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Deriving the Kerr metric David Wagner

In this document we will attempt to derive the Kerr metric (in natural units G = ¢ = 1), describing spacetime
outside a uniformly rotating massive body, e.g. a black hole. This calculation is by no means simple and will
take a while. We will follow Chandrasekhar tightly, who presented a derivation in his paper from 1978 [1J.
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1 Preliminaries and goal

In general the line element ds? is given as
ds® = dat'dx,, = g dxtdx” . (1)

Since we want a vacuum solution for an axisymmetric mass distribution (this differs from spherical symmetry
in such a way that it incorporates flattening due to centrifugal forces, such that azimuthal symmetry is
broken), we can simplify this generic form considerably. Firstly, we will for now work in spherical coordinates
t,r,0,¢. Now due to the rotational symmetry and the fact that spacetime should be static, we can infer that
ds? should be invariant under changes t — —t,¢ — —¢ (this corresponds to reversing the time direction
and thus the rotation). This excludes the (¢,0), (t,7), (0, ¢), (r,¢) components of the metric, leaving only
the (t,t), (r,7), (0,0), (¢, ¢) and (¢, ¢) components. Notice that in contrast to the Schwarzschild case, there
is one off-diagonal term.

Furthermore, due to axisymmetry the metric should only depend on r and 6 (just as in electrodynamics).
This dependence in combination with the off-diagonal term is what complicates the field equations immensely,
but will not deter us from obtaining a solution.

So far we thus have reduced the line element to

ds* = gudt® + grrdr® + goed0? + gppdd® + grpdtds . (2)

After rewriting gy := —e? + e?¥w?, Jtp = —2we??, Jp¢ = e® | grp = €22 and ggg := €23 (where the terms
w2 and s originate from Chandrasekhar numbering of coordinates), we can write

ds® = —e¥dt? + *V(dp — wdt)? + e*2dr? + e*3dh? (3)

where v, 19, w, o and p3 are functions of r and 6. Notice that we are obviously working to get a result in the
(— 4+ 4++) convention; this however, can in the end easily reverted by multiplying with —1.
In the end, our goal will be to obtain the following values for the interesting functions:
2v _p2A
=57
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with

A =r? +a* - 2Mr
p? =r? + a® cos*(0)
¥2 =(r? + a*)? — a®Asin?(0) .

2 Basic quantities characterising spacetime
The Einstein field equations in vacuum imply that the Ricci-Tensor vanishes:
R, =0. (4)

Now one could go on to explicitly compute the different components of the Ricci tensor using the general
metric given by however this is not practical, as the equations become unwieldy (which is one of the
reasons why it has taken nearly 50 years to arrive at an axisymmetric solution).
Instead we use Cartan’s calculus of exterior forms and apply its structure equations. Firstly, we decompose
the metric into tetrads as

Guv ‘= eze?/nab .
Here latin indices are raised and lowered by the Minkowski metric 7, (here defined in the (— + ++)
convention for reasons mentioned above). These tetrads are matrices transforming the coordinate basis da*
to an orthonormal basis of the cotangent space T M of the spacetime manifold M at point z [3]

a._ .a o
e’ = e dz" .

Furthermore, their inverse Ef transforms to an orthonormal basis of the respective tangent space T, M
E, :=E/0, .

The tetrads thus give a coordinate system at each spacetime point that is locally flat and thus easier to work
with. The price to pay is of course that the basis vectors are now dependent on the spacetime point x we
evaluate them at.

We now need to find the connection wg, on our manifold, which is related to the Christoffel symbols and
determines the curvature.

Since we assume a torsion-free connection (i.e. the absence of spin), the connection has to fulfil the Cartan
structure equations:

0 =de® +w® A e (5)
Rab :dwab =+ (.Uac A wcb . (6)

From we can read off the tetrad one-forms as

e’ =e¥dt dt =e Ve

el =e¥(d¢ — wdt) dp =we e + e Vel
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e? =ef2dr dr =e H2¢?

e’ =eM3do df =e H3e3 .

The exterior derivative of a one-form reads

_ o,

do (fida") P

dx? A da’ (7)
For the zeroth differential form, we get
doe’ =do (e’dt)

L, | Ov ov
=¢ [ardr Adt + %de A dt

=(0,v)e "2e? N el 4 (Opr)e e N el . (8)
Likewise, we obtain for the first form

doe' =do [ewdqﬁ _ e%dt]
=¥ [Dpabdr A dp + Dprpdf N dep — (WD + Dpw) drr A dt — (wdpth + Dpw) dB A di]
—e¥ [ame—me? A (we‘”eo + e_¢e1> + Ogrpe H3e3 A (we‘”eo + e_¢el)
— (WO + Opw) e H2e? N e7Ve — (wdph + Dpw) e H3e3 A e_”eo]
=,pe 2e? N el + Dpihe 3ed Nel — DweV TV 2e? A el — GpweV Ve A el . ©)
The differential of the second one-form reads
de? =e"2 [0, podr A dr + Dppzdf A dr)
:6_‘“389/1293 ne?. (10)

Here we used that the wedge product of a one-form with itself vanishes, since it is antisymmetric.
The differential of the last one-form gives
de3 =3 [0, usdr A df + Ogp3df A db)
=e 120, uze’ Ned . (11)

Combining these differentials with the first structure equation, we obtain

—w9 neb =(0,v)e H2e? A e + (Gpr)eH3ed A el
—wlb AeP =0 e 262 A el + Gpe3ed A el — Bwe? TV TH2e? A e¥ — Jpwe? TV TH3e3 A e
—w Aneb =My pned A e
—wi el =e20, uze? N e
Furthermore, wg, = —wp, has to be fulfilled (this is equivalent to the metric compatibility condition), such
that wgp has six independent components. To solve these equations, it is helpful decomposing the connections

into their respective tetrad components:
wh = (W)€ . (16)

