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3. Parametric resonance of magnons in Yttrium-lron-Garnet;
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D.Mermin, Physics Today,
November 1992, page 9:

“It is absolutely impossible to give too elementary a physics
talk. Every talk | have even attended in four decades of
lecture going has been too hard.There is therefore no point
In advising you to make your talk clear and comprehensible.
You should merely strive to place as far as possible from
the beginning the grim moment when more than 90% of
your audience is able to make sense of less than 10% of
anything you say.”



(A. Kameneyv, Les Houches, 2004)
* model: magnons coupled to phonons:

. . 1 t
H = Z €p 0y AR + Z wqbébq + ﬁ Z Uqp—q(bg + b—q)
k q q

N L
magnon phonon Ug = Uo\/Dq  Pa= 2k Ulkiq
* non-equilibrium Green functions:
iGR(t,t') = Ot — ') ([a(t), al,()]), iGre (t:1) = 1+ 2nk(1)
G (8, #) = —O(F' — t)([ax(t),ak(¢)]), 1
iGE (1,') = (an(t),al(t))), Yo = 5 (b 0)

(), 00 (t'))), D (1) = O(t — ')([Xq(t), X—q(t")]),

iF (1) = Ot — t')([bg
PFA (1) = =0t — t)((bg(t),bl (1)), 1Dg(t,t) =0t = t){[Xq(t), X—q(t")])
i (8, 1) = ({bg(1),05(t)}). iDg (t,t') = ({Xq(t), X—q(t)}). 3



» Keldysh contour: >~

tO a t>v >t

«change of basis: from o) = L1 () 4 am (s

contour labels to classical ¢\~ va [+ %)

and quantum labels: al (t) = % )b (t) — a (t)
functional integral iGR(t, 1) = (S (a2 (")) = iGC9 (¢, ¢)
representation of non- iGA(LY) = (aQ(1)al (¢) = iG9C (¢, ¢)
equilibrium Green iGE (1) = (aC (1)aC (¢)) = iGCC (¢.¢)
functions: |
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* QQ-blocks of
Gaussian propagators
are infinitesimal Goler = 6(t —t")go = 6(t — t')[1 + 2(a'a)]
regularization: [folwr =0t — ) fo = 8(t —t)[1+2(b'b)g] 5



*Keldysh component of non-equilibrium Dyson equation
gives kinetic equation for distribution function:

*Green function matrix: G = ( EZ? [GLGQ) - (f:j %R)
4

matrices in momentum and time
_ CQ 1A
eself-energy matrix: == ( [E?QC E]]QQ ) _ (;R ok )
iI{ _ _[G—l]QQ _ (éR)—l@I{(éﬂ)—l
esubtracting left/right Dyson eqns. gives kinetic eq.:

(Ggl -G =1 :P";IU: @K] _ S KGA _ GRYK L S\RAK _ GERHA

G(G,' -%)=1 Mokt ke = Ok [10r — ex] (t — 1) 6



1.) time-domain:

(i0y + 10y )GE (8, 1) = f t dt [ (¢, t1) G (81, 1)) — GT (¢, t) 25 (1, 1))

to

+ / ti dty [S5 (8, 60) G (8, 1) = GR (8,1)57 (1, 1))

to
2.) with subtractions to identify collision integrals:
- | - . . - - A a
M = 2T 4 2] GM:%[GR+G'A] M = My — M

ST = i[uft - 54 G! =4[GF - G

Nin _ L peK Al
Cin = (K, G1)

Ctout _ %{EI’C‘;K}



3.) for distribution function: &* =G%" - ¢G4

—i(Mg—g'M) = x — ou S =

4.) for distribution function, Wigner transformed:

A(T;m):/ dse"‘:“"g[ﬁ]TJr%J_%

0, Reg(r;w) + 2(w — ex)Img(r;w) +i(EMg - g'=M)

= Y1 w) — 81 w)



eseveral numerical implementations in condensed matter:

PHYSICAL REVIEW B 70, 121302(R) (2004)

1 ) Nonequilibrium electron transport using the density matrix renormalization group method

Peter Schmitteckert
Institut fiir Theorie der Kondensierten Materie, Universitit Karlsruhe, 76128 Karlsruhe, Germany
(Received 22 March 2004: revised manuscript received 10 May 2004: published 8 September 2004 )

We extended the density matrix renormalization group method to study the real time dynamics of interacting

one-dimensional spinless Fermi systems by applyving the full time evolution operator to an initial state. As an

week ending
2 ) PRL 95, 196801 (2005) PHYSICAL REVIEW LETTERS 4 NOVEMBER 2005

Real-Time Dynamics in Quantum-Impurity Systems: A Time-Dependent Numerical
Renormalization-Group Approach

Frithjof B. Anders' and Avraham Schiller”

]Deparzmem of Physics, Universitdt Bremen, P.O. Box 330 440, D-28334 Bremen, Germany

*Racah Institute of Physics, The Hebrew University, Jerusalem 91904, Israel
(Received 29 April 2005; published 31 October 2005)

We develop a general approach to the nonequilibrium dynamics of quantum-impurity systems for 9
arbitrary coupling strength. The numerical renormalization group is used to generate a complete basis set



3.)

