and the meson-meson component of a bottomonium state, ei-
ther a bound state (if we neglect heavy quark annihilation and
electroweak interactions) or a resonance. Then we apply this
technique to Y(15), Y(2S), Y(3S), Y(4S), Y(10753) and
Y (10860). In Section [lII] we also discuss results within the
two channel setup, i.e. considering quarkonium bb and a me-
son pair B B™) and in Section|IV|we discuss results within

the three channel setup, i.e. with an extra B\ B* channel. In
Section[V]we conclude.

II. SUMMARY OF OUR APPROACH

In this section we briefly summarize our approach from Ref.
[3] to study quarkonium resonances with isospin / = 0 in the
diabatic extension of the Born-Oppenheimer approximation,
using lattice QCD static potentials. We also recapitulate the
main results from Ref. [3]]. Moreover, we extend the approach

to three coupled channels, including a B B channel.

A. Theoretical basics — two coupled channels

We consider systems composed of a heavy quark-antiquark
pair QQ and either no light quarks (quarkonium) or another
light quark-antiquark pair §g with isospin I = 0 (for large QQ
separation two heavy-light mesons M = Qq and M = GQ).
We treat the heavy quark spins as conserved quantities such
that the energy levels of QQ(Gq) systems as well as their
decays and and resonance parameters do not depend on these
spins. Moreover, we assume that two of the four components
of the Dirac spinors of the heavy quarks Q and Q vanish.
These approximations become exact for static quarks and are
expected to yield reasonably accurate results for b quarks,
possibly even for ¢ quarks.

In Ref. [3] we have derived in detail a coupled chan-
nel Schrodiger equation for a 4-component wave function
Y (r) = (Y50 (1), ¥y (r) (Eq. (10) in Ref. [3]). The upper
component of this wave function represents the QQ channel,
the lower three components represent the M M channel. For the
M M channel we consider only the lightest heavy-light mesons
with J¥ =0~ and J¥ = 17, i.e. B and B* mesons for Q = b (as
usual, J, P and C denote total angular momentum, parity and
charge conjugation). Within the approximations stated above
these two mesons have the same mass. One can show that the
spin of the two light quarks is 1, which is represented by the
three components of v a7 (r). Note that we ignore decays of
Q0 to lighter quarkonium and a light / = 0 meson, e.g. a o or
an 7 meson, because they are suppressed by the OZI rule.

JPC€ denotes total angular momentum excluding the heavy
quark spins and the corresponding parity and charge conju-
gation. It is a conserved quantity. As in Ref. [3] we focus
throughout this work on J¥€ = 0**. Thus JF¢ = § gc’ where
So denotes the heavy quark spin, with only two possibilities,
SpC =071

The coupled channel Schrddinger equation for the partial
wave with J = 0 is a 2-channel equation,
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The upper equation represents the QQ channel with orbital
angular momentum L5, = J = 0. u(r) is the radial part of

the J = 0 partial wave of the wave function

Voo r) = \/4_711'%%,0(9) +o. )

with the dots . . . denoting partial waves with J>0. Similarly,
the lower equation represents the MM channel with orbital
angular momentum Ly, = 1. ji(kr) and yp7,,(7) are the
radial parts of the J=0 partial waves of the incident plane
wave and the emergent spherical wave of the 3-component
wave function

Xwim (1)
kr

Uygn (0) = Vari| jy (kr) + Ly (@) +... 3)

with Z;7,,(Q) = e,/ V47 and the dots ... denoting partial
waves with J > 0. Moreover, mg and my, are the heavy quark
and heavy-light meson masses, respectively, and ugp = mg/2
and up = myp/2 are the corresponding reduced masses.
The energy E and the momentum k are related according to
k = 2umE. The potentials V55 (r), Vg (1) and Vinix(r)
represent the energy of a heavy quark-antiquark pair, the en-
ergy of a pair of heavy-light mesons and the mixing between
the two channels, respectively. In Ref. [3] we related these po-
tentials algebraically to lattice QCD correlators computed and
provided in detail in Ref. [2] in the context of string breaking for
lattice spacing a ~ 0.083 fm and pion mass m, = 650 MeV.
The data points for Vo (1), Vg ag, () and Viix (r) are shown
in Fig. [[|together with appropriate parameterizations,

2 2
a r
VQQ(r) =FEy— - +or+ Z €o0,;T eXp ( — 38 ) %)

J=1 00,j
Virm (r) =0 (%)
2 }"2
Vinix (1) = Z Cmix, j7 €XP ( - el ) (6)
Jj=1 mix, j