This decomposition gives (due to the fact that the tetrads are orthogonal) 24 equations for 24 variables.
From the first two equations we get

(w’1)o =0 (w'g)1 =0
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(w’y)o =e 20w (wlo)2 = (w'p)o =eV " H20,0
(w%)o =€ H30gv (wh)s — (whs)o =e¥ V139w
(wW')2 = (@%)1 =0 (w'y)1 =20,
(W02)3 - (W03)2 =0 (W13)2 - (W12)3 =0
(w31 = (w¥)3 =0 (w'3)1 =eH30p¢

(W20)1 - (W21)0 =0 (W30)1 - (W31)0 =0
(w?9)2 =0 ()2 = (w’5)o =0
(w20)3 - (W23)0 =0 (W30)3 =0
(W21)2 =0 (W31)2 - (W32)1 =0
(W23)2 =e " 0ppuz (w32)3 =e "0, us
(W21)3 - (w23)1 =0 (W31)3 =0
The solution of this system of equations reads
0 1 1 PY—v—p2 2 1 Y—v—us 3
W =wo=ge orwe” + ¢ 3 0gwe (17)
1
Wl = w?y =e 20,1’ + §ew_”_"28rwe1 (18)
1
Wl = Wiy =e 30y’ + iew_”_“?’@gwel (19)
1
wly = —w? = — 561/)7”7“287&)60 + e7H29,pel (20)
1
wly = —w? = — §e¢*”f“389we0 + e M3 gppet (21)
w?y = —w, =e 3 0pune® — e H20, uze’ (22)

Next we employ to construct the components of the curvature 2-form, which will give us the Ricci
tensor at once.
Explicitly we have to evaluate

Rol = Rlo :dwol + wob A wbl
R02 = R20 :d(JJOQ + Wob A wb2

R03 = R30 :dw03 + wob A wb3

R'y = —R?*| =dw'y + 'y A,
R13 = —R31 :dw13 + UJlb A wb3

Since we will spell out everything here in detail to give a thorough calculation, we will start by evaluating
the exterior derivatives:

1
dw®; :567’[’_”_“2_“3 (0o — Opv) Oyw + 02w — (Op) — Oyv) Opw — Djw] €® N e? . (23)
The second form is more work:

dw’y =€ 22 [0, (v — p2)0rv + 02v] €* A e¥ + e #2713 [Op (v — po)Opv + 0, 0pv] € A &°
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2
+ [0p(2¢) — v — p12) Oy + BpOpw] dO A dp — [0,(2¢) — v — p2)wdrw + (0yw)? + w2w] dr A dt

+ lew_”_“2 (200 — v — o) rw + O2w| dr N d
p ; ¢

+ [09(2¢) — v — p2)worw + OgwOrw + wdpOrw] dO N dt}
=e 22 [0, (v — p2)Oyv + OZv] € N e¥ + e 2T [0 (v — po)Orv + 0, 0pv] € A €°
+ ;ew‘”‘m{ [0,(2¢ — v — p2)Opw + D2w] e+ [we_”eQ Nnel + e Ve A el}
+ [0p(20) — v — p1)Brw + pDye] €13 [we_”e3 Ael e Vel A el}
— [0:(2¢ — v — p2)wrw + (Ow)* + wdw] e "2 Ve? A e°

+ [0p(20) — v — pi2)wOrw + Ogwdrw + wpdpw] e M3 e3 A eo}
—e 212 [&(1/ — U)oy + 0%V — (&w)Q;erl’] e’ Ae’
4 e H2THS {Gg(u — p2)0pv + 0,0gv — Ggwﬁrw;ew_%’] eSne

1
+ iew_”_Q“z [0r(2¢ — v — u2)0rw + Ofw] e’ Ael

+ éew_”_’”_“?’ [05(2¢) — v — p12)Orw + pOyw] €3 N el . (24)
The third one-form looks similar:
dw’s =e 2713 [, (v — p3)Ogv + 0, 0pv] € A €¥ + e [9y(v — p3)dgv + Ojv] €® A €°
+ ;621”_”_“3{ [0r(2¢) — v — p3)Opw + O Ogw] dr A dép
+ [06(2¢) — v — p3)Ogw + Ojw] dO A dp — [0, (29 — v — pi3)wlpw + Orwdgw + W, Dgw] dr A dt
+ [0p(2¢ — v — p3)wOpw + (Fpw)? + wdgw| df A dt}
=e M2 [0, (v — us3)Opv + O0rOgv] e nel + e 2 [89(1/ — p13)0pv + 83V] e3nel
+ ;e2w”“3{ [0r(2¢) — v — u3)Ogw + OpOgw] e H2 [we*”e2 ne +e Ve A el}
+ [89(2¢ — v — u3)O0pw + 830@ e M3 [we*”e?’ ne +e Vel A el}
— [0,(2¢ — v — p3)wdpw + Orwdpw + wd,pw] e 2 "e? A e
+ [09(2¢) — v — p3)wdpw + (Fpw)? + wijw] e #37 e A eo}
=e H2TH3 |:6T(V — u3)Ogv + 0 Ogv — &w(%w;ew—z”] e’ A e’
4723 [8@(1/ — 13)0pv + v — (agw)2;e2w_2”] e Ae’
+ lew*”*‘”*“3 [0,(2¢) — v — p3)dpw + 0,0pw] €% A e