4.)

PHYSICAL REVIEW B 80, (45117 (20049}

£

Real-time renormalization group in frequency space: A two-loop analysis of the nonequilibrium

anisotropic Kondo model at finite magnetic field

Herbert Schoeller and Frank Reininghaus

Instin fiir Theovetische Physik, Lelrstufil A, RWTH Aachen, 52056 Aachen, Gennany and JARA-Fundamentals

of Future Information Technology

(Received 9 February 2009; revised manuscript received 25 May 2009; published 22 July 2009)

We apply a recently developed nonequilibrium real-time renormalization group (RG) method in frequency
space to describe nonlinear quantum transport through a small fermionic quantum system coupled weakly to

Annals of Physics 324 (2009) 2146-2178

Real-time evolution for weak interaction quenches
in quantum systems

Michael Moeckel *, Stefan Kehrein

Amold -Sommerfeld-Center for Theoretioal Physics, Center for NanoSciences and Department fiir Physil,
Ludwig- Maximilions-Universitdt Miinchen, Theresienstrafe 37, 80333 Miinchen, Germany

ARTICLE INFO ABSTRACT

Article histary: Motivated by recent experiments in ultracold atomic gases that
Received 13 March 2009 explore the nonequilibrium dynamics of interacting quantum
Accepted 20 March 20089 many-body systems, we investigate the nonequilibrium properties
Available online 29 March 2005 o - . . i .= s st o m .

(flow equations
for continuous
unitary
transfomations)
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eexact equation for change of generating

bl functional of irreducible vertices as IR

Florian Schiitz cutoff is reduced (Wetterich 1993)
LECTURE MOTES IN PHYSICS 79 1 5 5 -

= LA Sﬂl“ﬁ@] = 1T (aﬁRﬁ) — | —Fﬁ[(ﬁ] + Ry
. 2 0P ~ 0D
Introduction to
the Functional sexact RG flow equations for all vertices
Renormalization * flow of self-energy:
Group
-2
+_ Springer
2010. XII, 380 p. (Lecture Notes in Physics, Vol. +Sansas l i| 11

798) Hardcover



* introduce cutoff parameter A which somehow simplifies time evolution

 write down suitably truncated FRG flow equations for the self-energies

estructure of resulting equations:

afh( sy T) Cﬂ[k,w,T,f,EK,ER,ZA] I d f . I
) coupled system of partia
R R o K R A . . \ .
OnEx(k,w,7) = Iylk,w,, £, 57, 57 X7 integro-differential equations
WA (k,w,T) = Ik, w, T, f, 25, B 24, In two variables
ONSN (kw,T) = I} [k,w, T, f, 55, 21 ¥4

* make standard approximations to simplify system
(e.g. reduction to Fokker-Planck eq)

or solve by brute force numerically.
12



erequirments: cutoff procedure should respect:

1) causality, and 2) in equilibrium: fluctuation-dissipation theorem

epossibilies:
1) long-time cutoff (Gasenzer, Pawlowski, 2008)

2) hybridization cutoff (Jakobs, Pletyukhov, Schoeller, 2010)

B 0 (GH™! 0  My—in 0  My—iA
G, = A A L = A — X
(GH™Y —(GHak(GihH ! My +1in  2ingo My +iA  2iAgo

3) out-scattering rate cutoff (Kloss, P.K., 2011)

» B 0 My—iA
GD — GU,!‘L = . 13
Mo +iA 2ingo,



(Gezzi et al, 2007; Gasenzer+Pawlowski, 2008; Kloss+PK 2010)
*simple generalization of the equilibrium vertex expansion:

r )

1'1:::—:1 gy ANaj..a,’

Gy — —1Gy \ (-;ﬂ — —i(-;ﬁ:
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—|—(cr1 > crg) + (crl — CE4)]



< (a) Elementary

ewhat is YIG? (@) - | cell of YIG with
ferromagnetic £S5 =5 e P
insulator @ 16a: Fe . in positions a are
&24c:Y (IR T coupled anti-fer-

@24d:Fe ¢ % & : romagnetically

@96h: 0 to the spins of
b S 4T _ the 24 in posi-
° I I . . - tions d and cause
at the fl rSt. Slg ht- J\ . . theferrirnagneﬁc
too complicated! 5 ordering.

