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ondensed maller sysiems with varable many-body inlemclions

outine: 1, Functional integral formulation of Keldysh technique
2. Non-equilibrium FRG
3. Magnons in Yttrium-Iron-Garnet, parametric resonance
4. FRG for toy model for lowest magnon mode in YIG
5. Thermalization of magnons in YIG



(A. Kameneyv, Les Houches, 2004; Hick, Kloss, PK, PRB 2013)

* model: magnons coupled to phonons:

. . 1 t
H = Z €p 0y AR + Z wqbébq + ﬁ Z Uqp—q(bg + b—q)
k q q

N |
magnon phonon Ug = U /Bq  Pa = 2k Welktq
e non-equilibrium Green functions:
iGR(t.t') = Ot —t') ([ar(t), af () iGre (t:1) = 1+ 2nk(1)
iGR(t.t) = ~O(t ~ t)([an(t),a(t)), R
iGE (1,') = (an(t),al(t))), Xa= 5 (bt 0]

(1), B5(t")]),  iDg(t,t') = Ot — t){[Xq(t), X_q(t)])

iF(t,t) = O(t —1'){[bg
PFA (1) = —O(t — t)([bg(t), bl (1)), 1Dg(t,t) =0t = t){[Xq(t), X—q(t')])
i (1) = ({bg (), b5 (1) }). iDg (t,t') = ({Xq(t), X—q(t")}). 2



« Keldysh contour: 5 at

to

echange of basis: from Coy Lot -
contogur abels to classical ¢\ vz Ot
and quantum labels: ay (t) = % aj (t) — a (t)
functional integral iGER(t, 1) = (S (1)a% (1)) = iGY2 ¢, 1)
representation of non- g 1) = (42 ()af (1)) = 102 (1.1
equilibrium Green iGE (1.4) = (aC ()2l (¢)) = iGC (¢, )
functions:

(ap(t)ay (¢)) = / Dla, @, b, ble* @0} (Hay (¢) .



* QQ-blocks of
Gaussian propagators
are infinitesimal Gole = 6(t —t')go = 6(t — t')[1 + 2(aa)]
regularization: [folewr = 0(t —t") fo = 6(t —t")[1 +2(b'b)o]



*Keldysh component of non-equilibrium Dyson equation
gives kinetic equation for distribution function:

*Green function matrix: G = ( Eﬁg [GLCQ ) N (f; CBR)
/4

matrices in momentum’'and time

_ CQ 1A
eself-energy matrix: == ( [E?QC E]]QQ ) _ (;R ok )
iI{ _ _[G—I]QQ _ (GR)—IQK(GA)—I
esubtracting left/right Dyson eqns. gives kinetic eq.:

(Ggl _ E) G-=1 :MUT @K] _SKGA _ GRYK L SRGK _ GExA

G(G'-32)=1 Mokt e = Okpe [10r — ex] 6(t — 1) 5



1.) time-domain:

(i0y + 10y )GE (8, 1) = / t dt1 [22(t, 1) GE (81, 1)) — GTH(t, )25 (14, )]

to

+ft dt1[ S5 (4, t)GA (1, 1) — GE(t,t1)2 (81, 1))

to

2.) with subtractions to identify collision integrals:

NV PG N DU N
M = 2T 4 2] GM = S[G" + G M = Ny — SM

ST —iSR — %4 G =GR - G4

Cin — %{21{}@1}
[M, GK} - [EK?GM} Cln Cﬂut

Ctout _ %{21}@1{}




3.) for distribution function: &= =G%" - ¢G4

~i(Mg — g' M) = ¥ — 3ot St =

4.) for distribution function, Wigner transformed:

A(T;m):/ dse"‘:“"g[ﬁ]TJr%J_%

0-Reg(7;w) + 2(w — ex)Img(T;w) +i(2M§ B gTi}M)(T:W)
_ Ein(T; w) . EGUt(T;M)

Goal: get non-equilibrium self-energies from FRG!



eexact equation for change of generating

Sk functional of irreducible vertices as IR

Florian Schiitz cutoff is reduced (Wetterich 1993)
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(Gezzi et al, 2007; Gasenzer+Pawlowski, 2008; Kloss+PK 2010)
simple generalization of the equilibrium vertex expansion:

foﬂl...an — !.'FEE?:M...&R! Gp — —iGy , Gp — —iGy.