2
+ %ew*”*Q‘B [06(2¢) — v — p3)Opw + Fgw| e* N el . (25)
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The fourth one-form’s differential gives
dw'y = — §e¢‘”‘2“2 [0, (¢ — p2)dyw + 02w] € N e — %e‘”‘”‘“w [00 () — p2)Oyw + O, 0p] € A €
+ ewl‘?{ [&(d) — p2)0p + afzp] e H2 [we*”e2 Ane e Ve A el}
+ [0 (v — p2)0rtp + O Ogtp) € 13 [we_”e3 ANel +eved A el}
— [0r (¥ — p2) 0w + o + OO, w] eV TH2e? N el

— [00(eh — 12)Drabi + B, Dgtheo + Dy e H3EB A eo}

= — ¥V {;e_’” [@n(lﬁ — p2)0rw + 8,2,@ + €_u28r¢87“W} SN

— e {; (09t — p2)Bheo + B, O] + e‘”@r‘”ae‘”} ehe

+ eTH2TH3 [89('(/} _ M2)8r¢ + 67"86’7,[)] e3 A el + 6—2#2 [87_(1][) — MQ)ar"?Z} + 631/)] 32 A e1 . (26)

The fifth form is very similar:
= = Levveis 1o, (4 i3) O + 0,0 + Opp0,] & A €
dw's = 5¢ (07 (Y — 113)Opw + O0pOpw + OgpOrw] € N e

1
_ iew—u_m [89(¢ _ Mg)agw + 830.1 + 891/)(99&1] PR NP

+ e 2710, (1 — pg)Oprp + OrOprp] €2 A el + e 723 [Op(vh — pg) O + gp] € nel . (27)
For the last form’s exterior derivative we obtain
dw?y =273 {2713 [ (pg — pi3)Dppia + Ogpia] + €52 [0, (po — p3)Orps + O2ps] } € Ae® . (28)
Next we evaluate the wedge products appearing in the second structure equations one by one:

wob A wbl :w02 A w21 + w03 A w31

1 2 1 2
= <2e¢_”_“28rw> + (Zew_”_“389w> + 720,00, + e300y | e N el (29)

wob A wa :wol A w12 + w03 A w32

1 2
= 6_2“389u89u2 - <2e¢_”_“28rw> ] e’ ne

1 2
_ e H2—H3 [aﬁu?’aey_‘_ <2€¢—V> 8,,(.0890}] el nel

1
4 iewfvfurus [6“27“389(4)89#2 + eusfuzarwarw] e2 Nel

1
+ iew_”_’“_m [—OgwOr i3 + Ogw Oy 1] el nel | (30)
wob A wbg :wol A w13 + w02 A w23

1 2
= — e M2TH3 [(261/)”) OrwOpw + &V@gug] e? ne’

+

1 2
— <2ew”“389w) + 62‘u287»1/ar,u3] edAe?

6
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1
+ iewﬂ’*’”*’“ [0pw0gt) — Opwdpuz) €2 A e

1
+ §ew_”_”2_“3 [6“3_“2 OrwOy i3 + eH27H3 89w69w] e nel, (31)

wlb A wa :wlo A w02 + w13 A w32

1 1
=—e¥¥ [6_2“2 0w, — e 23 agwﬁgug] e’ ne + iew_”_’”_magw [Orv + Op 3] e’ A e’

2
1 h—v— 2 -2 2 1
+1(35¢ 20w | +e 3 0gu20ptp| € Ne
1 2
+ (2ewv> e 128 gwirw — e M0, s 0pt | €7 A el (32)

wlb A O.)b?) :wlo A w03 + UJlQ A (/.)23

1 1
:§e¢_”_“2_“3ﬁrw [Ogv + Og 2] e nel + 567/’_” [6_2“389w891/ — 6_2"28Twé7ru3] eS Al
2
1 Y—v —p2— —p2— 2 1
+ 56 e P20 whpw — e M3 D00 | €7 N e
1 2 ,
+ <2ew”“389w) +e 229, u30, | €3 Nel (33)
wzb A wb3 :w20 A w03 + w21 A w13
1
:§e¢_”_“2_“3 [OywOgr — O vdpw + Op1pOgw + Ogrhdw] e A el . (34)

Having computed all of this, we are able to read off the Riemann tensor by considering how it is related to
the curvature two-form:

R% = R%, e Nel. (35)

e Note: There might be a factor of 1/2 missing here, which will not bother us anyway, however, since
we are looking for vacuum solutions.

Furthermore, we should remember some symmetries of the Riemann tensor:

Rabcd = _Rbacd = _Rabdc = Rcdab .
We obtain thus
1
ROHO —e H27Hs {4621’[}2” [6'“‘37‘“2 (8,40)2 + 6“27#3(849&))2] + e300 00 + 6“2“3891/891/1} (36)
1
R3 ziew*’j*“r“g’ [(Op1p — Ogv) Orw + D2w — (Opp — Dyv7) Dgw — Djw] (37)
R g =eH2mhs {6“3_“2 (0 (v — p2)0pv + O}v] — (3v-w)22€2¢_2u+”3_“2 + 6“2_“3391/39M2} (38)
0 _ —pH2—pus3 _ _ § 22w _
R9q, =€ Op(v — p2)0pv + 0, 0gv 89warw4e Or pi30pv (39)
1
R%,, zﬁew_”_“r“?’ [6“3_“2& (3t) — v — p12)Opw + 372020 + 6“2_“389(4}89#2} (40)
1
R0231 2561”7”7“2*“3 [09(2¢) — v — p2)Orw + OgOrw — OpwOy i3 + OgwO, 1] (41)
0 —pops N N 3 22 _
R7490 =€ Or(v — 13)Ogv + 0, 0pv 8rw89w4e O0rvOguin (42)