A. Kreisel, F. Sauli, m

L. Bartosch, PK, 2009 CTRLALEY FR0M EUROPEANS JOURNALS

seffective quantum spin model for relevant magnon band:

2

H = _lz'jijsi - Sj —pH. - S -3 > [3(5i=ﬁij)(5j - Ryj) — Si- SJ
2 i i 2 i 1] |R’LJ|

exchange interaction: J = 1.29 K. saturation magnetization: 47Mgs = 1750 G
. . . 15
lattice spacing: a = 12.376 A effective spin: S = M.a®/p ~ 14.2



° m Otivatio n : nature Vol 443(28 September 2006|doi:10.1038/nature051Ti

collaboration with L FETTERS

experimental group
of B. Hillebrands

(Kaiserslautern) Bose-Einstein condensation of quasi-equilibrium
magnons at room temperature under pumping

S. 0. Demokritov', V. E. Demidov', O. Dzyapko', G. A. Melkov?, A. A. Serga®, B. Hillebrands® & A. N. Slavin®

non-equilibrium
dynamics of interacting
magnons in YIG

100 1 Fragquency (GHZ)
To interferometer oadats

eexperiment:

Photon
Magnon 10 (2vp) Magnon
["DJ_,.“',“‘._":"":J'

microwave-pumping of
magnons in YIG

«*W ;W

-0 —-10* =108 G
measurement of Waveveotor (om-1)
magnon distriubution A F M
via Brillouin light scattering o 16

YIG film : Mlcmstnp resonator



eproblem: spin-algebra is very complicated: [S®, S7] = i6;;e**"S] 8% = S(S+1)

T

esolution: for ordered magnets: bosonization of spins (Holstein,Primakoff 1940)

bibb, .
i

iy
ST = S +iSY =v’25\/ E;Ej bi = /28

S7 =S —blb,

-spin algebra indeed satisfied if [b;, b] = d;;

13 1
proof that different dimension of Hilbert spaces does not matter by Dyson 1956:

PHYSICAL REVIEW VOLUME to2, NUMBER 3} JUNE 1, 1836

General Theory of Spin-Wave Interactions*

FreemaN . Dyson
Depariment of Physics, University of California, Berheley, Cabifornia, and Institute for Advanced Study, Princelon, New Jersey

(Received February 2, 1956} 17




H. Suhl, 1957, E. Schlomann et al, 1960s,
V. E. Zakharov, V. S. L'vov, S. S. Starobinets, 1970s

Y

eminimal model: | Hres(t) = kaﬂkﬂk i Z[ e “olalal | +ype™0ta_ kﬂk]
1"

+ 5 Z u(k,k’,q)akﬂaL_qaksak
kk'\q
«“S-theory”: time-dependent self-consistent Hartree- nk(t) = <”L(t)ﬂk(t))

Fock approximation for magnon distributions functions pr(t) = (a_g(t)ag(t))

weak points: «no microscopic description of dissipation and damping
spossibility of BEC not included!

egoals:

sconsistent quantum kinetic theory for magnons in YIG beyond Hartree-Fock
sinclude time-evolution of Bose-condendsate
«develop functional renormalization group for non-equilibrium 18



w

H, =~ 1000 Oe
d ~ bpum =~ 4000a
w > d

«dispersion of lowest magnon mode has minimum at finite k

due to interplay between: 1. exchange interaction
2. dipole-dipole interaction
3. finite width of films

4.5¢

10° 10°

10° _fio*
kZ (cm™) 19



T. Kloss, A. Kreisel, PK, PRB 2010
*keep only lowest magnon mode

anharmonic oscillator with A (¢)

off-diagonal pumping: N %afﬂma
erotating reference frame: @ = e:“v'a
- Y % o
A = &ata+ Latal + Laa+ ~atataa €0 = €0 — -
2 2 2
sinstability of non-interacting system for large pumping:
,,_)A(-I-Ha aT:X_iP
(= \/§ \/§

coila+ 2 fatal + aa) = L0 P+ LR

for 7 > |é| oscillator has negative mass
*non-interacting hamiltonian not positive definite

m) parametric resonance 20



*what is parametric resonance?

eclassical harmonic oscillator with
harmonic frequency modulation:

d*x(t)

ot QCz(t) =0 Q) = Qo+ O cos(wot)

eresonance condition: | wy & 2(),

- oscillator absorbs energy at a rate
proportional to the energy it already has!