aﬂrﬂ OV Cvo / / Gﬁ ﬁlﬁ? ﬁ ﬁgﬁlﬂ'lﬁﬂ
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3ﬁfﬂ?ala2ﬂ3m — E/ / [Gﬁ]ﬁlﬁz A, B2f1a1a2a300 x =—
1 2
/ / / / ([EINERLEINEN)
1 2 3 < 04
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* introduce cutoff parameter A which somehow simplifies time evolution

 write down suitably truncated FRG flow equations for the self-energies

estructure of resulting equations:

Or [a(k
AR

) [ka":‘-"'a?—a f&EK'.vER'.vEA]
w,T) = I\[k,w,T, f, 5% 5% 84

(k.
WEr(k,w, ) = I{[k,w, T, 5,27 54,
(k

ONER (kow,7) = IV [k, w, T, f, 25, 8 54

* make standard approximations to simplify system
(e.g. reduction to Fokker-Planck eq)

or solve by brute force numerically.
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ecutoff should: 1. simplify time-evolution
2. respect causality

3. in equilibrium respect fluctuation-dissipation theorem

eproposals:

1. long-time cutoff (Gasenzer, Pawlowski, 2008)

2. out-scattering rate cutoff (Kloss, P.K., 2011)

1 1

GE(k.w) = —
o () W — €+ 1in w— € + 1A

o0 _ 1 _
/ E—iwt _ _?:(;)(t)e—ifkte—ht
_ W — € —|— M"L

. [

A = artifical decay rate 1



3. hybridization cutoff (Jakobs, Pletyukhov, Schoeller, 2010)

1 1

GER(k,w) = —
o (e, w) W — €+ in w— € + 1A

(G§) ' Go (Gy) ™t = 2info — 2iAfy

A = hybridization energy due to coupling to external bath

4. bosonic hybridization cutoff (Hick, Kloss, PK, 2012)

1 1

R(p .\ _ A D1 A _ . 7
Gy (k,w) W — e + i1 — W — e + iAsgnw (GIHYTIGK (G = 2info — 2iAfy

spectral function of bosons is negative for negative frequencies!

Qll-rlgﬂ(k,w) — —p(fc,g_;) p(k,w) { >0 forw >0

<0 forw=<0
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< (a) Elementary

ewhat is YIG? (@) - | cell of YIG with
ferromagnetic £S5 =5 e P
insulator @ 16a: Fe . in positions a are
&24c:Y (IR T coupled anti-fer-

@24d:Fe ¢ % & : romagnetically

@96h: 0 to the spins of
b - _ the 24 in posi-
I I . , - tions d and cause
.at the fl rSt. Slg ht- J\ : ' the ferrimagnetic
too complicated! 5 ordering.

A. Kreisel, F. Sauli, m

L. Bartosch, PK, 2009 CGTRLEY 70N EUROPEANS JOURNALS

seffective quantum spin model for relevant magnon band:

2

~ 1 N .
=3 Y IS8 —uH Y 8= 5 Y o [3(8: Ry)(S; - Rij) - S, 8]
2 ] i ZEJ,E#J |R'LJ|

exchange interaction: J = 1.29 K. saturation magnetization: 47Mgs = 1750 G
. . ; 13
lattice spacing: a = 12.376 A effective spin; S = MSQL‘/#. ~ 14.2



'mOtivation : nature Vol 443|28 September 2006|doi:10.1038/nature051T]

collaboration with L ETTERS

experimental group
of B. Hillebrands

(Kaiserslautern) Bose-Einstein condensation of quasi-equilibrium
magnons at room temperature under pumping

S. 0. Demokritov', V. E. Demidov', O. Dzyapko', G. A. Melkov?, A. A. Serga®, B. Hillebrands® & A. N. Slavin®

non-equilibrium
dynamics of interacting
magnons in YIG
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eproblem: spin-algebra is very complicated: [S®,S7] = i6;;¢*?S] 82 = S(S+ 1)

T

esolution: for ordered magnets: bosonization of spins (Holstein,Primakoff 1940)

blbb; N
o T

i
st = st st — S| 1- e — i

S? =S —blb,

-spin algebra indeed satisfied if [b:. b] = d;;

' 7
proof that different dimension of Hilbert spaces does not matter by Dyson 1956:

PHYSICAL REVIEW VOLUME to2, NUMBER 3} JUNE 1, 1836

General Theory of Spin-Wave Interactions™

FreemaN . Dyson
Depariment of Physics, University of California, Berheley, Cabifornia, ond Institule for Advanced Study, Princeton, New Jersey