7
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ROuyy =eH27H3 {6“2_“3 [09(v — p3)0pv + O] — (aew)2262¢_2”+”2_“3 + 6“3_“2&«1/@%3} (43)
1
R0, :§€¢_V_“2_“3 [0r(2¢ — v — p3)Ogw + 0rOpw + Orwpy) — Orwippia] (44)
1
R, :§e¢_”_“2_”3 [6“2_“389(31/) — v — u3)Opw + M2 THI R + 6“3_“28rw8r,u3] (45)
1 1
Rlypy = — e¥7vH2Ths {26”3“2 [0,(3¢ — v — p2)Orw + 2w] + Oppdyw + 26“2“389w89u2} (46)

1 1
Rlysy = — eV vr2—ns {2 (09 (¢ — p2)Orw + 0pOpw] + [6“2_“389w + 5& (2 —v — /1,3):| 89w} (47)

Ry =e 271 {39(7#} — 12)0p) + 0,099 — Op1130p% + ie2w—2”89w6rw} (48)
Rlyy e h710 {e*‘w Oopaty -+ 457V [0, (4 — o))+ ORy] + PV 2w v <arw>2} (49)
Rl = — %ew*wws (00(t) — 113)0pw + Oy gt — By — Dy (50)
Rlysp =— %ew—v—m—% {2743 [9g(v — v — p3)Opw + Pgw] + €82 0wy pu3 } (51)
Rlgy) =e H2hs [iew_Q”@rw@gw — Opp120rt) + 0 (Y — 113) 09y + 0r-0ptp (52)
Rl =eH27Hs {iezw_2”+“2_“3(39w)2 + M8, i3 0pt) + €2 THS (D (Y — p13) gt + OF1)] } (53)
R%qqy =e #2718 Let2h3 [0 (g — 1i3)Oppua + O pio] + €312 [0, (2 — pi3)Orpis + 02 pus] } (54)
R%, :%ew_”_’”_m [0,wdpv — O, vDpw + Oy 1pDpw + Ogpdrw)] . (55)

From these quantities we can obtain all other non-vanishing components of the Riemann tensor as well since
the first pair of indices commutes if one of them is nonzero, while it anticommutes if both are nonzero. The
second pair of indices always anticommutes. The reason for these simple symmetries even for the Riemann
tensor of the first kind (i.e. with one upper index) lies in the use of tetrads, which lets us pull the first two
indices of this tensor with the Minkowski metric. This can be seen by considering Ref. [3], section 3.2.
Now the components of the Ricci tensor are

Roo =R" 10 + R0 + R%30

1
:e—“2‘“3{ - 562¢_2V (3712 (9hw)? + €213 (Gpw)? ]

+ T ( + v+ pig — p2)Opv + O2v] + €273 [9g(Y + v + po — p3)Opv + O] } (56)

Ry :R0101 + Ry + R3131

1
— g M2—H3 { 7621#*211 [eﬂsﬂiz (3rw)2 4 eM2Hs (8gw)2]

2
+ e [0, (¢ + v+ iz — p2)0rt) + 2] + 23 (g (Y + v + pa — p3) Dot + D) } 7

Roy =R%gy; + R%g3
:%e,mpﬂ,f“?f‘ug [37" (63w7u+u37u2&"w) 1 8y (631/)7u+,u2*,u339w) } (58)

Ry =R’ + R'915 + R%y3:
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— — e H2TH3 {eu:s—uz [&«(V _ M2)8rV + 831/] _ (arw)2%€2w—2u+u3—uz
+ 2718 Do s 0 (1 + v) + M3 7H2 [0, (1 — p2)Optp + 02

+ €27 (B — p13)Oppi + Dy piz] + €72 [0, (12 — pi3) O i + O pis) } (59)

Rss =R"303 + R'313 + R%33

1
= —ehah {em—% [0 (v — 113)09v + T + Dp( — 1) Db + Tju] — (Dgu)? eV =2 Hemte

+ eI (Dt + Opv) Dppuz + €M [Dg(pg — pi3)Dopia + O pa) + €72 [0, (g — p13)Orpis + 07 pis] }
(60)
Rz =R%3 + R'y;3
1
=—e 12T {60(7/ - FLZ)arV + 0,09 (V + ¢) - 86W6rw§e2w_2y — O (V + ¢) Orpi3 + 39(7/) - M?)aﬂb}
(61)

Lastly we need the Ricci scalar, which can be computed by considering the contraction of the Ricci tensor.
Note that this is quite easy as we are still working in the tetrad basis and thus can pull indices with the
Minkowski metric (still in the — 4+ 4+ convention to be consistent).

R :R“a
:ROO + Rll + R22 + R33
= — Roo + R11 + Ra2 + R33
—Qeuzus{iew% [6“27“3(8%))2 4 eM3TH2 (8Tw)2]
— el [3r(¢ + v+ ps — p2)0pv + 61?’/ + Or (Y + pg — p2)ord + 331/1 + O (p2 — p3)Orpi3 + 87?/%]

— €273 [9p (¢ + v + pig — pi3)Dgv + OFv + Dg(v + o — 13) gt + D51 + Og (2 — p13)Dppa + O o) } :

(62)
This enables us finally to write down the components of the Einstein tensor
Gab = Rap — %ﬁab ; (63)
where the metric is Minkowskian once again due to the employed tetrad frame.
Thus we obtain
Goo 26“2“3{ - %ew*b 13712 (9,w)? + et H3(Opw)?
— 3712 [0, (v + pg — p2)0rt) + 0P + Oy (p2 — p13)Op pis + 07 3]
— 271 [Qp(t + pi2 — 13) 0 + Ot + g2 — pi3)dppz + 2] } (64)
= — e—w—%{jew—% (691 ()2 + 23 (9yeo)?]
— T [D(v + g — p2)Orv + O7v + Oy (2 — p13) O pi + O 3]
— el 7H [Dp(v + pg — ps)Opv + Ogv + Op(p2 — 113)Opprz + 3(3,“2] } (65)