The parameters appearing in Eq. @) to Eq. (6) are collected in
Table

It is interesting to compare our potentials to those utilized
in quark models. The models of Refs. [[10-H12]] all have a con-
fining V5, (r) and our lattice QCD potential is also confining.
This is not surprising, since confinement is a central feature of
most quark models. However, it is remarkable that the meson-
meson interaction Vyz (1) obtained from lattice QCD corre-
lators is compatible with zero within error bars and at the same
time all these models have no direct meson-meson interaction
as well. In the case of the models this is a simplification, but
in our case it is a first principles QCD result. Such a vanishing

(D

0.57‘ ;
g: 0.0
8
>E -0.5¢
S —— VQQ(’F)
= 0 .
3 1 == Vi (1) ]
N [ ]
1.5} = Vinia ()
‘0.2‘ ‘ ‘0.4‘ ‘ ‘0.6‘ ‘ ‘0.8‘ ‘ ‘1.0‘ ‘ ‘1.2‘ ‘ ‘1.4‘ ‘ ‘1.6
r[fm]
Figure 1. (Color online.) Potentials VQ-Q(r), Viim ”(r) and

Vimix (7) as functions of the QQ separation r. The curves correspond
to the parameterizations (@) to (&) with parameters listed in Table|II}

potential parameter value
V5o(r) Eo -1.599(269) GeV
@ +0.320(94)
o +0.253(035) GeV2
60.1 +0.826(882) GeV2
50.1 +0.964(47) GeV~!
€502 +0.174(1.004) GeV?
1502 +2.663(425) GeV~!
Virar, (1) - _
Vinix () Cmix, 1 -0.988(32) GeV2
Amix, 1 +0.982(18) Gev~!
Cmix,2 —0.142(7) GeV?
Amix,2 +2.666(46) GeV~!

Table II. The parameters of the potential parametrizations (@) to (6).

meson-meson interaction is not universal. It appears in the
coupled channel / = 0 bottomonium system, but for instance
not in the bbud system, where a significant attraction leads to
a tetraquark boundstate [22,|54]. In what concerns the mixing
potential, the lattice QCD result Vy,ix (r) has a richer structure
than those used in Refs. [11}112]], which are non-vanishing only
in a certain region of r close to the string breaking distance r...
We note again that our Vi (7) is a first principles QCD result
and that there is no physical or phenomenological reason, why
this potential should not have the behavior shown in Fig. [I] It
vanishes at large r, as in the case of the models, but extends to



much smaller quark-antiquark separations than the potentials
of Refs. [[11} [12]. Indeed, the lattice QCD result Vyix(r) is
close to those calculated microscopically with the 3Py mech-
anism of Refs. [9,[10]. Finally we notice that there is a small
but clearly visible bump in V4 (r) at r ~ 0.25 fm, which is
typically not present in quark model potentials. This bump is
a consequence of the non-vanishing mixing between energy
eigenstates on the one hand and QQ and MM states on the
other hand. With lattice QCD the ground state and the first ex-
citation are computed as functions of r, where the ground state
corresponds to a confining potential without a bump at small
r (see e.g. Fig. 13 in Ref. [2], the curve labeled “state |1)”).
Lattice QCD also provides the mixing angle, i.e. the contribu-
tion of the ground state and the first excitation to the QQ and
MM states. This mixing moves Voo (r) and Vig s, () closer
together for non-vanishing mixing angle. The mixing angle
is particularly large at separations r = 0.25 fm (see Fig. 15 in
Ref. [2]) as also indicated by the extremum in the mixing po-
tential Vimix (r). Thus, the mixing generates a bump in Vi3 (1)
and removes a similar bump present in the first excitation (see
Fig. 13 in Ref. [2], the curve labeled “state |2)”) leading to a
essentially vanishing meson-meson interaction Vyz s 4 (7).

The appropriate boundary conditions for the radial wave
functions u(r) and x7,,(r) are

u(ryocr forr —0 @)
u(ry=0 forr —» oo )
Xnm (1) ccr? forr —0 ©)

Yo (r) = ity arkrhtD (k) forr — 0o, (10)

where hil) is a spherical Hankel function of the first kind
and #,7,, is the scattering amplitude and an eigenvalue of the
S matrix. We compute 57, as a function of the complex
energy E. Poles of ty;,, on the real axis below the MM
threshold indicate bound states. Poles of 77, at energies with
non-vanishing negative imaginary parts represent resonances
with masses m = Re(E) and decay widths I' = —2Im(E).
tyz 0 18 also related to the corresponding scattering phase via
eXomm =1 + 2it -

B. Main results from Ref. [3] — two coupled channels

In Ref. [3]] we applied our approach to study bottomonium
bound states and resonances with I = 0. For m,,, which is the
energy reference of our system, we use the spin-averaged mass
of the B meson and the B* meson, i.e. mpy; = (mp+3mp+)/4 =
5.313GeV [31]. o = mg/2 in the kinetic term of the coupled
channel Schrédinger equation (I) is the reduced mass of the
b quark. Since results are only weakly dependent on mg
(see previous works following a similar approach, e.g. Refs.
(24, 153])), we use for simplicity mg = 4.977 GeV from quark
models [[1]].