(Received February 2, 1956} 15




H. Suhl, 1957, E. Schlomann et al, 1960s,
V. E. Zakharov, V. S. L'vov, S. S. Starobinets, 1970s

Y

eminimal model: | Hres(t) = ka%ﬂk i Z[ e “talal | +ype™ta_ kﬂk:|

1
+ 5 Z u(k, k' )ak+qaL, Ak’ (s
k.k'.q

11 b . . — -I-
«“S-theory”: time-dependent self-consistent Hartree- nk(t) = (ag(t)ar(t))
Fock approximation for magnon distributions functions pr(t) = (a_g(t)ag(t))

weak points: «no microscopic description of dissipation and damping
epossibility of BEC not included!

egoals:

sconsistent quantum kinetic theory for magnons in YIG beyond Hartree-Fock
sinclude time-evolution of Bose-condendsate
«develop functional renormalization group for non-equilibrium 16



w

H, ~ 1000 Oe
d ~ S5pum ~ 4000a
w > d

«dispersion of lowest magnon mode has minimum at finite k

due to interplay between: 1. exchange interaction
2. dipole-dipole interaction
3. finite width of films

4.5¢

10° 10°

10° _fio*
kZ (cm™) 17



T. Kloss, A. Kreisel, PK, PRB 2010
*keep only lowest magnon mode

anharmonic oscillator with ~ A(t) = 7

coala + jﬂe_"‘””tfﬂﬂ + 7—“5“”*
off-diagonal pumping:

t
-+ —aTaTaa

2
erotating reference frame: @ = e*“'a
~ * - wo
A = &ata+ Latat + Waa + 2atataa €o=¢co—
2 2 2
sinstability of non-interacting system for large pumping:
. X +iP s, il
(1= \/ﬁ \/5
oita+ Lfatal +aa) = 010 p2 4 DTN N2

for 7 > |é| oscillator has negative mass
enon-interacting hamiltonian not positive definite

m) parametric resonance I8



swhat is parametric resonance?

eclassical harmonic oscillator with
harmonic frequency modulation:

d*x(t)

ot QCzt) =0 Q) = Qo+ Q cos(wot)

eresonance condition: | w, & 2(),

- oscillator absorbs energy at a rate
proportional to the energy it already has!

Standi‘ng Wave

f Node

Electric vibrator

history:
«discovered: Melde experiment, 1859

excite oscillations of string by periodically
varying its tension at twice its resonance frequency

theoretically explained: Rayleigh 1883 [ﬂmsion m



(a(t)) Gross-Pitaevskii equation:

eorder parameter o(t)

0,6 = ()6 + 7o(1)" + ul%6 2(t) = 20 + 2un()
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econnected correlation functions: n.(t)

Kinetic equations:

ine(t) = v()pe(t) — 7" (1)pe(), (t) = & + 2uln.(t) + |o(t)|’]
i0pe () = 28()e(t) + ¥(1)[2n0(t) + 1] A(t) = 7o+ ulpe(t) + 62(1)]

M1

eorder parameter:
Hamiltonian dynamics

in effective potential

(Hartree-Fock) 20




(T. Kloss, PK., Phys. Rev. B 2011)

1 : .
H(t) — EQTQ + E [,Ye—mwmtﬂTﬂT + "}”*Ezwntaﬂ]

*toy model can be solved numerically exactly by | o
solving time-dependent Schrddinger equation W) = n(t)in)

IO (t) = |eon + H?Dn(n ~ 1)] dn(t) + ';“e—w Vil — Dpn_a(t) + 'g—geiwﬂt V(+ 2)(n+ Db 2(t)

-generalize FRG to include also off-diagonal Green functions:
(t, 1) = —iO(t — t){[a(t),a' (t')]) Pt t) = —i0(t —t'){[a(®), alt")])
gt t) = 10t —t){[a(t),a' ()] Pt t) = O —t){[a(t), a(t)])

h’[:f_.I' t.l"

g (t,t) = —il{a(t),a'(¥)}) pe(tt) = —i{{a(t),a(t)})

*Keldysh component at equal times gives distribution functions:

Ko oo | PR g"(tt) Y\ o p(t)  n(t)+
¢ (t't)_(g“(ht) p“(t-t)*)_m(n(t)ﬁ p*(t) ) 21
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i0;Fp(t) = =M (t)Fx(t) — Fa(t)Ma(1) RIONG
Oy Fp(t)
. 5 Aaa\": Naal\™?
OAXA(t) = 1u ( Gia—.a(t?t) %Giaﬂ_(t?t) ) .
t
o =2ph(t) 2np(t) +1
Fa(t) = (mﬂ(t) L1 —2pa(t)
i
GX (1 1) ~ 2 f At G A (8 0 FA (DG A (61, 1)
to
, € —u—iN+ X7 aq(t) 7] + XA.aa(t)
ﬂ’irﬁ(f) = M — AT + ZEJ‘L(f) — ( _‘,ﬂ _ Eﬁ?a.a.(t) —[E —u—+ i\ + Eﬁ?aﬁ(t)]
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J. Hick, T. Kloss, PK, Phys. Rev. B 2013