9
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2 [ (Do) — eH5 2 (Dy0)%] — €S2 (D, (4 + 413) Dy + DDy

po—ua | 1
Gy =—e 12 ”5{4

— e [0g(v + v — g)Ogv + (v + ) + Fp(1h — p13)Ipr)] } (66)
Gs3 = — e—uz—us{iGW—zu [6“3_“2(8rw)2 _ eb2—H3 (39w)2] — 2713 [y (1) 4 p12)Opv + Dppizdpil]
— T2 O (¢) + v — p2) 0y + OF (v +4) + Or (4 — pi2) O] } : (67)

3 The Einstein field equations

Having now all these objects at our disposal, we can finally confirm the starting equations of Ref. [I]; for
this we define

X :=el37F2(9w)? + el27H3 (Dpw)? (68)
B =y +v (69)
and employ that in vacuum
R, =G, =0,
leading to
%ew_Q”X =32 [, (Y + v+ pig — p2)Opv + O2v| + €273 [9y(¢ + v + po — p3)Opv + O] (70)
1
—€THX =TI [0, (Y v+ iy — 12) 0+ O] + €T [Op (v + v+ o — p3) 0 + O5] (T)
1
—1627’&_2")( =eM37H2 [0 (Y + g — p2)0pb + OFap + Oy (2 — p3)Oppus + 07 )
+ €271 [Dg (v + g — p13) Dot + Db + Dg(pa — pi3)Dppra + O o] (72)
3
Zew’z”X =eM37H2 [0, (v + pg — p2)Orv + O + 0, (g — 113)0rpu3 + 82,u3}
+ eH2H3 [89(1/ + p2 — p3)Ogr + Oav + Og (o — 13)Ogpio + 89u2] (73)
0 =0, <e31/’_”+“3_“28rw) + Oy (e3¢_”+“2_“369w> . (74)
Also we can take the difference of Gas and Gg3 to obtain
0 :%ezw—% [euz—m (89&1)2 — eM3—H2 (arw)2]
— el27Hs [89(1/ — {2 — Mg)@gl/ + 835 + 39(¢ — [ — ug)aglb]
+ e (00 (v — g — p3)Opv + 2B + Op (0 — pi2 — i3)0rt)] (75)

which can be rewritten as

2¢ P [@ (eﬂ+“3_“287«,6> ( B+p2— “33‘95)} 4et3— uz( 0,80, 13 + 3Twary) — fet2—Hs3 (36559,112 + 86¢a6V)

+ 2V [6“3_“2 (arw)Q — eM2THs ((%w)z] ) (76)
Equations 70| and [7I] can be rewritten as
1
Zedrx =0, <€¢+V+usfuzary> + 0y <e¢+”+“2*“38@y) (77)
2
1
_563111—1/)( =0, <€¢+u+u3—uzarw> + 9y <ew+1/+u2—u339¢> _ (78)

10
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The sum and difference of these two gives
0 =0, (7197120,8) + 0y (7 H127120,8) (79)
VX =9, [eﬁw—wa(u . w)} + 5 [eﬁw—%ae(y _ w)} . (80)
Noticing that we can rewrite as
SVTVX = 9, (egw_”+“3_“2w8rw> + Oy (e3w_”+“2_“3w89w> , (81)

we can insert this result into [Eq. 80| and obtain
1 1
0=20, [GSw—eruz—uz <e2u—2¢3r(w —v) + 2374002)} + 9y [€3¢—u+u2—u3 (&/-M@GWJ —v)+ 23%,2)} ’

which, after defining
yi=e"V,

reads

0=20, {esw—wm—uz&,(% _ Uﬂ)} + Oy [€3w—u+u2—u336(x2 _ w2) ] (82)

Comparing the expression above with [Eq. 74, we notice that the quantities w and x? — w? are determined
by the same equation.

4 Null surface and gauge fixing

Our problem, for a vanishing angular velocity, should reduce ot the Schwarzschild metric, which features an
event horizon spanned by the Killing vector d;. This event horizon constitutes a so-called null surface, as
the normal vectors to this surface are null-vectors.

Now in our problem (as it should reduce to the Schwarzschild case in the limit of vanishing rotation) it is
reasonable to assume that there is a smooth null surface spanned by the two Killing vectors d; and 0y as
well.

As done in Ref. [I], we denote the equation determining the surface by

N(r,0)=0.

Since the gradient of this equation gives the respective normal vector, the condition that the equation above
describes a null surface is given by -

g?O0;NO;N =0, (83)
which (for our Ansatz) reduces to

3722 (9. N)? + (9yN)? =0 . (84)

Now, as we are free to impose any diffeomorphism due to the gauge freedom, we choose
22 = A(r), (85)

where A(r) is an unspecified function of r only. This implies that on the event horizon A(r) = 0 holds (this
is because the term 0y N should vanish separately, and thus N should not depend on # at all).