In Ref. [3]] we presented both the scattering amplitude 7 ,,
and the phase shift &7, for real energies E above the B*) B(*)
threshold at 10.627 GeV (throughout this paper we use a nota-
tion slightly different from that in Ref. 3, ;7,, = t150,0 and
Oprm = 01-0,0)- We also checked probability conservation by

showing the Argand diagram for #,;,,. The main numerical
results of Ref. [3] are, however, the poles of #;,, in the com-
plex energy plane, which are shown in Fig. 2| (upper plot) and
collected in Table

There are four poles on the real axis below the B*) B(*)
threshold representing bound states (n = 1, . . ., 4 in Table|ITI).
By comparing them to the experimental results from Table|l]
we identify them with 7, (18) = Y(1S), Y(2S), Y(3S) and
Y(4S). We also obtained a resonance around 10.895 GeV,
which matches Y(10860) with experimentally found mass
(10.885 + 0.002) GeV rather well (n = 6 in Table [[II). More-
over, in Ref. [3] we predicted a new, dynamically generated
resonance close the the B*) B®*) threshold with mass around
10.774GeV (n = 5 in Table [[II). Recently Belle has ob-
served a bottomonium state at (10.753 + 0.007) GeV denoted
as Y(10753) not yet confirmed by other experiments, which
could correspond to our prediction.

However, for the n = 5 and n = 6 states, which are close
in energy to Y(10753) and Y(10860), it should be impor-
tant to also include the B{” B channel, since its threshold
opens between these two states. Thus we proceed by study-
ing three coupled channels and compare the results with those
obtained in the two channel case. This will provide insights,
how important meson-meson thresholds and the correspond-
ing channels are for resonance properties. We note that to
obtain reliable and realistic masses and widths for resonances
above = 11.025 GeV, which is the threshold of one heavy-light
meson with negative parity and another with positive parity,
one has to include even further meson-meson channels.

C. Extension to the three coupled channel case

We include the B\ B{") channel in Eq. (1) using the same
string breaking potentials as before, i.e. those provided by
Ref. [2]. We expect this is to be a reasonable approximation,
because the mass of the light quarks in Ref. [2]] is between the
physical u/d and the physical s quark mass. Thus we use the
same mixing potential for both channels.

Moreover, the direct interaction between the static-light me-
son pairs in Eq. (T turned out to be negligible in the two cou-
pled channel case (see Fig. |I| and the detailed discussion in
Ref. [3]). Thus we use vanishing meson-meson interactions
also in the case of three coupled channels, since one can hardly
anticipate a mechanism that increases the meson-meson inter-
action either between a B{” and a B or in the transition
between a B B™) and a B B\ .

In detail we extend the potential matrix to three coupled
channels as follows. From the Review of Particle Physics we
get mpo = 5.367 GeV (1 spin state) and mp: = 5.415GeV (3
spin states). Using spin symmetry, the average is 5.403 GeV.
The B B" threshold opens at 10.807 GeV, indeed between
the new Y (10753) and the Y (10860).

One can estimate the quark mass used in in the lattice QCD
computation of Ref. [2] using a theorem of Partially Conserved
Axial Currents (PCAC), applicable to the light quarks u, d and
s. According to the Gell-Mann, Oakes and Renner relation [56]
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Figure 2. (Color online.) Positions of the poles in the complex energy plane of 77 ,, for the case of two coupled channels (upper plot) and of the
T matrix for the case of three coupled channels (lower plot) for all bound states and resonances below 11.3 GeV. Colored point clouds represent
the 1000 resampled sets of lattice QCD correlators, while black points and crosses represent the corresponding mean values and error bars
(see Ref. [3] for details). The vertical dashed lines mark the spin-averaged B™B®™ threshold at 10.627 GeV and the spin-averaged B§*)B§*)
threshold at 10.807 GeV. The shaded region above 11.025 GeV marks the opening of the threshold of one heavy-light meson with negative parity
and another with positive parity, beyond which our results should not be trusted. We also mark with a vertical line Egeghold = 10.790 GeV,
which corresponds to two times the mass of a static-light meson from Ref. [2].