Standi‘ng Wave

f Node

Electric vibrator

history:
«discovered: Melde experiment, 1859

excite oscillations of string by periodically
varying its tension at twice its resonance frequency

theoretically explained: Rayleigh 1883 [ﬂmsion m



eorder parameter o(t)

(a(t)) Gross-Pitaevskii equation:

i, = €, (1) + . (t)o* + u|d|*d Ec(t) = €n + 2unc(t)
Yelt) =0 + upe(t)

I
e,
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—
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R
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—
e
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'|-|.\_“_,.|-l'
=
[}
—
b
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|
™
=
—_1
—
e
L
ey
—_1
—
e
e
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econnected correlation functions: n.(t)

Kinetic equations:

10me(t) = v(£)pe(t) — 7" (t)pe(t). Et) = & + 2uln(t) + |o(t))*]
i0pe () = 28()e(t) + ¥(1)[2n0(t) + 1] A(t) = 7o+ ulpe(t) + 62()]

eorder parameter:
Hamiltonian dynamics

in effective potential

(Hartree-Fock) 22




(T. Kloss, PK., Phys. Rev. B, 2011)

1 : .
H(t) — EQTQ + E [,Ye—mwmtﬂTﬂT + "}”*Ezwntaﬂ]

toy model can be solved numerically exactly by

solving time-dependent Schrddinger equation 6] = ) en(t)in)

ihdn(t) = |eon + H?Dn(n _ 1)] Un(t) + %e—iw“* V(= 1ibn_a(t) + '];—gew Vi + 2) (0 + Dtbnya(t)

egeneralize FRG to include also off-diagonal Green functions:
g"(t,t') = —iO(t — t'){[a(t),a' (t')]) pR(t,t) = —io(t —t){[a(t), at)])
gt 1) = i0(t' — t){[a(t), al (t)]) Pt t) = O —t){[a(t), a(t')])
g (t,t) = —i{a(t),a (t)}) p.t) = —i{{alt).a(¥)})

*Keldysh component at equal times gives distribution functions:

23



ecoupled kinetic equations for diagonal/off-diagonal distribution:

idm(t) = =7 (Hp(t) + (Dp" (2). e(t) = e+ 2un(?).
idhp(t) = 2¢(p() + ¥(1)[2n(t) + 1] A(t) = Il +up(t)

(“S-theory, V. E. Zakharov, V. S. L'vov, S. Starobionets, 1970s)

ematrix notation: F(t) = iZG%(t,t)Z = ( 2;?5*5:5)1 22(;;{;1 )

i F(t) = —MY()F(t) — F(t)M(t)

M(t) = M + Z%1(t) M= ( Ejlf —(*l‘-ﬁﬂ u) )
o 0 1 [ *(t 2n(t) +1
7 =ioy = ( 10 ) 21(t) =wu \ 2njzt)(}r 1 153()?5) )

*how good is time-dependent Hartree-Fock? 24
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toy model has no intrinsic dissipation (oscillatory dynamics,
no relaxation to equilibrium)

sout-scattering cutoff scheme gives best results

(GE) ! = (Ga) T = (GH ! —iAZ
(Go) ™ = (Giia) ™ = (Gg) ! +iAZ
(G199 = [GA]99 = 2inky . still infinitesimal regularization
DZFyx — FooaZD + 2iAFop =0
for FRG need single-scale propagators:

GR — iGRZGR G = i|GRacy - ek

G = —iGLzG4
26



10, F(t) = —MF (t) Fo(t) — Fa(t)Ma(t) RIONG
Oy Fp(t)
. 2 7 Aaa\™ Aaal\™
OAXA(l) = tu ( Giﬁﬂ,(f-}f) %Gim(t?t) ) g
t
[ =2ph(t) 2np(t) +1
Fi(t) = (2nﬂ(t) +1  —2pa(t)
t
X (1, 1) ~ 2i / At G I (8 1) Fa ()Gt (81, 1)
to
, € —u—iN+ X7 aq(t) v+ XA,aa(t)
Mrﬁ(t) = M — AT + Zzﬁ(t) - ( _hf‘ _ Eﬁ?m(t) —[E —u+ A+ Eﬁ,aa(f)]

27



diagonal 5
correlator: g
<
off-diagonal
correlator:

Im p(f) / n(0)

-0.20

1.04

1.02

1.00

0.40

0.00

small interaction:

0 1 2 3 4
ut/n
I I I
FRG ——
ule=0.025 exact --------

-0.20

1.04

1.02

larger interaction:

FRG —— |
ul/e=0.25

0.40

0.20

0.00




 FRG approach to non-equilibrium dynamics of bosons

 cutoff procedures: out-scattering versus hybridization
« exactly solvable toy model for magnon dynamics in YIG:

first order truncation of FRG quite good!

Outlook:

srelaxation towards equilibrium: rate equations with scale
dependent transition rates

equantum kinetics of BEC from the FRG

eparametric resonance in YIG: beyond S-theory. 2
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