In order for the null surface to be spanned by 0; and 0y, the determinant of the induced (¢, ¢)—submetric
has to vanish[2] (intuitively, this is because a null surface should have a vanishing two-volume (i.e. surface),
and in the resulting integral the invariant volume element contains the determinant of this submetric). From
we can compute this determinant and arrive at

e# =0, (86)

11
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which must hold when A = 0. Next we suppose that, in line with the conditions above, e? is separable in r

and 6 as
e’ = /A f(9), (87)

where f(0) is as of now not specified.
Inserting these expressions for e? and e?3~2+2 into we obtain

0=0, (VA§,VA) +a"jf . (88)
—_——

824

=

One solution (where the space of solutions is restricted by e.g. the requirement of convexity of the horizon)
of this equation is given by 92A = 2 and f(6) = sin(f). Introducing two constants M and a (which will later
be tied to the mass and angular momentum of the black hole), we can thus write A as

A(r) =7r*+a* —2Mr . (89)

5 Reducing the field equations

Using our solutions

et = /A ¢® =VAsin(h) (90)
and substituting
w = cos(f) , §:=1—p*=sin?0),
we can rewrite and [80] as
0=, (22 A0w) + 0, (2> 00,w) (91)
2 [A(Orw)? + 0(0uw)?] =0, [0, (v — )] + 0, [80,(v — ¥)] (92)

where we used that

_ 2, 0 g 2
X = VA(Qw) +\/Z(8“ )2,

These equations can be expressed as

1 A 0
— [A(O,w)? + 6(0w)? :8r<8r >+8 —0 >
% [ ( ) ( 1 ) ] X X 1 N X
= AOwW)? +3(9w)? + A0x)? + 8(9ux)” =x [0r (ADx) + 0y (59,X)] (94)
where we employed the definition of y from earlier.
Next we define

X i=x+w, Vi=x—w, (95)
allowing us to rewrite and [94] as

2 [A(0,X)? — A0, V) + 6(0,X)? — 6(9,Y)]

=X + V) [0, (A0, X) — 0 (A0, V) + 0, (60, X) — 0y, (60,))] (96)
2 [A(0,X) + A0, V) + 6(0,X) + 6(9,Y)?]

=(X +Y) [0, (A0, X) + 0, (A, Y) + 0, (60,X) + 9, (60,Y)] . (97)

12
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Adding and subtracting these two equations, we end up with a pair of symmetric expressions:

A0, X) +6(0,X)* = (X + V) [0r (A0, X) + 0, (50,X))] (98)

AV +6(0,Y) == (X + D) [0r (ADY) + 8, (60,D)] . (99)

2(
We should note that, with these definitions, can be expressed as

\/23 [0, (VRO.VA) ~ 9, (Vo0,5) |
5 (1
=4VA ( Fa VA6, i3 + 0,0, y> — ﬁ (maux/ﬂsa,m + a,ﬂpauy>
1 5
+ 33 |VEOW? - (0w
— } (0,VA) + VARVA — (8,V/5)" ~ Vo3|
—4VA < RV A aTwTV) - 4\/‘% (\/lﬂau\/ﬂam + 8,ﬂ/)8uu>
[0-X0,Y = x*(0r (v = ¥))*] + 6 [0uXD,Y — X*(Fu(v — ¥))°] }
— ﬁ [(&ME) + VARVA — (8,V/5)% — \/505\/5}

=40,V N0, iz — \fa V0, g + —— f [(a VA)? - (aH\/S)Q] -
— 2 [(&JK)Q + VARVA — (8,V/5)% — \/Sag\/é]

—A(r = M)Dpi3 + 4Dz + | (0,VD)? = (V)% - xl? (A0, XD, Y — 60,X0,]
— 2 [(7« — M)0, (113 — pi2) + VARVA — (9,V/8)2 — \/Sag\/S]

1
—4(r — M)opts + ApByupis + 200, (13 — o) + [(a VA — (9,V/5) } ~ 2 180,20,y — 60,%0,]

1
~ [A0,X0,Y —60,X0,))

1
= 0=2(r — M)O, (2 + p3) + 2u0y (2 + p3) — 2 [A0,X0,Y — 00,X0,)]
+ (0, VA2 = 2VANVA + (0,V6)? + 2v002V5
1
= 0=2(r — M)O, (p2 + p3) + 210y, (p2 + p3) — Z [A0,X0,Y — 00,X0,)]

(VA — 2ABVA 1+

5
1 M? —a® 1
= 0=2[(r — M)d, + pd,) (u2 + p3) — 2 (A0, X0,V — 60, X0uY] +3—— — .- (100)

In this series of ,elementary reductions (cf. Ref. [I], p. 410), we employed that

1
VA =0, (3 — o) VA = —(r — M
(:U’3 M?) \/Z(r )
and 9 A
20u(ps = po) = == =0

13
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The remaining task is now as follows: Solve and [99] to get expressions for X, Y and thus for y,w
after which [Eq. 100 may be solved for ps + p3. Then the metric, which after our calculations so far can
already be described through

eM2 +u3

VA

1
ds” = VS | —xdi® +  (do) — wal)? (dr® + Ade?) (101)

will be fully specified.

6 Deriving and solving Ernst’s equation

In order to solve and we are now going to rewrite them into a single complex expression that is
called Ernst’s equation.
For this we define

2 2
— XYY — AKX Y — Y Y
/ Ve V. w XY o2
Since we know from that w and x? — w? = XY satisfy the same equation, it holds that
f? f?
Or <A8W>+80< (99W>:0. (102)

This can be seen by expanding the expression:
f? f?
Or <58W>+8M<A8W
A 2 0 2
A 0
=0, [XZ (XYorw — w@r(Xy))} + 0, [)(2 (XYouw — w@u()(y))]

30 [30] - [30csy] 08 ] - [
0, (103)

where [Eq. 91| was used at the end. This implies that YW may be derived from a potential g, where

_ _
Org =A oW, Oug = 5 —oW,
such that
VxVg=0 (104)
in the two-dimensional r, u—subspace. The potential g itself obviously satisfies
A )
0, <J0287«g> + 0, (Jaaﬂg) =0, (105)
which can be rewritten as
[0 (AOrg) + 0, (00,9)] = 2A0,90, f + 260,90,.f . (106)

Along the same lines, we can see that

A 1) 1 1
o (F0s) 4. (J0u) = -1 [s0W7 + S @MY (107)