from poles of #;,,, two channels from poles of T, three channels from experiment
n| m[GeV] T [MeV]|%QQ [%] 9%MM [%]|| m [GeV] T [MeV]|%QQ [%] %MM [%] %MsMy [%]|| name m[GeV] I [MeV]
1 m(1S)  9.39972 1075
1| 9.562*1L 0 89*) 11+ 9.618412 0 84+ 12*) 5% Y(1S) 946070 =0
2(10.018*% 0 90*9 10%) 10.11477, 0 849 12*) 4% Y(25) 10.023*) =0
3/10.340*] 0 88*+0 12%) 10.442+7 0 79*9 1749 4% Y(3S) 10.355%) =0
4110.603*3 0 | 707 30+ 10.6297] 49.37541 67*2 ¥ 29%H 47040 Y(4S) 10.579%) 21*
5010774 98,5725 6*ht3 9470t |110.773F) 159735 | 2473 1 607(t) 16*5+ 1Y (10753) 10.753*]  36%32
6/10.895%7 ) 22.2%7-0| 5942 4179+ 111093873 61.877:0| 35t 40t3+ 257340 || Y(10860) 10885 37

Table III. Masses m = Re(Epole) and decay widths I' = —2Im(E}ole) for I = 0 bottomonium with JPC = 0™ from the coupled channel
Schrodinger equations and and the corresponding QQ and MM or MsMj percentages (for Rmax = 2.4 fm). For comparison we also

list available experimental results. The BE*)B(*) and _E‘g*)B‘g*) thresholds are marked by horizontal lines. Errors on our results for m and I’
are purely statistical, while for %QQ, %M M and %M M, we additionally show systematic uncertainties for the resonances as discussed in

Section [[I[ 3l

the light current quark masses and the pseudoscalar mesons
obey the relation Mmeson>f> = (mg + mz)(Q|Gq|Q) in first
order. We consider the average u and d quark mass m; =
(my +mg)/2 and the charge averaged masses for the pion and
the kaon givenby m , = ((2/3)x139.6+(1/3)x135.0) MeV =
138.0MeV and m, = ((2/4) x493.7 + (2/4) x497.6) MeV =
495.7MeV. We find my = 24.8 x m;. However, the light quark
mass used in Ref. [2], corresponding to the light pseudoscalar
meson mass 7 ref. 2] = 654.1 MeV, amounts to m; ref. [z =
(654.1/138.0)2m; = 22.5 x m;. Thus, the light quark mass of
Ref. [2] is even closer to the s quark mass than to the physical
u/d quark mass. As stated above, we use the mixing potential
obtained from the lattice QCD correlators of Ref. [2] for both
the B B™ and the B B{* channel.

Another point is a possibly different algebraic factor for
the mixing potential of the new B\~ B{" channel. We note
that the mixing pote1+1tial is proportional to the lattice QCD
creation operator OE_gM (see Eqgs. (14) and (18) in Ref. [3]).
For two degenerate ﬁlavors u and d this operator is composed
of two terms of identical form (one for each flavor), but has
to be normalized by another factor 1/ V2 compared to a single
flavor s. Thus the mixing potential is weaker by the factor

1/V2 for the new B'” B\ channel. Alternatively, one can set
up a 3 X 3 Schrodinger equation for the 2-flavor case with a

quarkonium, a Bi,*) B,(A*) and a E;*)BL(I*) channel, using a “1-
flavor mixing potential” Vr;i‘lavor to describe the the mixing

between the quarkonium and each of the two meson-meson
channels. This 3 x 3 can be block diagonalized, where a 2 X 2
block is identical to Eq. (I) and a 1 x 1 block corresponds
to I = 1. The mixing potential appearing the 2 X 2 block is
Vinix = \/EVILSE“’“ , confirming Vinix/ V2 as mixing potential for
the new B\ B channel.

To conclude, with the new B\ B{") channel we now have
three channels: bb, B® B™ and B”B{". This amounts to
adding one more line and column to the Hamiltonian in the
coupled-channel Schrédinger equation (I)), where the thresh-
old in the third component of the wave function is 10.807 GeV,
while the threshold in the second component remains at
10.627 GeV. The mixing potential in the new matrix elements
(1,3) and (3, 1) is weaker by the factor 1/V2 compared to the
mixing potential Vi, in the matrix elements (1,2) and (2, 1).
Moreover, the new matrix elements (2,3) and (3,2) vanish,
since there is neither a kinetic energy nor an interaction.