T ,
=S ekon = bl Sl i
k q

magnon phonon
«cutoff-procedure for FRG: Keldysh-action with x - b (b L )
hybridization cutoff only in the phonons: ov2t
aC a? a® a®
a ; ol (t') -« 45—(
Sl ’b’b]_/dtfdt{;( ( o)~ 2”?9& )ﬁ:(ﬂf(t')) ;XC x¢
FA - b{_’?(tf) EC CLC EQ CLQ
+Z (b (8 ( F{jqﬁ 2 QSIJ;fD )w (bé(t’)) } : ‘(’(

:fXQ :.XQ
C
/dtTZ Ta l(ﬂ‘k-l-qak —|—{Ik+qﬂk) Xc (akJrqak —|—-s:r,.,ﬂJr af) XQ] 75



(Banyai et al, 2000)

dun(t) = — Z{ 1+ nge(8)] Wi (£) —[1 + ng (t)]kajwk(t)}

*Transition rates from Fermi's golden rule (phonons in equilibrium):

Wkt = 2V grb(ek — er') Dy s (€6 — €rr)

b(w) = o 1 DI( ) = msgn(w) [0(w — wq) + d(w + wq)]

*Detailed balance: Vijk;E_ﬁEk’ _ V[,rkfjke—ﬁek

e 0
«Number conservation: = ;nk £) = 2%



1. Magnon self-energies
to second order in
magnon-phonon
coupling

2. Neglect phonon
self-energies:
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3. Keep only leading terms in gradient expansion
(factorization of Wigner transforms of products)

dw dw ns
AB] ) = fdslfd@f 1/ 2 giwisamwast) 40 —|—S§1;w—|—w1)B(T—I—%;w—I—wz)

~ A(T:w)B(T;w) —|—E 0-A(T;w)0,B(T;w) — 0,A(T;w)0-B(T;w)]

4. Neglect renormalization of real part of magnon energies and
take frequency argument of self-energies on resonance.
(quasiparticle approximation).
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*Hybridization cutoff only on phonons.

Phonon damping due to magnons included.

1

FE (1;w) = . : Pw
Aa(Ti) w — wq +iAsgnw + 31T (75 w) EFJ{fQ(Tﬂ w) = coth (T) Fi,q(ﬂw]'

27
H}Lq (Tyw) = ?T&? Z 0 (w+ €x—g — €k) {nak—q (T) —nak (7)}
k

. DR Dk
[ a® s e % e
Truncated FRG <--- _ % ge* + “gf‘h
flow equations for . DA DX
a’ a® @ W@  gC .."j:; oQ@
magnon --1’ = (—0;;{&—4( + o -«
self-energies. . DR DA
a? a% a? e 6@ a? a9
IS CIE AT I Pt
GH DK GA

LS 29



*Kinetic equation for scale-dependent magnon distribution:

07 + pa(T)2na k(7)) = iSK (7€) — k(75 €r) [1 4 204 1 (7)]

*FRG equations for non-equilibrium self-energies:
dﬁzzﬂk T €k) Z{ 1+ naw (T ”k’k —I—Wkkf’nﬁk’( )}

aﬁzﬁk T. Ejg Z{ _|_nﬁkf V"k'k _V[/k K/ TUA k’( }}

-Change of transition rates: Wiy x = 27 DA e (€1 — €x/)b(€r — €xr)

L angrange multiplier to implement constant particle number:

1 .
#-A(T) = ﬁ Z{zZik(T; Ek) _Zik(q-; Ek) [1 1 Qﬂﬂ,k(’?')]} 30
k



Experiment:
Demidov et al., Phys. Rev. Lett. (2008)

a) =20 ns b) =40 ns

Our FRG calculation:

t =10 ns

0.0 i
.f;_ ."rkrrnirl

—0.5

(.0
|‘:‘_ .l'rkmtn k | _l'rk"nn.
—.5 —0.5

0 1.5
IIG |_|'rlil'1r'|.u|.
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 FRG approach to non-equilibrium dynamics of bosons

 cutoff procedures: hybridization cutoff in phonons

e good agreement with experiment:
magnons in YIG are good quasiparticles

Outlook:
equantum kinetics of BEC from the FRG

sinclude two-body interactions

sparametric resonance in YIG: beyond S-theory.
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