14
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holds, which can be expanded to
10 (A0, f) + 0, (80,.f)] = MO ) + 8(0,f)* = A(9rg)* — 6(9ug)? - (108)

Now we introduce the complex variable
Z:=f+ig,

through the use of which we can combine [Eqgs. 106 and [10§] into

R(Z) [0y (AD,Z) + 8, (00, 2)] = A(8,2)* + (8, 2)? . (109)
Finally introducing the transformation

\+6 1-6F €€
7 = = 11
1—e Ji—ep Tizep (110)

we find
ﬁ_i"‘; [ i = Eth (80,8 + (1_26,)28#(58“5) : ng)g(arg)z o f‘is)g(@uf)?
4A 46
:m(aﬂsﬁ + m(aMf;)2
= (1-E&€&) [(1_6,)28T(A8T5) + (1_5)28”(55)“5)]
- 4A 44
=—E(1-¢&) {(1_5)3(&,5)2 -+ e (a,tg)ﬂ
= (1-EE)[0,(ADE) + 0,(80,8)]) = —E [2A(8T€)2 + 2(5(8,@’)2} :
This expression, when using the new variable
r— M)>? A
0= (]\42_(1)2 :M2—a2+1’
can be rewritten as
(1= EE) {0,[(n* — 1)0yE] + 9ul(1 — )€} = =€ [2(n* — 1)(0,€)* + 2(1 — 1*)(9,E)?] (111)

which constitutes Ernst’s equation.
This equation is solved by

E=—pn—ign, p’+¢" =1,
as can be directly verified. In order to do this we firstly evaluate the right-hand side of [Eq. 111

(1- {3 [(n* —1)d 5} +0ul(1 = p?)0,E1}
=(1- 712 {0[(n* = 1)(=p)] + 9u(1 — p*)(—ig)]}
=(1—p*n* — ¢*u?) (—277p+ 2iqp)
=2[ np+zqu+n p* —ip*qn’u + ng’pr’ —ig* ]

The right-hand side gives

— & 20" = 1)(9,€)* + 2(1 — 11*)(8,E)?)
=(pn — iqu) [2(0* — 1)p* +2(1 — p*)(—¢*)]
=2 [p*n® — p’n —iqn*p*u+ iqp* e — ¢*pn +iq’ u + ¢ pp® — ig’ 1]

15
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=2 |p*n® — pn (p* + ¢*) —ign*p*u +iq (0* + ¢*) p+ @Ppnp® —ig |
=1 =1

such that the proposed solution does indeed solve Ernst’s equation.
Thus we can split up the complex variable Z into its real and imaginary parts

7 =7y +iZs
and obtain
l_gg 1_22_22 22_1_21_2
2y =R(Z) = U et L (n )261(2 2#) (112)
1—=&2 (14?2 +¢n (1+pn)? + ¢*p
-& 2
Zy =3 £-¢ an (113)

Z) = =— .
O =g T T

Since the equation of motion for Z, [Eq. 109] is invariant under a change Z — —Z, we will use the negative
of the solutions above.
Resubstituting the variable 7, we arrive at

A= L (M? — a?)s
Z) = 5 . (114)
P VAT =@ - M|+ (M2 - )G

p
25 (M? —a®)u

Zy = 5 — - (115)
[pﬂm+ r— M] + (M2 — a2) L2
Next we choose
 VM?—a? _a
p= Vi ) q= M
which manifestly fulfils p?> + ¢ = 1 and leads us to
A — a2
7 =——%—= 116
=2y 11202 (116)
2aMp
oy =———. 117
2Ty a2 (117)
Introducing the variable
p2 =r? 4 a2u2
and reverting back to the functions f and g, we obtain
A —a?s
f=03—w?)e? = e — w2 = 7; (118)
p
2aM
_2aMy. (119)
p
Employing the defining relations of g, we find the constraints
draMp (A — a?0)?
8’/‘9 = — p4 = Ap4 aMW (120)
2aM (p? — a?p?) (A — a?6)?
g = p =— 5 oW, (121)
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which are fulfilled by

w 2aMrd
W o = A (122)

Combining the expressions for f and W, we find

2aMrd
we?¥ = % : (123)
We can combine the expression above with [Eq. 118|to obtain
_ 2 4 4 2072,.252
A aéew:eﬁ—wzew:Aép da*M=r=9 7 (124)
P p
where we used our solution for €. These expressions for w and e*¥ are solved by
%2
e?V = (125)
2aM
w= 6‘22 " (126)
where A 4?12
2 _ P a—30 o _ /2 22 2
¥ = A a5 =(r*4+a“)* —a“Ad .
Furthermore, we find the solution for e?” by considering the identity
2 — 2B
yielding
A
e = "Z—Q . (127)
In the final step we can find the solution for ps 4+ us, for which we first need to find the objects X and Y-
3 A — a2 3 VA +aVs (128)
Vo [p%/ﬁ — QQMT\/S} Vo |:’I”2 + a? + av/ A(S}
B A —a%s B VA —aVs (129)
Vo |PVA +2aM1V3| VB |12+ a? — av/AY|
Here we used the decomposition
PrA — 4a® M?r?%6 = <p2\/Z — 2aMr\/3) (pz\/g + 2aMr\/g) .
The derivatives of these quantities can be computed to
o =M - (VBrabp/E L VA 72+ a® + a6 + 20v/AJ]
X = X =
T 2 ) u ; 2 )
VA [r2 4 a2 + av/AJ] 62 [r2 + a2 + aV/AS)|
oy =M~ (VE-aiRryE o VA 72+ a? + a2 — 20V/AJ]
rJS = 2 ’ n = 2
r24+a2—a 3 r2 4+ a2 — avV/AS
VAS |72 + a? VA o
These results can now be inserted into [Eq. 100] to obtain
r— M)>? rM
(= 3000, + 50, (ua + ) =2 = L0 —2T2L (130)