Finally, we have to take into account the meson-meson
threshold of Ref. [2]] corresponding to two times the static-light
meson mass, Ethreshold = 2M . In the case of two channels
we identified Enreshold With 10.627 GeV, which is the physical
B™ B™ threshold. However, now using m;gef ) = 22.5xmy;
and performing a linear interpolation between the spin aver-
aged masses of the B™*) meson and the Bi*) meson, we find
Ethreshold =10.790GeV.

__Thus, the Schrodinger equation for the partial wave with
J =0 in the case of three coupled channels is



1 1//JQ 0 0 1 0 0 0 VQ_Q(r) Vmix(r) Vrnix("')/\/§
—5 0 1/um 0 63-'-? 0 2/um 0 + Vinix (1) 0 0 +
0 0 1/um, N0 0 2/um, Viix(r)/V2 0 0
Ethreshold 0 0 u(r ) Vmix(r )
+ 0 2mpy O -El xmupm@®) |=- 0 (arjl(kr)+asrj1(ksr)/\/§). (11
0 0 2my, Xotom, (1) 0

The incident wave can be any linear superposition of a B*) B(*)
wave and a B B') wave, where @ and a; denote the respec-
tive coefficients. For example, a pure B* B wave trans-
lates into (a,as) = (1,0) and a pure BB\ wave into
(a,a5) = (0,1). The momenta of these waves, k and kg,
are related to E via

2 k2
E=2mpy+—— , E=2mpy +—2. (12)
2upm 1M,

The corresponding boundary conditions of the wave functions
are the following:

¢ In both cases (i.e. (@, @) = (1,0) and (@, a;) = (0, 1)):

u(ryoccr forr —0 (13)
u(r)y=0 forr — oo (14)
Xy (1) o« r?, Xnom, (1) rr forr — 0. (15)

« Incident B B™ wave (i.e. (@, ) = (1,0)):

Xaam () = itMM;MMrhil) (kr),

Yoz (7) = ityagag g 7Y (kgr)  forr — oo, (16)
« Incident B\ B wave (i.e. (a,a;) = (0, 1)):

. 1
Xwm (1) = lfMSMS;MMrh§ ) (kr)

Xt (7) = ityg g g 7D (kgr) - for r — oo, (17)

This defines the 2 X 2 matrices S and T,

T= Iimmim ThagMgvim

S=1+2iT , = MM ! !
Ivimvao M, TN Mg M

. (18)
To determine masses and decay widths of bound states and
resonances, we need to find the poles of the S matrix or,
equivalently, of the T matrix. We use similar techniques as in
our previous work [3], but this time we apply the pole search
to the determinant of the T matrix.

It is an interesting consistency check to compare our 3 X
3 potential matrix to a recent lattice QCD computation of
string breaking with dynamical u, d and s quarks [57]]. For a
meaningful comparison we need diagonalize our 3x3 potential
matrix. The resulting diagonal elements, which are shown as
functions of r in Fig. 3| should correspond to the three lowest
energy levels of a system with a static quark-antiquark pair and
dynamical u, d and s quarks. As expected, they are similar to

(
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Figure 3. (Color online.) Elements of the diagonalized 3 X 3 potential
matrix used in the coupled channel Schrodinger equation (TT).

those plotted in Fig. 1 of Ref. [57]]. Note that there is a certain
discrepancy in the second excitation at small separations. The
bump we obtain and which is not present in Fig. 1 of Ref. [57]],
could have different reasons. It might be a consequence of
different light quark masses or of the dynamical strange quark
used in Ref. [57]] compared to the computation from Ref. [2] or
also of imperfect operator optimization. It could also be that
our assumptions to set up the 3 x 3 potential matrix in Eq. (TT)
from the 2-flavor lattice QCD results from Ref. [2]] are only
partly fulfilled. As we discuss below in our conclusions, we
plan to carry out dedicated lattice QCD computations of the
relevant potentials in the near future, where we can possibly
clarify this tension. For our current work we use the lattice
QCD results of Ref. [2]], because numerical values are provided
for all required quantities (see Table I in Ref. [2]). In Ref. [57],
even though more recent, certain quantities important for our
formalism, e.g. the mixing angle as a function of r, seem not
to have been computed.

III. QUARKONIUM AND MESON-MESON CONTENT OF
I =0 BOTTOMONIUM - TWO COUPLED CHANNELS

We continue or investigation of bottomonium bound states
and resonances with isospin / = 0 by studying their struc-
ture and quark content. In particular we explore, whether the
bound states and resonances close to the B B(™ threshold,
i.e. states with n = 4,5,6 in Table [III, which could corre-
spond to the experimentally observed Y (4S), Y(10753) and
Y (10860), are conventional QQ quarkonia, or whether there
is a sizable QQgq four-quark component. For clarity, we first
consider the case of two coupled channels, where it is easier
to define the concepts of our study. Then, in Section we



will move on to the case of three coupled channels, which is
physically more realistic.

We inspect in detail the percentages of quarkonium and of
a meson-meson pair present in each of the bound states and
resonances. To this end we compute

= Q _ B
%QQ = o+ YoMM = o+ (19)
with
Rax ) Rmax 2
(0] =/0 dr|u(r)| , M :‘/0 dr |XMM(F)| .
(20)

u(r) and y 7, (r) are the radial wave functions of the QQ and
the M M channel, respectively, obtained by solving the coupled
channel Schrédinger equation (I)) with energies E identical to
the real parts of the corresponding poles.

1.  Bound states

For bound states E < 2mj, and the corresponding mo-

mentum is complex, k = i\/|2,uM (E — 2myy)|. The boundary
condition for yyyas (r) simplifies to

Xmm(r) =0 forr — oo, 21

Thus, both Q and M are independent of Ry, if chosen suf-
ficiently large, i.e. Ryax >2.0fm, because also u(r) = 0 for
r — oo (see Eq. ). The same is true for %QQ and %M M,
which represent the probabilities to either find the system in a
quarkonium configuration or in a meson-meson configuration.

2. Resonances

For resonances things are more complicated. First, res-
onances are defined by poles in the complex energy plane
with non-vanishing negative imaginary parts of E. Evaluating
%QQ and %MM at such a complex energy does not seem
to be meaningful, because |u(r)|?/r? and |y, (r)|?/r* are
only proportional to probability densities, if E is real. Thus we
compute %QQ and %M M at the real part of the corresponding
pole position, Re(E), which is the resonance mass.

There is, however, another complication, namely that M is
not constant but linearly rising for large Rnax. The reason is
that x 7, (r) represents an emergent wave (see Eq. (I0)). We
found, however, the dependence of %QQ and %M M on Ry.x
to be rather mild, with an uncertainty of only a few percent in
the range 1.8 fm < Rpax < 3.0fm, i.e. where the quarkonium
component is already negligible, u(r = Rpax) ~ 0. Thus,
we interpret %QQ and %M M as estimates of probabilities to
either find the system in a quarkonium configuration or in a
meson-meson configuration, as for the bound states discussed
before.

3. Numerical results

We show plots of %00 and % MM as functions of Rpyax
for the first seven bottomonium bound states and resonances

in Fig. @]

As expected, for the four bound states, n = 1, ...,4, both
%QQ and %M M are constant for large Ryax. For n,,(1S) =
Y(18) (n = 1) this is the case already for Ryax > 0.4 fm, while
e.g. for Y(4S) (n = 4) Rpax 22.0fm is needed. This is not
surprising and just indicates that wave functions for increasing
n are less localized, as usual in quantum mechanics. 7, (15) =
Y(1S), Y(25) and Y (3S) have %QQ ~ 90%, i.e. are clearly
quarkonium states. Y (4S), which is close to the B®*) B
threshold is still quarkonium dominated (%QQ =~ 70%), but
already has a sizeable four-quark component (oMM =~ 30%).

For the resonances there is a dependence of %QQ and
YoMM on Ry, but it is rather mild with an uncertainty of
2% or less in the range 1.8fm < Rpax < 3.0fm (see also
the discussion in Section [[IT 2). The wide resonance with
n =5 has oMM ~ 94% and, thus, is essentially a meson-
meson pair. The resonance with n = 6 is a mix of quarkonium
and a meson-meson pair with slightly larger QQ component
(%00 ~ 59%, Y%oMM =~ 41%). Resonances with n > 7 are
above the threshold of one heavy-light meson with negative
parity and another with positive parity. Since this decay chan-
nel is currently neglected, their decay widths are tiny and they
are almost stable. Correspondingly, they are strongly quarko-
nium dominated, i.e. %0QQ > %MM. We stress that results
for n > 7 should not be trusted until all relevant decay channels
are included.