17
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which is solved (as is easily checked) by
2

. P
etetms — (131)
VA
With this result we are finally done; the line element (reverting back to the (+ — ——) convention) is now
given by
2 P 2 X 2aMr P 2 2
ds* = ﬁAdt — —5 sin“(0) <d¢— 2 dt) N (dr* + Ad6?) . (132)
p
In matrix notation, we have
125" 0 0 205 sin®(0)
2
0 -5 0 0
(guu) = 0 OA 2 ) (133)
—p 0
Q‘ZPJ‘Q/” sin?(6) 0 0 —|rP+a+ 72Ma2;§in2(9) sin?(6)
oo me
, 0 -5 0 0
(g") = 0 0 _% 0 (134)
2aMr 0 Oﬁ A—a?sin?(0)
p2A p2Asin?(0)

7 Properties of the Kerr metric

Having, after a lot of work, finally having established the Kerr metric, we want to take a look at some of its
properties.

7.1 Asymptotic properties

Firstly, when letting a — 0, we obtain

—2U 0 0 0
0 -1 0 0

w) = 1-== , 135
0 0 0 —r2sin?(9)

which is the usual Schwarzschild metric. Thus the parameter M has to be identified with the mass of the
black hole and rs = 2M (in natural units) is the Schwarzschild radius.
When letting 7 go to infinity, we obtain (up to order O(r=3))

-2 0 0 22Mgin?(9)
0 1m0 0
% sin?(9) 0 0 —r%sin?(0)

Manifestly, this object constitutes the Schwarzschild metric with a d¢dt cross term, which should correspond
to the rotation of the body in question. We observe that for a — 0, this term of course vanishes. Further-
more, if we exclude all orders smaller than O(1), we are left with the usual Minkowski metric in spherical
coordinates, thus letting us conclude that the Kerr metric is asymptotically flat.

If we calculate the rate of rotation € for (cf. []), we find, when identifying a = £ (with J the total
angular momentum of the body) that

) (137)
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in agreement with the known Lense-Thirring effect, which constitutes a weak-field approximation of the exact
Kerr solution.
Finally, for M — 0, we find

1 0 0 0
2 2 2
0 —r’ +a2 coi (6) 0 0
) = 7ta , 138
(9 0 0 —[r? + a? cos?(0)) 0 (138)
0 0 0 — (r* + a?) sin*(9)

which is the flat Minkowski metric in ellipsoidal coordinates.

7.2 Special surfaces

As was the case with the Schwarzschild metric, we are facing some interesting behaviours in [Eq. 135 which
we will now take a closer look at.
The first one occurs when A = 0, which translates to

rHL = 4 (%5)2 —a?. (139)
This makes it apparent that the one event horizon from the Schwarzschild metric at rg (for a = 0) splits
up into an inner and an outer event horizon, with the distance between the two increasing with a. Notice
that for a sufficiently large, A can not become zero at all, implying that there will be no event horizon, thus
leading to a naked singularity, with singularity“as it is predicted by GR (we will in the next subsection show
the existence of such a singularity in the first place).

Secondly, the tt component of the metric changes sign when p? = 2Mr; this leads to

_rs TSV _ 42 cos?
TEx = i\/(z) a? cos?(6) . (140)

These two surfaces are called the inner and outer ergospheres. Since cos?() < 1, the outer ergosphere lies
outside the outer event horizon, touching it at the poles, while the inner ergosphere lies within the inner
event horizon. Inside this (outer) ergosphere, every particle on a timelike path has to co-rotate with the
central mass.

Due to the respective particles not yet having crossed the event horizon, they may still be ejected from the
black hole, having gained energy through the forced co-rotation. Thus the rotating black hole emits highly
energetic particles, which is called the Penrose process and is one theory to explain gamma-ray bursts.

7.3 Singularities

In order to see where the singularities of the Kerr metric lie, we would have to express the components of the
Riemann tensor in terms of our solution; this however, we will not do right now, because this was enough
work already, but refer to Ref. [2], where it becomes clear that the components of the Riemann tensor only
diverge for p = 0. This in turn can only occur for r = 0 and § = 7 (Here we also can see that the inner
ergosphere touches the singularity in the equatorial plane). In order to clarify the meaning of this singularity
we firstly change to new time and angular variables

7“2+a2

du =dt — dr

wzm—%m.
Hereafter (and after a few steps in Ref. [2]) we introduce

dx® =du + dr
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T = {r cos(p) + asin(g?))} cos(6)
y = [r sin(¢) — acos(gg)} cos(f)

z =rcos(f)

2%+ 9% =(r® + a*)sin?(0) ,
after which the line element can be brought into the following form:

2Mr3

2 _ 0\2 2 2 2

1 2
{dxo A [r (zdx + ydy) + a (zdy — ydzx)] — idz} )
The advantage of this form lies in the fact that it reduces to a cartesian coordinate system in the limit of
M — 0, thus removing the degeneracy of spherical (or ellipsoidal) coordinates at r = 0.

Here we can clearly see that the point of the singularity » = 0,6 = 5 corresponds to

2? +y? = a® (141)

in the equatorial plane (z = 0). Thus the Kerr metric actually features a ring singularity with radius a, that
of course shrinks to a point in the limit of vanishing rotation.

As a final remark, the existence of a ring singularity makes it obvious that we are (somehow) allowed to
continue our solution to negative values of r. This entails many interesting consequences, which we will
however not deal with here and refer to e.g. Ref. [5].
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