%QQ and % MM for Ry, = 2.4 fm are listed in Table m
together with their statistical errors and, for the resonances,
also systematic uncertainties. To estimate statistical errors,
we utilize the same 1000 sets of parameters as in Ref. [3],
which were generated by resampling the lattice QCD correla-
tors from Ref. [2]. Asymmetric statistical errors are defined
via the 16th and 84th percentile of the 1000 samples. We
visualize these errors as error bands on %QQ and %M M
in Fig. ] We define the asymmetric systematic uncertain-
ties as |%QQ(Rmax = 1.8fm) — %QQ(Rmax = 2.4fm)| and
|%QQ (Rmax = 3.0fm) — %QQ (Rmax = 2.4fm)| and in the
same way for %M M. They are around 2% for the resonances
with n = 5 and n = 6, respectively, and negligible for all other
n. The total uncertainties on %QQ and %M M are rather small.
Thus, our predictions concerning the structure of the bound
states and resonances are quite stable within our framework.
The columns “%QQ” and “%M M in Tablerepresent the
main results for case of two coupled channels, since these
numbers reflect the quark composition of the bound states
and resonances and clarify, which states are close to ordinary
quark model quarkonium, and which states are dynamically
generated by a meson-meson decay channel.
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Figure 4. (Color online.) Percentages of quarkonium %QQ and of a meson-meson pair %M M present in each of the first six bound states and
resonances as functions of Rpy,x. The error bands represent statistical uncertainties.

IV.  QUARKONIUM AND MESON-MESON CONTENT OF
I = 0 BOTTOMONIUM - THREE COUPLED CHANNELS

We now consider the case of three coupled channels, a
quarkonium, a 8V B®) and a B{” B®*) channel. Working with
three channels is technically more elaborate than with two,
but formally the extension from the case of two channels is
straightforward. To identify the bound states and resonances,
we apply our pole searching algorithm [3]] to the determinant
of the T matrix. In Fig.[2] (lower plot) we show the resulting
pole positions together with their statistical errors.

Using the real part of a pole energy, we compute the square
of the wave functions of the three channels to determine the
relative amount of quarkonium, of a B*) B™) pair and of a
BB\ pair. Note that a pole in the T matrix corresponds to
one infinite eigenvalue, while the second eigenvalue is finite.
To make a meaningful statement about a bound state or reso-

nance, we thus need to prepare the incident wave in such a way
that exclusively the bound state or resonance resonance is gen-
erated. This amounts to identifying («, @) appearing on the
right hand side of the coupled channel Schrodinger equation
(TT) with that eigenvector of T corresponding to the infinite
eigenvalue.

This time we compute three quantities,

Rmax > RmaX 2
Qz/0 dr|u(r)| , M=/O dr|)(MM(r)| ,

Rmax
M, = /0 dr sz . (O (22)

from which we calculate the respective percentages of quarko-
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nium and of meson-meson pairs,

_ _ M
%00 = L , 9oMM=—"— |
O+M+ Mg O+M+ Mg
_ M,
YoM M = (23)
O+M+ M,

We determine the statistical and systematic errors of the per-
centages using the same techniques as in Section[[TI] The cor-
responding results are shown in Fig. [5] as functions of Rpax
and also summarized in Table [IIl

1. Numerical results
We find that in the three channel case, i.e. witha B®) B®) and

a B B\ channel, the meson-meson percentage increases for
the majority of states compared to the two channel case, which

has only a B®RB® decay channel. Nevertheless, the first three
states Y(1S), Y(2S) and Y(3S) remain mostly quarkonium
states, with %QQ around 80% to 85%. The changes appear to
be more pronounced for n > 4.

The Y (4S), which is a bound state in the two-channel case,
is now a resonance with a decay width more than twice as
large as the experimental result. The reason could be that we
neglect the heavy quark spins and, thus, the mass of Y(4S5)
is not only above the BB, but also above the B*B* threshold.
Its B® B™) content %M M ~ 67% is, however, quite similar
to the corresponding percentage obtained in the two-channel
case.

In what concerns the new state Y (10753), the inclusion of
the B B'") channel decreases its decay width from a value
much larger than the experimental result to a value consistent
with experiment. It remains predominantly a B*)B™*) pair
(around 60%), but the quarkonium component increases (to



around 24%) and there is now also a non-vanishing 8" B{*
component (around 16%).

For the Y(10860), sometimes denominated Y (55), the
ratio of quarkonium to meson-meson changes from around
59%/41% to around 35%/65%. This is not surprising, be-
cause in the three channel case the Y (10860) is not only above
the B B®™ threshold, but also above the B\ B*) threshold,
where the latter increases the meson-meson percentage.

On a qualitative level results obtained with two channels and
with three channels are similar. The bound states n = 1,2,3
consist mostly of quarkonium, while the resonances n = 4,5, 6
have significant meson-meson components. It is particularly
noteworthy that there is an additional state compared to the
spectrum of pure quarkonium excitations, which is dynami-
cally generated by the coupling to meson-meson decay chan-
nels. This state (n = 5) has a mass and decay width quite
similar to that of the resonance Y (10753) recently reported by
Belle.

V. CONCLUSIONS

In Ref. [3] we recently developed a novel approach to uti-
lize static potentials computed with lattice QCD in the context
of string breaking, opening the way for the computation of
the spectrum and the composition of resonances with a heavy
quark-antiquark pair and possibly also a light quark-antiquark
pair. We use these potentials, provided in Ref. [2], in a cou-
pled channel Schrodinger equation, which amounts to applying
the diabatic extension of the Born-Oppenheimer approxima-
tion, and study the scattering problem with the emergent wave
method. In Ref. [3] we coupled a bb quarkonium channel
and a B®) B*) meson-meson channel. In this work we also
considered a third channel corresponding to B\ B{".

Using this framework we explored the nature of the / = 0
bottomonium § wave bound states and resonances in more
detail, including not only their pole positions but also their
compositions in terms of a bb quarkonium component and
B®B™ and B{” B meson-meson components. This first
principles based computation is important, because it con-
tributes to the clarification of controversies concerning the
states close to the B B®) threshold and the B\” B'*) thresh-
old (which in our approach are just single thresholds, since
the lattice QCD static potentials are independent of the heavy
quark spins).

The first controversy concerns the resonances Y (10860)
and Y (11020). Although they can be identified with Y (5S5)
and Y (6S), they could instead also correspond to the 3D or
4D states. In our computation we find an S wave state (n =
6) somewhat higher, but not too far away from the mass of
Y (10860). Thus, it will be very interesting to also study D
wave states within our framework, to see whether there is a
better match. In what concerns the Y(11020) we are currently
not in a position to make any reliable statement. Its mass is
in the region of the B B; | threshold, i.e. the sum of the
masses of a negative and a positive parity B meson. Since
we do not yet have the lattice QCD potentials to include the
coupling to such an excited meson-meson system, the validity
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of our approach above ~ 11.025 GeV is questionable. This is
also reflected by the unrealistic imaginary part of the pole we
obtain for the resonance with n = 7 shown in Fig. 2|

Another controversy concerns the purity as quarkonium
states of these resonances, Y (10860) and Y (11020), and also
of Y (4S), which is identified according to the Review of Par-
ticle Physics [31]] as a quarkonium state. We find that Y (4S)
is quarkonium dominated (%QQ ~ 67%), but has a sizable
meson-meson component (Y%oMM + %M¢M,; ~ 33%). The
Y (10860), however, is mostly a meson state, composed both of
BB (%MM ~ 40%) and of B B\ (FeM M, ~ 25%).
In contrast to that, Y(15), Y(2S) and Y (3S) have rather small
meson-meson components, of the order of 15% to 20%.

The most recent controversy concerns the nature of the
newly discovered resonance Y (10753). Model calculations
suggest for instance this resonance to be either a tetraquark
[411142]], a hybrid meson [43H45]] or the more canonical and so
far missing Y(3D) [38-40]. With our lattice QCD based ap-
proach we find a pole corresponding to the mass 10.773 GeV,
similar to the Belle measurement of the mass of the Y (10753)
resonance, (10.753 + 0.007) GeV. In Ref. [3] we had al-
ready anticipated this pole to be dynamically generated by
the B®B®™ meson-meson channel. Now, within our im-
proved three channel setup, we confirm that this resonance
is mostly composed of a pair of mesons, %eMM ~ 60% and
%M;M; ~ 16%. While, there is essentially no direct inter-
action between a pair of mesons, the mixing potential with
the quarkonium channel generates an effective potential suf-
ficiently strong to bind the mesons into a resonance. Thus,
since it is not a quarkonium state and the heavy quark spin
can be 177, it can be classified as a Y type crypto-exotic state.
Notice that it should also be part of the 7, family, since the
heavy quark spin can also be 0~* and there is degeneracy with
respect to the heavy quark spin.

As an outlook, we are on the way to extend our study beyond
S wave bottomonium, to P wave, D wave and F wave, which is
more cumbersome, since in these cases there are two additional
meson-meson channels. We expect then to be able to address
the controversy on the existence of D wave resonances in
more detail. Moreover, in the long term we plan to compute
lattice QCD static potentials ourselves, in order to update our
results with more precision and, hopefully, with excited meson-
meson channels, possibly even with spin dependent potentials
[58] 59]. For example, considering also a B(*)Ba | channel
with threshold at ~ 11.025 GeV would enable us, to predict
further excited states not yet discovered in experiments.
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